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VARIETIES OF QUASIGROUPS DETERMINED BY SHORT STRICTLY
BALANCED IDENTITIES

JArosLAV JEZEK and ToMmAS KEPKA, Praha

(Received March 11, 1977)

In this paper we find all varieties of quasigroups determined by a set of strictly
balanced identities of length <6 and study their properties. There are eleven such
varieties: the variety of all quasigroups, the variety of commutative quasigroups, the
variety of groups, the variety of abelian groups and, moreover, seven varieties which
have not been studied in much detail until now. In Section 1 we describe these
varieties. A survey of some significant properties of arbitrary varieties is given in
Section 2; in Sections 3,4 and 5 we assign these properties to the eleven varieties
mentioned above and in Section 6 we give a table summarizing the results.

1. STRICTLY BALANCED QUASIGROUP IDENTITIES OF LENGTH = 6

Quasigroups are considered as universal algebras with three binary operations
*, 7, \ (the class of all quasigroups is thus a variety).

A quasigroup term ¢ (i.e. a formal expression consisting of variables and the three
binary operation symbols *, ~, \) is called balanced if every variable has at most
one occurrence in ¢; it is called strictly balanced if it is balanced and contains neither
» mor \. A quasigroup identity ¢t =s (ie. a pair of quasigroup terms) is
called balanced or strictly balanced, if the terms 7, s are both balanced or strictly
balanced, respectively, and contain the same variables. The length of a term ¢ is the
number of occurrences of variables in ¢. The length of an identity ¢ = s is the sum
of the lengths of ¢ and s. Evidently, the length of a balanced identity is an even
number.

Consider the following identities:

(1) x.yz=x.yz, () x.yz=xy.z, () xy.z=xy.z,

(@ x.yz=x.zy, B x.yz=yx.z, (4 =xy.z=yx.z,
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(B)x.yz=y.xz, 9) x. yz
@ x.yz=y.zx, (10) x.yz

xz.y, (15 xy.z=xz.y,

zx.y, (16)xy.z=zx.y,
(5) x.yz=1z.xy, (1) x.yz=yz.x, (17) xy.z=yz.x,
(6) x.yz=1z.yx, (12)x.yz=zy.x, (18 xy.z=1zy.x.

Foreveryi =1,2,..., 18 we denote by ¥7; the variety of quasigroups determined
by the identity (i).

1.1. Proposition. Let t = s be a strictly balanced quasigroup identity of length
<6. Then the variety of quasigroups determined by t = s is equal to some of the
varieties V1, ¥ 5, ..., Vg If i€{1,2,..., 6} then ¥, 1, is the dual of ¥",.

Proof. Obvious.

Now we define eleven significant varieties of quasigroups:

R =¥, =Mod (x = x) = the variety of all quasigroups;
% =, = Mod (xy = yx) = the variety of commutative quasigroups;
% =19, =Mod(x.yz =xy.z) = the variety of groups;
& = % n 4 = the variety of abelian groups;

D, =¥;3; =Mod(x.yz=y.x2);

D, =¥ s =Mod(xy.z = xz.y) = the dual of Z;

&, =¥ =Mod(x.yz =z.yx);

&, =715 =Mod (xy.z =zy.x) = the dual of &;
Fi=9,0 8,

F, =9D,n &, = the dual of F;

H =8, nE,.

1.2. Proposition. The following relations hold:
D71 =%1u=2%
(ii) Vo=V1u=YV1u="1=%
(i) Vo=V s=7s=7o=V10=V16=V1;=o.

Proof. (i) is obvious. In (ii) only ¥°;, = % is not immediate. However, quasi-
groups from 77y, satisfy xx = x(x(x\x)) = ((x\x)x)x, x = (x\x)x, yx =
= y((x~x) x) = (x(x \x)) y = xy. We are going to prove (iii).

If Q is a quasigroup from ¥"sand a, be Q,thena = (a b) b = (a » b) (b(b\ b)) =
=(b\b)((asb)b) =(b\b)a,so that asa = b\b and Q has a unit element e.
Thus ab=e.ab=b.ea=baand Qe¥ NV 5= .

Quasigroups from ¥, satisfy x.yz = y.zx and y.zx = z.Xxy, so that ¥, =
SYVs=4.
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If Q is a quasigroup from ¥"g and a, b € Q, then ab = a((b/ b) b) = (b~ b) a) b,
sothata/a = b/ b and Q contains a left unit e. In particular, ab = e¢.ab = ae. b
and e is a unit. Hence ab = a . be = ba.e = ba and so x. yz = xy . z.

If Qe¥y and a,beQ, then a=(asb)b=(asb)((bsb)b)=((asrb)b).
.(bsb)=a(bsb), so that axa = b, b and Q contains a unit. Now we have
VoS band Vg ¥V, = A.

If Qe and a, be Q, then ab = a(b(b\b)) = (b\b)a)b, so that asa =
= b\ b and Q contains a unit. Now ¥, € ¥ and ¥, € ¥, = .

The varieties ¥",¢ and 77, are dual to ¥, and ¥ 5 and thus also equal to /.

1.3. Proposition. The following conditions are equivalent for a quasigroup Q:
(i) Qe 2, (Q e 2,, respectively).
(i1) There exists an abelian group Q(+) and a permutation p of the set Q such
that p(0) =0 and ab = p(a) + b for all a,be Q (ab = a + p(b) for all
a, b e Q, respectively). '

Proof. See Theorem 13 of [8].

1.4. Proposition. The following conditions are equivalent for a quasigroup Q:
(i) Q€& (Qeé&,, respectively).
(ii) There exists an abelian group Q(+), its automorphism f and an element
g € Q such that ab = f*(a) + f(b) + g for alla,be Q (ab = f(a) + f*(b) + ¢
for all a, b e Q, respectively).

Proof. See Theorems 17 and 18 of [12].

1.5. Proposition. The following conditions are equivalent for a quasigroup Q:
(i) Qe #, (Qe F,, respectively).
(ii) There exists an abelian group Q(+) and its automorphism f such that f* = idg
and ab = f(a) + b for all a,be Q (ab = a + f(b) for all a, b e Q, respec-
tively).

Proof. It is an easy combination of 1.3 and 1.4.

1.6. Proposition. The following conditions are equivalent for a quasigroup Q:

(i) Qe .
(ii) There exists an abelian group Q(+), its automorphism f and an element
g € Q such that f* = idy and ab = f*(a) + f(b) + g for all a, be Q.

Proof. Apply 1.4.
1.7. Proposition. We have 4 " 4 =6n 2, =6nD,=Fné =Fné,=

=gﬂ@1=gﬂ@2=gﬂé’l:gﬂg2=gln@2=.glﬁgl=gzﬂg2=
= 4.
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Proof. Some equalities are obvious and the rest follows from 1.3.

1.8. Theorem. Every quasigroup variety determined by a set of strictly balanced
identites of length <6 is equal to one of the varieties %, %, 9, A, D, D,, 81, 65,
F ., F,, H. These eleven varieties are pairwise different. If Vis any of them, then
Ac Ve R Moreover, F, <D, F,<6,, F,<9,, F,<b,, H <&,
H < &, and there are no other non-trivial inclusions.

Proof. It follows from the above results.

2. PROPERTIES OF VARIETIES

Let V be a variety of universal algebras. (The similarity type is considered to be
finitary but not necessarily finite or countable; all agebras are considered to be non-
empty.) We shall consider the following conditions on V:

SAP (strong amalgamation property): If A, B,CeV, A =B n C and 4 is a sub-
algebra of both B, C, then there exists an algebra D € ¥ such that both B, C
are subalgebras of D.

EXT (extensivity): For every two algebras A, B € V there exists an algebra Ce V
and two monomorphisms f: 4 - C, g : B— C.

IDE Every algebra from V contains an idempotent, i.e. an element a such that the
one-element set {a} is a subalgebra.

CEP (congruence extension property): If r is a congruence of a subalgebra 4 of an
algebra B € V, then there exists a congruence s of Bsuch that r = s 0 (4 x A).

RSM (residual smallness): There exists only a set of non-isomorphic subdirectly

* irreducible algebras from V.

FEP (finite embeddability property): If A € ¥, then for any finite subset B of A
there exists a finite algebra C eV and an injective homomorphism of B
(considered as a partial algebra) into C.

SFG Subalgebras of finitely generated algebras from V are finitely generated.

EFG Every countable algebra from V can be embedded into a finitely generated
algebra from V.

SBL Every subalgebra of an algebra 4 € V'is a block of a congruence of A.

SCH (Schreier property): Every non-trivial subalgebra of a V-free algebra is V-free.

If Vis a variety of quasigroups, then we shall be concerned, moreover, with the
following two conditions on V: ‘

NCP (normal congruences property): If Q(., ~, \) € Vand if r is a congruence of
the groupoid Q(.), then r is a congruence of the quasigroup QO(.; 7, )

GCC If Q(., 7, \) € Vand if r, s are two congruences of the groupoid Q(.), then
FoS =Sor.
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Let V be a variety of universal algebras and K a class of algebras. If there exists
aset M = V n K such that every algebra from ¥ n K is isomorphic to precisely one
algebra from M, then we say that V has few K-algebras and put v(K, V) = {a, >
where o is the cardinality of M and f is the smallest cardinal number such that no
algebra of cardinality =f belongs to ¥V n K. If V is non-trivial and every algebra
from Vis isomorphic to a subalgebra of an algebra from V' n K, then we say that V'
has enough K-algebras and write (K, V) = en. Finally, if ¥ has neither few nor
enough K-algebras, we write (K, V) = pr. We shall be concerned with the deter-
mination of ¥(Sim, V) and ¥(Sir, V); here Sim is the class of simple algebras and Sir
is the class of subdirectly irreducible algebras. A variety is residually small iff it has
few subdirectly irreducible algebras.

For every variety ¥ we denote by v(V) the cardinality of the set of subvarieties of V'
and by m(V) the cardinality of the set of minimal subvarieties of V.

In the following sections we shall be concerned with varieties of quasigroups
determined by strictly balanced identities of length <6 and for every such variety V
we shall try to decide which of the above twelve conditions are satisfied by V and,
moreover, to describe ¥(Sim, V), v(Sir, V), o(V) and m(V).

2.1. Lemma. Let V be a non-trivial variety. Then:

(i) V has enough simple algebras iff for every A€V and every triple a, b, c of
pairwise different elements of A there exists an algebra B €V such that A is
a subalgebra of B and {a, c) belongs to the congruence generated in B by
(a, b.

(ii) If V has enough simple algebras then it has neither CEP nor SBL.

(iii) If the similarity type of V is finite and V has EFG, then it does not have SFG.

(iv) Vis extensive iff every algebra A € V can be embedded into an algebra Be V
having an idempotent.

(v) IDE implies EXT.

Proof. It is well-known and easy

2.2. Lemma. Let V be a variety of quasigroups. If V satisfies NCP, then it satisfies
GCC.

Proof. It is easy.

Let V be a variety of universal algebras. Then V* denotes the variety of pointed
V-algebras, i.e. of V-algebras with an added nullary operation. Thus elements of V*
are algebras A(fy, f5, ..., u) such that A(f3, f5, ...) € Vand u is an element of 4.

2.3. Lemma. Let V be a variety. Then:
(i) If P is one of the properties SAP, CEP, RSM, FEP, SFG, EFG, SBL then V has P
iff V* has P.
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(ii) If K is either Sim or Sir, then WK, V) = en < WK, V*) = en and WK, V) =
= pr <K, V¥) = pr; if WK, V) = <&, B> and (K, V*) = <y, 6) then B = .

Proof. Itis easy.

3. THE VARIETIES %, ¢, 4, &

3.1. Theorem. The varieties & and € have the properties SAP, EXT, FEP, EFG,
SCH. They do not have the properties IDE, CEP, RSM, SFG, SBL, NCP, GCC.
We have v(Sim, ) = v(Sim, €) = ¥(Sir, #) = ¥(Sir, ¢) = en and (%) = v(¥) =,
= m(%) = m(%) = 2%°.

Proof. It can be easily proved (see also [4]) that every halfquasigroup can be
embedded into a quasigroup and every commutative halfquasigroup can be embedded
into a commutative quasigroup. (By a halfquasigroup we mean a partial groupoid G
such that if a, b, c€ G, ab and ac are defined and ab = ac then b = ¢ and if ba
and ca are defined and ba = ca then b = ¢.) From this SAP, EXT, ¥(Sim, %) =
= y(Sim, %) = en follow. (The fact that the variety of all quasigroups has enough
simple members was proved by many authors, see e.g.[9]; almost every proof of this
case can be adopted for % as well.) FEP is easy. The validity of EFG and SCH is
proved in [4] (Theorems 1.2.4, 1.2.8) for #; the proofs for € are in fact the same.
By 2.1, # and ¥ do not have CEP, SFG and SBL; evidently they do not have IDE,
RSM. In [14] a commutative quasigroup with two noncommuting groupoid con-
gruences is constructed. Hence £, € do not satisfy GCC and by 2.2 they do not satisfy
NCP. It is proved in [2] that there are uncountably many minimal varieties of totally
symmetric quasigroups; hence m(%) = 2Mo,

3.2. Theorem. The variety % has the properties SAP, EXT, IDE, EFG, SCH,
NCP, GCGC; it does not have the properties CEP, RSM, FEP, SFG, SBL. We have
¥(Sim, %) = ¥(Sir, %) = en, o(%) = 2% and m(%) = N,.

Proof. Since every group has a unit, ¢ has IDE and EXT. The validity of SAP,
SCH and EFG is well-known (see [10], paragraphs 35, 36, 38). The properties NCP
and GCC follow from the fact that every group is an inverse property quasigroup.
¥(Sim, %) = en is well-known; it follows for example from some results of [7].
Hence v(Sir, g) = en as well and ¢ does not have RSM. It follows from 2.1 that ¥
does not have CEP, SFG, SBL. It does not have FEP (see [5]). o(%) = 2™ is proved
in [13] and [15] and m(%) = N, is easy and well-known.

3.3. Theorem. The variety & has the properties SAP, EXT, IDE, CEP, RSM,
FEP, SFG, SBL, SCH, NCP, GCC,; it does not have the property EFG. We have
V(Sim, &) = (N, oD, ¥(Sir, ) = (g, N;> and v() = m() = N,.
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Proof. An abelian group is subdirectly irreducible or simple iff it is isomorphic
to C(p") for some prime pand 0 < n < o or 0 < n < 1, respectively; here C(p") is
the cyclic group of order p" if n < oo and C(p®) is the quasicyclic Priifer p-group.
This implies ¥(Sim, &) = (X,, No> and ¥(Sir, &) = (X,, N,;)>. For the rest the

reader is referred to an arbitrary text-book on abelian groups.

4. THE VARIETY 2,

In this section we shall establish various properties of the variety 2,, i.e. the variety
of quasigroups determined by x. yz = y.xz. However, it will be convenient to
formulate and prove the results not in terms of 2, but in terms of an equivalent
variety, denoted by J".

Let & denote the variety of algebras A(+,0, —, p, p~') with one binary, one
nullary and three unary operations determined by

x+y)+z=x+(y+2)),
X+y=y+x,
-x+x=0,
0+x=x,
p(p™'(x) = p~(p(x)) = x,
p(0)=0.
Algebras from ¢ are abelian groups with a permutation p such that p(O) = 0.

4.1. Proposition. The varieties @, and X are equivalent, i.e. there exists a one-
to-one correspondence between 2, and A" preserving underlying sets and homo-
morphisms. If A(+,0, —, p, p~')e A then the corresponding quasigroup
(., 7, \)€ D, is defined by Q =A and xy = p(x) + y. If Q(., 7, \)e D,

then the corresponding algebra A(+,0, —, p,p~')e A is defined by 0 = x/x,
x+y=(xs0)y, p(x)=x.0.

Proof. It follows easily from 1.3.

4.2. Proposition. Every at most countable algebra from A  can be embedded
into a cyclic algebra from X; every finite algebra from A" can be embedded into
a finite cyclic algebra from A'.

Proof. Let A(+,0, —, p, p~') € & be at most countable. Denote by C(+, 0, —)
the cylic group of the same cardinality as A and by i |> a; a one-to-one mapping
of C onto A. Denote by D(+, 0, —) the cyclic group with two elements 0, 1 and put

90 .



B(+,0, =) = C(+,0, —) x D(+,0, —). Define a permutation g on B as follows:
q(a;, 0) = <p(a;), 0; g(a;, 1) = {a;,y, 1>. The algebra B(+,0, —, q, ") is cyclic
(it is generated by (0, 1)), belongs to &  and contains a subalgebra isomorphic to
A(+,0, —, p, p~); it is finite if 4 is finite.

4.3. Proposition. The variety A" has enough simple algebras; every finite algebra
from A" can be embedded into a finite simple algebra from A .

Proof. To prove that % has enough simple algebras, it suffices to show that if
A(+,0, —, p, p"!) e A and if a, b, ¢ are three different elements of 4, then there
exists an algebra B(+,0, —, g, ¢~') € & containing A(+,0, —, p, p~') as a sub-
algebra and such that <{a, ¢) belongs to the congruence generated in B by <a, b).
Of course, A(+,0, —) is a proper subgroup of an abelian group B(+, 0, —). Let
de B\ A. Evidently, d + a, d + b, d + ¢ are three different elements of B\ A.
Define a permutation g on B as follows: p = q; g(d + b) =d + ¢; g(d + ¢) =
=d + b; q(u) = u for all ue B\(A U {d + b, d + c}). Evidently, B(+,0, —, q,
g~ ') has the required property.

Now let A(+,0, —, p, p~') € A& be finite. Evidently, there exists an abelian
group B(+, 0, —) containing A(+, 0, —) as a subgroup such that Card (B\ A) >
> Card (4) + 1. Let by, by, ..., b, be the elements of B\ 4. Define a permutation g
of B as follows: p = q; q(bo) = bo; q(b;) = b;yq fori=1,...,n —1; ¢(b,) = b;.
Suppose that ~ is a congruence of B(+, —, 0, ¢, ¢ ') different from ids. Then

by ~ a for some a # by. If a = b; for some i =1,...,n, then by = ¢"(by) ~
~ q"(b;) for all m, so that B\ 4 is contained in a block of ~ and thus ~ = B x B.
Ifae AN{0}, then 0 =a — a ~ by — a = b, for some i € {1, ..., n} and similarly

as above we see ~ = B x B.Finally, let {0, by} be a block of ~. Then every block
of ~ has exactly two elements; a certain block is contained in {b,, ..., b,} and thus
by the definition of g on {b,, ..., b,} every b, (i = 1,..., n) is congruent to some b;
with j # i; now it is easy to see thatif a € A\ {0} then {a} is a block, a contradiction.

4.4. Proposition. The variety A" has uncountably many minimal subvarieties.
Moreover, if n = 2, then the variety A, of algebras from A satisfying p"(x) = x
has uncountably many minimal subvarieties.

Proof. We shall prove that &, has uncountably many minimal subvarieties; the
proof for n = 3 is analogous. Let N be the set of positive integers. For every subset S
of N let Vs denote the subvariety of ", determined by the following identities:

p(7" .p(3x))=2.7".p(3x) for neS,
p(11" . p(3x)) = 2. 11" p(3x) for neS,
p(T" . p(3x)) = 7".p(3x) for meN\S,
p(11™. p(3x)) = 11™. p(3x) for meN\S,
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p(7" . p(5x)) =2.7".p(5x) for nes,
p(11" . p(5x)) = 2. 11" . p(5x) for neS,
p(7" . p(5x)) = 7".p(5x) for meN\S,
p(11™ . p(5x)) = 11™. p(5x) for meN\S.

Let us prove first that if S, T are two different subsets of N, then the variety Vg n V.
is trivial. Suppose that there is an ne T\ S (the other case is similar). LetAeVgn
N Vr. We have p(7". p(3a)) = 2.7". p(3a) for every ae A since A€ V. On the
other hand, p(7". p(3a)) = 7". p(3a) since A € Vs. Hence 7". p(3a) = 0 for every
a€ A. Similarly 11". p(3a) = 0 and consequently p(3a) = 0, so that 3a = 0 for
every a € A. Similarly 5a = 0 and thus a = 0 for every a € A.

Since every non-trivial variety contains at least one minimal subvariety, the proof
will be complete if we prove that the variety Vs is non-trivial for any subset S of N.
Let Z(+, 0, —) be the additive group of integers and A4 = (3Z U 5Z)\ {0}. Denote
by B the set of prime numbers p € Z such that p = 12and put C = U 77’Bu |J 11"B.

nes neS
The sets A and B are countably infinite and A n B = 0. Hence there exists a one-to-

one mapping f of A onto B. Further we put D = 2C and E = Z\(4 U Bu C U D).
It is easy to see that AnB=ANnC=BnC=CnD=AnD=BnD=90
and 0 € E. We shall define a mapping p of Z into Z as follows:

p(a) = f(a) forevery ae4;
p(b) = f~'(b) forevery beB;
p(c) =2c¢ and p(2¢c) = ¢ forevery ceC;

ple) = e forevery ecE.

As one may check easily, p? = id; and Z(+,0, —, p, p) € Vs.

4.5. Theorem. The variety 9, has the properties SAP, EXT, IDE, FEP, EFG,
SCH, GCC; it does not have CEP, RSM, SFG, SBL, NCP. We have v(Sim, 91) =
= ¥(Sir, 2,) = en and (2,) = m(2,) = 2™.

Proof. Since the variety of abelian groups has SAP, EXT, IDE, FEP, it is easy to
see that " has them as well; but then 2, has also these properties. EFG follows from
4.2. For SCH see [1]. ¥(Sim, 2,) = en follows from 4.3 and m(2,) = 2% from 4.4.
By 2.1, 2, does not have CEP, SFG, SBL. Now it is enough to prove that 9, has
GCC and does not have NCP.

Let Q(., 7, \)e 2, and let Q(+,0, —, p, p~') be the corresponding algebra
from A, so that xy = p(x) + y for all x, y € Q. Let r be a congruence of Q(-).
If <a,b)er and ceQ then <{c + a, ¢ + b) =<p~*(c).a, p~*(c). by er. Thus
every congruence of Q(.) is a congruence of Q(+) and, of course, every two con-
gruences of Q(+) commute.
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Define a quasigroup Q(s, ~, \) as follows: Q is the set of rational numbers;
aob=2a+b; asb=1%a—>b); axb=>b — 24 One may check easily that
O(o, 7, \) € P,. Define a relation r on Q by <a, b) e r iff a — b is an integer. It is
easy to see that r is a congruence of Q(o). However, (2, 1> e r and <2/0, 1/0) ¢ r,
so that r is not a congruence of Q(o, /, \).

5. THE VARIETIES ¢, .#, AND #

It follows from 1.4 that &,, & ,, H# are varieties of medial quasigroups, i.e. quasi-
groups satisfying xy . zu = xz . yu. Varieties of medial quasigroups were studied
in [6] (medial quasigroups are called abelian there) and so in proving various proper-
ties of the varieties &, &, # we shall exploit the results from [6] as well as the
terminology introduced there. The reader is supposed to be acquainted with [6].

Let a ring R with unit and two elements «, f € R be given. We shall say that «, f
are i-generators of R if they are invertible and R is generated as a ring by «, 8, ™%,
B~'. A quasigroup Q(., /, \) is called an (R, «, f)-quasigroup if there exists an
R-module Q(+, rx) and an element h € Q with ab = aa + fb + h for all a, b e Q.
Given a ring R and its i-generators «, B, the class of all (R, «, f)-quasigroups is a vari-
ety; it is denoted by (R, «, p).

Let us denote by A4, the free abelian group with one free generator a, by Z the ring
of integers and by ZA, the corresponding group-ring. Let .# denote the variety of
ZA,-modules.

5.1. Proposition. ZA is a commutative noetherian domain which is i-generated
by a*, a. We have &, = P(ZA,, a*, a) and the varieties & and M* are equivalent.

Proof. See 1.4 and Proposition 5.5 of [6].

5.2. Theorem. The variety &, has the properties SAP, EXT, CEP, RSM, SFG,
SBL; it does not have IDE, EFG, SCH, NCP. We have v(Sim, &,) = {No, No) and
(&) = m(&,) = N,.

Proof. Since &% and .#* are equivalent, the validity of SAP, CEP, RSM, SFG
and SBL follows from 2.3 and the fact that modules have these properties (Z4, is
noetherian). Extensivity follows from 8.3 of [6]. The negation of SCH follows from
7.5 of [6] (the fact that ZA, is not a principal ideal domain is clear). The negations
of IDE and EFG are obvious. To prove that &, does not have NCP, it is enough to
consider the quasigroup Q(s, #, \) where Q is the set of rational numbers and
aob =4a + 2b, and to define a congruence ~ of Q(c) by x ~ y iff x — y is an
integer. By 10.3 of [6], &, has countably many subvarieties; since & < &, it has
infinitely many minimal subvarieties. The assertion on simple quasigroups follows
from 11.4 of [6] and from & < &,.
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Consider the following ring S. Its additive group is that of Z x Z and the multi-
plication is defined by (a, b) . {c, d) = {ac + bd, ad + bc). Let & be the variety
of S-modules.

5.3. Proposition. S is isomorphic to the group-ring ZC(2), where C(2) is the
two-element group. S is a commutative noetherian ring and it is not a domain.
The element {1,0) is its unit and <0, 1>, {1,0) are its i-generators. We have
F, < 25,40, 1), {1,0)) and the varieties F,, /" are equivalent.

Proof. Most of the assertions are easy; see also 15.11 of [6].

5.4. Theorem. The variety &, has the properties SAP, EXT, IDE, CEP, RSM,
SFG, SBL, NCP, GCC; it does not have EFG, SCH. We have v(Sim, 7 ) = {(X,, o>
and o(F,) = m(F,) = N,.

Proof. Most of the properties can be proved analogously as in 5.2. We shall prove
only NCP. Let (., 7, \)e %, and let r be a congruence of Q(.). By 1.5 there
exists an abelian group Q(+) and its automorphism f such that /> = id, and ab =
= f(a) + b for all a,be Q. Let a, b, ce Q and <ac, bc) er. Put d = —f(c). We
have <ac.d, be.dyer, ie <(f(f(a) +c¢c)+d, f(f(b) + )+ dyer, ie.
a+f(c)+d, b+ f(c)+ dyer,ie <a,byer. Nowlet {ca,cb)er.Pute = —c.
We have {e.ca, e.cbyer, ie. {f(e) + f(c) + a, fle) + f(c) + by er, ie.
{a,byEr.

Finally, consider the following ring T. Its additive group is that of Z x Z x Z and
the multiplication is defined by <{a, b,c¢>.{d, e,f) = {ad + bf + ce, ae + bd +
+ cf, af + cd + be). Let I be the variety of T-modules.

5.5. Proposition. T is isomorphic to ZC(3), where C(3) is the three-element group.
T is a commutative noetherian ring and it is not a domain. The element {1, 0,0)
is its unit and €0, 1, 0), €0, 0, 1) are its i-generators. We have # = W(T, <0, 1, 0),
€0, 0, 1)) and the varieties #*, 7 * are equivalent.

Proof. See 1.6 and Proposition 5.5 of [6].

5.6. Theorem. The variety s has the properties SAP, EXT, CEP, RSM, SFG,
SBL, NCP, GCC; it does not have IDE, EFG, SCH. We have v(Sim, ) = (¥,, N¢>
and o(#) = m(H) =

Proof. Again, we shall prove only NCP. Let Q(., /, \) € # and let r be a con-
gruence of Q(.). By 1.6 there exists an abelian group Q(+), its automorphism f
and an element g e Q such that f3 =idy and ab = f*(a) + f(b) + g for all
a,be Q. Let a,b,ce Q and {ac,bcyer. Put d = —(c + f*(g) + g). We have
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{d.ac,d.bcyer, ie. {f¥d)+ f(f*(a) + f(c) + g9) + g, f*(d) + f(f3(b) +
+ f(c) + g) + gy er,ie.{a, b er. Let{ca, cby er.Pute = —(c + f(g9) + f*(9))-
We have {ca.e,cb.eder, ie. {fX(f¥c)+ fla)+ g)+ f(e) +9g, f3(f*(c) +
+ f(b) + g) + f(e) + g>er, ie. <a,byer.

6. SUMMARY
2|¢ |9 | o |22, ¢ &, 7, Z, >

SAP Rl I I B S E R S + + + +
EXT + 1+ |+ + |+ O+ + + + +
IDE — =+ 4+ |+t — - + + —
CEP — == + |=|=] + + + + +
RSM — == + |=l=] + + + + - +
FEP + |+ =1 + |+ |+ ? ? 2 ? ?
SFG — == + |=|=] + + + + +
EFG ++ |+ — ||+ — — — — —
SBL — ==+ == + + + + +
SCH + |+ |+ + ||+ — — — — —
NCP — =1+ + == — - + + +
GCC — =1+ + |+]|+ ? ? + + +
v(Sim, V) en |en |en | Ny, |enjen| (Ng | (Ng, | No, | (No» {No»
No> Nod> | Nod | Ro> | N> | RNo)

v(Sir, V) en [ en |en | (Ny, |en|en ? ? ? ? ?

ND

(V) Mo oMo | oRo | N, 2NepNel R, No Ny No No
m(V) 280 o®o NG| R, [2NeNel R No No No No
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