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DARBOUX MOTIONS IN E,

ApOLF KARGER, Kuwait
(Received November 21, 1977)

Let two euclidean spaces E, and E, of dimension n be given. Let us fix an ortho-
normal frame R, = {A,, f}, ..., f,} in E, and Ry = {4, f;, ..., f,} in E,. Let G be
the Lie group of all euclidean transformations in the n-dimensional euclidean space
regarded as the group of all square (n + 1)-matrices g of the form

(1,0
g = t,'y’

where y € O(n) and ¢ is a column with n entries. By a frame we shall mean in the
following an orthonormal frame in E, or E,. The group G acts naturally as the group
of euclidean transformations from E, to E, by the rule g(R,) = R, . g and every
frame R or R in E, or E,, respectively, can be written in the form R = R, . g, or
R =R, .g,, where g;,g,€G. A curve g(f) on G regarded as a one-parametric
system of euclidean transformations from E, to E,, is called a euclidean motion in E,.

Let now g € G. Then by the fibre F, of g we mean the set of all pairs (R, R) of
frames such that R is in E,, R is in E, and g(R) = R. Let further R = Ry .g,, R =
=R, .g,. Then (R,R)eF, iff g,9;' =g. (Direct calculation gives 9(R) =
= g(Ro.9,) = 9(Ro) -9, = Ro .99, = Ro. g, andsog = g, .95 ".)

Let us suppose we are given a motion g(t) in E,, defined on an interval I, which
is differentiable sufficiently many times. By a lift of g(z) we mean a set of pairs (R(f),
R(t)) of frames such that (R(t), R(¢)) € F,,, for each t in I, also with a sufficient degree
of differentiability. Let such a lift of g(f) be given. Then we denote § = g~! dg,
3=dg.g""', dR = Ry, dR = Ry, where 3, 9, ¢, ¥ are g-valued 1-forms on I,
g denotes the Lie algebra of G and ¢ = g7 dg,, ¥ = g5 ' dg,. If (Ry, R)) is another
lift of g(t), we have R, = R, .y;, R; = Ry .7,, where y,7; " = ¢(1), y,, 7, € G and
so g; = y,h and g, = y,h for some h € G. Taking differentials, we get for the cor-
responding forms ¢, and ¥,

M (p—!//=h_1(§01_‘//1)h’ (P+'//=h—l((/’1+l//1)h+2h‘ldh.
So let us denote wdt = (¢ — ), ndt = ¥¢ + ). Then ¢ = (n + o) dt, ¥ =
=(n — w)dt.
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By a point or a vector in E, we shall mean a column of n + 1 entries with the first
one equal to one or zero, respectively. If 4 is a fixed point in E,, we have 4 = RX,
where X is the column of coordinates of 4 in R and the trajectory g(4) of 4 satisfies
g(A) = RX, because g(R) = R. Taking derivatives we get

Z’:O:R’X+RX’=R(d£X+X’> and so X’=——W—X.
t

dt
Furthermore,

(g(A)) = R'X + RX' = Rgi - R;/i = 2RoX
t t

is the expression for the tangent vector of the trajectory of 4 with respect to R.

Let us denote by “Q the operator of the k-th derivative of the trajectory of 4 with
respect to the frame R, write (g(4))*® = 2R *QX.

Then

(9(A4)** D = 2R[(w + 1) *Q + *Q(w — n) + ("))
and we get the following recurrent formulas
(2) =0, "Q=(0+n*2+*Qw—n) +(*Q) . .

Definition 1. A motion g(¢) in E, will be called a Darboux k-motion iff

1. the trajectory of any point is contained in a subspace of E, of dimension k and
at least one of them is not contained in a subspace of dimension k — 1,

2. all trajectories are affine equivalent in kinematical sense, which means that there
is a trajectory X(1) such that to every other trajectory Y(¢) there is an affine trans-
formation (not necessarily regular) & of E, such that Y(t) = «/X(1) for all tel.

Theorem 1. A euclidean motion ¢(t) in E, is a Darboux k-motion iff there are
functions a,(1), ..., oy(t) such that

k
(3) k+IQ =Zai iQ
i=1

i=

and 'Q, ..., *Q are linearly independent.

Proof. Let X(7) be the trajectory such that Y(t) = =/X(t) for every other trajectory
Y(t), where of course &/ depends on Y. Taking derivatives with respect to ¢, we get
YO(t) = &X(1). There is also a trajectory, say Z(t), which is not contained in
a subspace of dimension k. This means that there is , such that the vectors Z'(t,), ...
.. Z®(1,) are linearly independent. Because Z(to) = /X (t,) for i =1, ..., k,
we see that the vectors X'(1,), ..., X*(t,) are also linearly independent; this means
that X(¢) is not contained in any subspace of dimension k — 1. Because Y = iQy
and 'Q is a continuous operator (in fact it is linear), there is a neighbourhood U of

-
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X(to) such that Y™ are linearly independent in U. Take Y in U. Then Y**¥ =
= Zai(y) Y® and of course X*+1) _ >a(X)X® for all ¢ in a certain interval

around t,. Then
YED = (Y) X4 = o (Y) YO = @(Y) Yoy (X) X*D =
= YoX) L (Y) XO = Y (X) YO

and so Y (afX) — oY) Y = 0 in U. This gives oX) = oY) in U. So we have
YD = Yo, Y, where a; = const. in U. Then **'QY = Yo, ‘QY in U. If we now
take the partial derivative with respect to the coordinate x, (oc =1,...,n)at X of the
last equation, we get ¥*'QY = Y'o; ‘QY for all Y and so **!Q = Ya; 'Q where o;
does not depend on X in a certain interval around t,.

The proof that (3) is sufficient for a motion to be a Darboux k-motion is easy,
because the solution of the differential equation X** = Y ¢, X depends on a point
and k vectors, which means that the solutions are affine equivalent and k-dimensional.
Because 1@, ..., *Q are linearly independent, not all of the solutions can lie in sub-
spaces of dimensions less then k. This completes the proof.

From the definition of the Darboux k-motion we see that if the condition (3) is
satisfied for one lift of g(?), it is satisfied for all of them. Also if we change the para-
meter ¢, the validity of (3) will remain unchanged. It is also easy to check that there
are no Darboux 1-motions in E, apart from translations.

In what follows we shall classify all Darboux 2-motions in E,. From the beginning
let us exclude translations as a trivial case. Matrices w and 5 can be written in the form

0, 0 0, 0
4 =" , =" , wherew; + 0,
@ (wm wl) 1 (’70’ '71) !

wy, 1, are skew-symmetric n x n matrices, wy, 1, are columns. Equations (3) for
the Darboux 2-motion can be written in the form

(5) 30 = —4a, 'Q + o, 20Q.
Let us denote
(0,0
a=(59)
(3) will then change to
(6) 9 o=wy, M9 = (0, + 1) + O(w, — 1) + ('9),

0 =0, 0= (0, +m)'0 + 'O, = 1y) + (‘O).

Changing the lift of g(t), we can assume that there is a natural number k, 1 < k <
< in, such that o, is of the form
W, 0
w, = <0,” 0)
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where w,, is a regular 2k x 2k matrix of the form

0, —D
Wy, = D 0

with D = {4,, ..., 4} diagonal and w, is of the form

,
o, = ( 01>,
Wo2
where o, = 0 is a 2k x 1 matrix and w,, is an (n — 2k) x 1 matrix with all
entries except possibly the first one equal to zero. Rearanging vectors in the frame

and changing the parameter ¢t we can achieve 1 = A, 2 1, = ... 2 4, > 0. The

group H, which preserves our specialization is the subgroup of all elements g € G
of the form

B >

0
Y1»
0’ Y2

[

1
(7) g=\0
t

where 7, € O(2k), y, € O(n — 2k), tis an (n — 2k) x 1 matrix and

V1@ = W11Y15 V2002 = Wy -

it Ni2 Mot
n = , Mo = ,
' (’121, 'lzz) o ('Ioz)
where 1, is a skew-symmetric 2k x 2k matrix, 7, is a skew-symmetric (n — 2k) x

x (n — 2k) matrix, n,, = —n%,, where T denotes the transpose, 1, is a 2k x
x (n — 2k) matrix, 7o, is a 2k x 1 and 7, is an (n — 2k) x 1 matrix. Equations

(6) will read as follows:
; 0 o) . i9
l@ — . 11> X 12> s 19 = ( 01) ,
(l@u, ‘@, 02

Write
the size of matrices of the splitting is similar as above. Then

Denote

(8) 10, = oy, 19,, =1'0,, =10,, =0,

N
©)
-
=
|

_ 2 ’ 2 —
201 + N0y — Oy + O, 20y, = —wy7y,,

2 = 2
031 =1M101;, 20,, =0,

R
1

2
= =301171;, — 20,0142 + Oy, + Dy MNi2M22 —
— Oy, — (0)11’112)' >

L]
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30,, = 3,121(1)%1 — 1M1 @11 + NN 1 @yy + MMy @y +

+ ;12160'11 + ('1210’11)' .

Because 10, + (1921 20, + (2 @21)72= 0, we must have al.so 3Q|2 +
+ (3@,,)T = 0. But 30, + ( 0,,)" = —6wi n,, and so n,, = 0. Using this fact

we get further

3 — —
,(8a) 2@12 = 20,1 = 3@12 =03 = 3@zz =0,

3@“ — 3,11101%1 - 3(1)%1’111 + 6w, 07, + 4(1’%1 + ’7%1“’11 + ‘Un’ﬁl -

_ M@y T 2000 = 20030 + 10 — @ + o,
9) 19, =0, 190, = w025 801 = —Opiflor s 2802 = M2200; + @z,
3901 = —36!)?17’101 — 2011@011Mo; + @q1M11Mo1 — D11Mo1 — (wn"lm)l >

39,, = ’1%2")02 + 112201(')2 + (’lzzwoz + w(l)z)'-

Let us denote

a 0, —b, —mT
T

we, =|0], my, =1b, 0, —n; |,
0/ m, ny, n,

where a, be R, m, n, are (n — 2k — 2) x 1 matrices, n, is an (n — 2k — 2) x
x (n — 2k — 2) matrix. Equations (4) yield —4a; 199, + a, 290, = 39,. Sub-
stituting from (9) we get

(10) —4a, 0y, + 052('1226002 + w&z) = ’l%zwoz + 13,00, + (ﬂzzwoz + wf)z)'-

Writing (10) explicitly we get

a a —(b* + m" m)a+a”
(11) —4o, | 0] + oy | ba | = ba’ — nima + (ba)
0 ma ma’ + (nb + nym)a + (ma)

Now we have to distinguish between three cases:
a) a + 0. Then the matrices y, from (7) form the group O(n — 2k — 1),

(1,0
Y2 = (0, ,ys) ’
where y; € O(n — 2k — 1) and y, acts on the first column v of 7, in the natural
way, ¥ = y,,0, where
0
v=|b

m

As the orthogonal group is transitive on directions, we can change the lift of g(r)
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in such a way that m = 0 and b = 0. Then (11) will change to

a a —b%a + a’
(12) —40, [O| + o, | ba| = ba' + (ba)
0 0 n,ba

al) Let b # 0. Then n, = 0. Using a suitable lift of g(t) we can achieve n, = 0’
Mo> = 0. So in this case we can restrict ourselves to the dimension 2k + 2.

a2) Let now b = 0. Then there is no restriction on O(n — 2k — 1); choosing a suit-
able lift we get n, = 0, n, = 0, 1y, = 0. We can restrict ourselves to the case
of the dimension 2k + 1.

b) a = 0. Then (12) is automatically satisfied and there is no restriction on y,,
72 € O(n — 2k). Using a suitable lift, we get 7o, = 0, 7,, = 0 and the dimension

can be restricted to 2k. For w and # we get in the above mentioned three cases:

0,0, 0,0 0, 0, 0, O
_ 10, w4, 0,0 _|Mows M1 0, O
al) ®=la0, 0,0/ "“lo, o, o0 —b
0,0, 0,0 0, 0, b, O
0,0, 0 0, 0, O R
3.2) w = 0? wll’ 0 ’ ’7 = 7701’ ’111) 0
a, 0, 0 0, 0 O

b) w_(0,0 ) n_(O, 0)
0, o)’ Not> M11)

Let us suppose that we have removed from the list of Darboux 2-motions in the
euclidean space of a dimension n all such Darboux 2-motions, which are already
listed under a certain dimension less then n. By this we mean that our motion in E,
is not a product of a Darboux motion in a proper subspace of E, and the identity
in the direction of the orthogonal complement. This allows us to treat all three
cases al, a2, b as the case al only, provided that the last one or two zero rows and
columns are removed if necessary. Equations (12) will then reduce to

(13) —4a,a + a,a’ = —ab® + a", a,ab = ab’ + 2ba’,

where we can suppose @ = 0, b = 0.
The remaining isotropy group is H}, where g € Hj is of the form

1, 0, 0,0

0, ,0 0
9= tl’ 0: 1’ 0 ’

t,, 0, 0, 1

where t,, t, € R are constants and y;®1; = w1171
.
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This means that the cases al) and a2) are singular in the sense that the Frenet
frame is not uniquely determined. It remains now to solve equations (5) for $,, and

©,,. Write
0, —D
Wy = D 0

(N +X, -M +Y
TiT\Mm+y, N-x)

as before and

where N, X, Y are skew-symmetric, M is symmetric and all of them are k x k ma-
trices. Let us denote by 'S the symmetric part of ‘@, i = 1,2, 3. Then from (5)

we have
—4o; 1S + a, 28 =385,

After substitution we get
1S=0, 2S= 2(1)?1 , S = 3’111“’%1 - 30’%1’711 + 6w, 0,
and finally
-D?%, 0
(14) 20:2( 0, —D2> =

-3 D?*N — ND? + D*X — XD? MD? — D*M + D*Y — YD? B
B D*M — MD?* + D*Y — YD? D?N — ND? + XD* — D*X

_ (PP 0
0, DD

Taking elements on the main diagonal only, we get

—24,D* = —6DD’.
Because 4, = 1, we have A{ = 0 and so a, = 0 and D’ = 0. From (14) we now have
4(15) ND? — D?N = MD? — D*M = XD? — DX = YD* — D*Y=0.

Let 44, ..., 4, be all different elements from D, the multiplicity of 4, in D being k,,
a=1,...,m, wherei k, = k. Let further M5, N5, X4, Y,; be appropriate splittings
of M, N, X, Yinto glzolck matrices of size k, x k. Equations (15) show that

My =Ny=X,=7Y,=0 for a#f.

Similarly, if we write y, from g € H} in the form

a p
Y1 = ('}’, 5)

309



and split a, f, 9, 6 accordingly into o,g, Bap, Yup> Oup» We get alSO oy = Boup = Vo5 =
= 0,5 = 0 for o #+ B. This means that the isotropy group Hj splits into the direct
product of subgroups of O(2k,). So we can solve equations (5) separately for each
index a. This also means that every Darboux 2-motion can be written as a product
of Darboux 2-motions having only one characteristic value of the tangent operator,
multiplied possibly by a certain translation or by a certain plane motion. For the
sake of simplicity let us deal from now on with one block only and let us drop indices
o and . Equations (14) are automatically satisfied, because now D = AE.
Denote ‘A the skew-symmetric part of ‘@,,, i = 1, 2, 3. Then

14 _ 24 _

A=0w;, “A=n,0 — O,

A = 40}, + 0t + o0 — 2 / 1
= 11 T H11@yq,y @M1 N1 @My + N1 @ — DpqMyq -

For the skew-symmetric part of (5) we get —4a; ‘4 = 34 and the substitution yields

0, ~E\ .. 0, E Y, - X'
(16) —4all<E’ 0) _4 (_E’ 0) +”(_x', _Y,> +
+ 20 (NY—- YN + MX + XM + 2(XY— YX),
MY + YM + XN — NX +2(X2+Y2), R

MY + YM + XN — NX — 2(X? + Y?)
—MX — XM + YN — NY + 2(XY - YX)

After taking linear combinations in (16) we get

(17) XY-YX=0, X*+Y>=(2*—0o)E, where o —1*20,
MX+XM+NY—YN+Y'=MY+YM+XN—NX——X'=0.‘

Denoting X + i¥Y=2Z,N + iM =F, J(a, — *) = p, i = \/ — 1, we get

(18) Z.Z"=p*E and Z.F—F.Z=2",

where Z" = —Z, FT = —F and the bar denotes the conjugate.
Elements y, from the group H can be written in the form

@, —
y1=<ﬁ f), where 9,97 = E.

If we write y = o + if, we have y7” = E so Hj becomes the unitary group U(k)
and its Lie algebra consists of all matrices of the form L = r + is, where L+ LT = 0.
So F belongs to the Lie algebra of H and the action of H, on Z is Z = yZyT.

Now we have to consider two cases:
@) p=0.Then Z.Z" = 0 and so Z = 0. Equations (18) are automatically satisfied.
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Because F is in the Lie algebra of the isotropy group Hj, we can change the lift
of g(t) (up to a constant matrix) so as to make F vanish.

B) 1 > 0. Let now the unitary group U(k) act on a unitary vector space of dimension
k with an orthonormal base e;, i = 1, ..., k. Then for the unitary scalar product
(u, v) of vectors u and v we get (u,v) = u” .o, where u and v are columns of
coordinates of the vectors u and v. Let us define a new form [u, v] = u'Zv.

We get

[u, v] = (u, Zd) = (Zv, 1) = —(Z"v, ) = —v"Zu = —[v,u],

and so [u, v] is skew-symmetric. Now we can require the first equation of (18)
to be satisfied. Having in mind that the unitary group acts transitively on direc-
tions, we can change the orthonormal base e; in such a way that Z assumes the
form

0, —uE
(19) Z = <” E 0 ),
where E is the k/2 X k/2 unit matrix and so k must be an even number. (This

means that the multiplicity of 4 is even.)
We can write F similarly as in (19) in the form

A, B
F= (—BT, c)’
where A, B, C are complex k/2 x k/2 matrices with 4 + AT = C + C" = 0. The
second equation from (18) gives

BT — B, A-C 0, —uE
(20 ”(Z ~C B- ET> - <,u’E, 0 )
Equations 4 + A" = C + CT = 0 say that the main diagonal of 4 — C is pure

imaginary. This gives u’ = 0 and so p = const. and «; = const. Further we have
BT = B,C = A and so

(21) F=<_”_1’ "f) with 4+ A"=0 and BT =B.

The new isotropy group H, is a subgroup of U(k) which preserves Z, so it is the
group of all unitary matrices of the form

h =< r’
-,

and so F belongs to the Lie algebra of H,. At this moment we again have to distin-
guish two cases:

NG @
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Ot) Mo1 = 0. In this case there are no main components (# cannot be changed by
action of H, and so we can only change the lift of g(f) in such a way that F be
zero). The Frenet frame (the canonical lift of g()) will be fixed up to a constant
matrix from H,. We see also immediately that *3 = 0 and we have to solve (13)
only to get the invariants of the motion.

B) mo; + 0. It is easy to realize that H, is the symplectic group of order k/2 over
quaternions, so H, = Sp (k/2). The symplectic group is the group of all matrices g
with quaternion elements such that g .(g”")' = E, where iota denotes the con-
jugate quaternion.

Sp (k/2) acts in a natural way on a vector space of dimension k/2 over quaterions
and it is known (see [1]) that this action is transitive on directions, so we can change
the lift of g(7) in such a way that

-(0)
Moy = 0)’

where v > 0 is a real number. We must now solve (9) for {9y,; this yields 39,; = 0.

Les us write
(P
’701 - <0> ’ .

where p is a column with k entries, the first one equal to v, the others equal to zero.
After a substitution we get

(22) (3E+M)p=0, 3X -N)p=p.

Since 3X — N is skew-symmetric, we get p’ = 0 and so v = const. Taking into acount
that p has only the first element different from zero, we see that the first columns
of 3AE + M and of 3X — N are equal to zero. This shows that the new isotropy
group H; will be Sp(k/2 — 1); there are no main components, because the re-
maining components are in the Lie algebra of H;. So we can put the remaining
components equal to zero and the Frenet frame is fixed up to a constant element
from Sp (k/2 — 1).
As a result we get

(23) =] 0, 0, —4u 0, 34, 0, 0, 0
0, 0, 0, —uE 0, 0, 0 0
40,0, 0, 0, 0, 0, —3i0
0, kE, 0, 0, 0, 0 0, 0
-3,0, 0, 0, 0, 0, —24 0
0,0 0 0 0 0 0 uE
0,0, 32, 0 24, 0 0 0
0.0 0 0 0 —uE, 0, 0
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where each even row or column represents (k/2 — 1) rows or columns. w,, written

in a similar way will be

(24) W, =

coorM0O0O0O
corxOo0000

coooco0oo

o

\:nju
o000 O0O0O

>

coocoooc o~

NS

E,

|

|
o >
S

coooo

Iy

-

coocoocoroQ
cococoxy00O0

.

From (23) and (24) we see that for the Frenet lift (F, F) of g(r) we get two sets
of independent differential equations (apart from the last two rows, which will be
discussed separately). After a suitable permutation of vectors in F = {4, ey, ..., ¢,}
and F = {4, ¢&,, ..., &} we can write them in the following form:

Equations for F:

(25) a) A = ve, e}

= due, — 2le;,

ey = —4ue, + 4le,,
ey = 2le; + 2ue,,
e, = —4le, — 2ue; .

where i = 1,..., k2 — 1.

Equations for F (let us

c) A = vey, e

leave out the bars):

= due, — 4le;,
= —dpue; + 21e,,
= 4dle; + 2ue,,

= —2le, — 2ue; .

where again i = 1,..., k[2 — 1.

b)

)

7

€= Hey; + ley;,
’

ey, = —pe;; + ey,
’

ey = —le; — pey;,
’

e, = —Aey; + pes;,
’

€1,i = MHey; — ;~e3,i 5
,

€ = —He ; — 194,i >
Li= A

€3,i = 1,0 — Héq i,
,

ey = ley; + pes;,

Denote ¢ = /(A* + p*). It is convenient to write solutions of (25) in a matrix
form. So denote by g1, 921 g3, 9a,; the solution of a), b), ¢), d), respectively. Initial
conditions are chosen in such a way that all these matrices are equal to the identity

matrix at ¢t = 0. Then
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314

B 1 b 0 ’
41(#2 sin 4et + 2A% sin 2¢t), p? cos 4et + A% cos 2et,
£
1 M (1 — cos 4et) , Me sin det ,
91 = —
¢ VA
5 (cos 2et — 1) , —Agsin 2et ,
VAR .. .
T (2sin 2et — sin4et) , Ap(cos 2et — cos 4det)
g
0 , 0 , 0
—pesin det, Aesin2et, Au (cos2et — cos 4et)
g2 cosdet , 0 , —Agsin det
0 , €*cos2et, —pesin et
Jesin 4et , pesin2et, A% cos4et + pu® cos2et
1 , 0 , 0 ’
ve . 5 .
Z sin 4st , &“cosdet , —pesindet ,
_ 1w ; 2 2
G5=51, (1 — cosder), pesindet , p®cosdet + A* cos 2et,
&

0 , 0

% (cos 4et — 1), —Jesin 4et,

, Agsin 2et

0

Ag sin 4et

Au(cos 26t — cos 4dgt)

A% cos 4et + p? cos 2et,

ue sin 2¢t

Au(cos 2et — cos 4et) ,

, 0 ]
, 0
— Ag sin 2¢t
— e sin 2¢t
, COs 2¢t A



£COs g, —pusinet, —dsinet, 0

g .gutl pSing, ecoset, 0 . _Ssinet ’
2PIRE T | 6singy, 0 , £Cos &t,  sin gt
0 , Osinet, —psinet,  ecoset

where § = Afor g,,;and 6 = ~Afor g, ;.
Denote G, = 9195, G = 9, g5.i- Then

G, =(1, 0
T, G
and

(26)

u? + A% cos 2, 0 , —Agsin 2et . Al — cos 2et)
G = 110 , M+ 2*cos2et,  Au(cos2et — 1), — g sin 2et
&2 | Ae sin 2et , Mu(l — cos2et), p* + A*cos2et, O
Au(cos 2et — 1), A sin 2¢t , 0 , U+ A%cos et
0
0
27 T= v .
(27) —8—2(cos 2et — 1) =~
0

Let us return again to the original situation of more characteristic values 4, of ;.
For G from (26) let us write G(4,) and for T from (27) let us write T(4,) in case that
it corresponds to a characteristic value 4, of w,, with a multiplicity k,.

Finally, we write

T(%y) [G(2), 0, ...,0
(28) L R L
0 0, 0, e G( 2y)

where t, is a k, x 1 matrix which has 4 x 1 matrices as elements, g, is a k, X k,
matrix which has 4 x 4 matrices as elements.

If p = 0 for some 1,, then the multiplicity of 4, need not be an even number and
the expressions for ¢, and g, will become simpler. In this case

0 cos 2t, —sin 2t,
1v(cos 2t — 1) sin 2t, cos 2t, 0
(29) t,=1|0 s Ga = C- .
: 0 cos2t, —sin 2t
0 sin 2t, cos 2t
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where t, is a column with 2k, elements and g, is a 2k, x 2k, matrix; it expresses the
direct product of k, plane rotations.

Finally, we must solve the differential equation for the last two rows. From (8a)
we know that this system of differential equations can be solved independently of
those above. So let {4, e, e,}, {4, &, &,} be a frame in E, and in E,, respectively.
The differential equations for them will be

Il

(30) A ae,, ey = be,, e, = —be,,
A = —a,, & =bs,, & = —bé,,
where a and b satisfy (13). The solution of (13) is
a = B(y + sindeot)'’?, b =2¢,/(y> — 1)(y + sindet)™",

where y = 1, B > 0 are constants and &, = \/a;. The solution of (30) are two ma-
trices, say gs for the first, g¢ for the second equation. Then

(1, 0 (1,0
gS - To, Go 5 g6 - __TO’ GO

B y sin 2ept + 1 — cos 2¢g,t

and .

7 €os 265t + sin 2gpt, —./(y* — 1) sin 2£ot>

G, = 2 : ~-1/2
0 ()’ + 7y sin dgyt) <\/(y2 _ 1) sin 2g4t , 7y cos 2gyt + sin 2gyt

Further we get

1 0
1 Sl :
(3 ) 9596 <2To, E) 5

denote tp = 2T,.

Theorem 2. The matrix of any Darboux 2-motion in E, can be written in the
following form:

5, 0, ...,0, O

tis g1 ---» 0, O

(32) gty =|: : o,

tw 0, ... Ggm O

to, 0, ..., 0, E

where ty, ..., t,, gy, ..., g, are given by (28) or (29), 1, is given by (31), Eis the 2 x 2
identity matrix, m is the number of different characteristic roots of w, ;.
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To simplify the final form of our result, let us change the parameter ¢ of the motion
in such a way that a; = 1. Then of course the condition 4, = 1 must be omitted.
Let us remark that in that case g, = 0 means 4, =

Theorem 3. Let the following numbers Ay, ..., Apy V15 <os Vs By Vs Kis s K 815 05
be given in such a way that

i) 4, vy, B, v are real numbers, k; are natural numbers, i = 1, ..., m,
i) Ay >4, >...>2,>0,v,=0, =0, y=1, 8, and &, are equal to zero
or one, :

iil) 2Y k; + 0, + 6, = n,

i=1

v) A; + 1 implies k; even,

v) 0, =0iff f=0;0,=0iffy =1;6, = 1 implies 8, = 1. Then there is exactly
one Darboux 2-motion in E, which has given numbers as its invariants in the
sense described above, 6, 0, are connected with the appearance of the last two
rows and columns. All Darboux 2-motions in E, which are not motions in any
E,_, are those described above.

Theorem 4. All trajectories of any Darboux 2-motion in E, are either ellipses
or direct line segments.

Proof. For any trajectory we have X” + X’ = 0. Integration yields the desired
result.

Remark. In E, there is only one Darboux 2-motion, namely the elliptical motion,
in E; we have also only one Darboux 2-motion, namely that originally described
by Darboux (see [2]). In E, we have two Darboux 2-motions, either k, = 2, §; =
=6, =0(with A, + 1 and A, = 1 as subcases) or k, = 1,6, =9, = 1.
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