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SPLITTING IN ABELIAN GROUPS

LADISLAV BICAN, Praha
(Received May 23, 1975)

In my previous papers I studied the splitting problem for two classes of mixed
groups. I have shown that a mixed group from any of these classes splits if and only
if it satisfies Conditions (), (B). In the present paper I characterize the class & of
finite rank torsion free groups such that if G is a mixed abelian group and G/T'is in &/
then G splits if and only if it satisfies Conditions (a), (B).

By the word “‘group” we shall always mean an additively written abelian group.
As in [1] we use the notions “characteristic”” and “type” in the wide sense, i.e. we
deal with these notions in mixed groups. However, it is clear that some of their
properties do not hold in general. The symbols h$(g), 7%(g), °(g) denote respectively
the p-height, the characteristic, the type of the element g in the group G. If T'is a tor-
sion group, then T, will denote the p-primary component of T and similarly if 7 is
a set of primes, then T, is defined by T, = Y 4 T,. Next, we shall deal with mixed

pen

groups G with torsion part Tand G will denote the factor-group G/T. The bar over
the elements will denote the elements from G. If H is a torsionfree group then the set
of all elements g of H with h}(g) = oo is a subgroup of H which will be denoted
by H[p®]. Any maximal linearly independent set of elements of a torsionfree group H
is called a basis. It is well-known (see [4]) that if H is a torsionfree group of finite
rank and K its free subgroup of the same rank then the number r,(H) of summands
C(p®) in H/K is independent of the particular choice of K and this number is called
the p-rank of H. If r is an integer of the form r = p*’, (+', p) = 1 then we shall
write h,(r) = k. A subgroup K of a torsionfree group H is called regular if t*(g) =
= t%(g) for every g €K and it is called generalized regular if for every g €K,
©(g) and t¥(g) differ in finitely many places. The other notation will be essentially
that from [3] and we shall frequently use the results of [1].

Now we shall formulate Conditions (c), (B) and the main result.

Condition (oc). We say that a mixed group G with torsion part T satisfies Condition
(o) if to any g € G = T there exists an integer m such that £%(mg) = 1%(g).
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Condition (B). We say that a mixed group G with torsion part T satisfies Condi-
tion (B) if to any g € G = T there exists an integer m = 0 such that for any prime p
with h$(§) = oo, mg has a p-sequence (i.e. there exist elements h? = mg, h{¥”, h{, ...
such that ph®, = kP, n = 0,1, ...).

Theorem. The following are equivalent for a torsionfree group H of finite rank:

(i) r(H) = r(H[p™]) for every prime p and, for every generalized regular
subgroup K of H of the same rank, the factor-group H|K has only a finite
number of non-zero primary components;

(ii) if G is a mixed group with G = H then G splits if and only if G satisfies
Conditions (a), (B)-

We shall call a torsionfree group H purely finitely generated if H contains ele-

m
ments g,, ..., g, such that H = Y {g,}%.
=1

Proposition 1. A torsionfree group H is purely finitely generated if and only if
it is of finite rank and satisfies the statement (1) of Theorem.

Proof. Suppose that H is purely finitely generated, H = Z {g:}4. Then, obviously,

r(H) < oo and to prove the equality r,(H) = r(H[p*]) for every prime p it clearly
suffices to consider the case H[p®] = 0. But then the Z,-module H ® Z, is finitely
generated, hence free, and the assertion follows. Let K be a generalized regular
subgroup of H of the same rank as H. Then forevery i = 1,2, ..., m,

{g:}%/K n {g.}¥ is a torsion group with a finite number of non-zero primary com-

ponents. Hence Y, {g:;}%/K n {g;}% has the same property and the sequence of
i=1
natural epimorphisms Y, {g:}5/K n {g:}% > Y {95/ X K n{g;}¥ » HIK com-
i=1 i=1 i=1

pletes the “necessary” part of the proof.
For the proof of sufficiency suppose that H is not purely finitely generated and

r(H) = r(H[p*]) for all primes p. Let hy, h,, ..., h, be a basis of H, F = Zd {h;}.

If we order all non-zero elements of H in a sequence a, d,, ..., then H, {F {al}*,
»{an}s} = Y4 T,, where m, is infinite, since H is not purely finitely generated
Di€Ttm

and r,(H) = r(H[p™]) for all primes p. In every set 7, we select an element p,
such that all these primes are pairwise different. It is not too difficult to show that
for each p,, there exists a subgroup K,, of H with {F, {a,}{, ..., {a,}}} = K and

H|K,, = C(pk) for some k = 1,2,.... If we put K = N\ K,, then H/K is a torsion
m=1

group since F = K and it is easy to see that the p,-primary part of H /K is non-zero
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for all m. Moreover, if 0 + g € K then g = a,, for some m and {g}§ is p-pure in H
for all primes p + p;, i = 1,2, ..., m — 1. Consequently, K is a generalized regular
subgroup of H and the proof is complete.

Lemma 2. Let p be a prime and H a torsionfree group of rank n with r(H[p*]) <
< r,(H). Then there exists a mixed group G which satisfies Conditions (), (B),
G = H and G does not split.

Proof. It is easy to see that H contains a subgroup K such that H[p®] < K and
H|K = C(p%). Then H can be generated by K and the elements x;, j = 1,2, ...,
satisfying
(M pix; =Y 4 h,,

=1

r

where hy, ..., h, is a basis of K. Moreover, hy, ..., h, can be chosen in such a way

n

that (A”) are p-adic integers, r = 1,2,...,n, and u; = ¥ APh, is of zero p-height
r=1 N
in K (see [4], [5]). Consequently

) (9,2 a0 p) =1, j=12,...
Put piul® =70 — 20 r=1,2,..,n ov;=Y u’h, and define groups
r=1

U=K —i—id{ai}, V="A{u, —pa;, v; — pa;,, +a,i=12..} W= {u; - pla,
i=12, =}1
Ifh + Zs:lix,- = 0, h e K, then the multiplication by p° gives p [ A,. Consequently,
G = U/I’I"nlsl a mixed group with torsion part T= V/Wand G = G/T = U[/V = H,
where the last isomorphism is induced by h + illia,- —?h + i/l,.x,., heK (the
i= i=1

equality Ker ¢ = V follows easily by induction on s). Moreover, G obviously satisfies
Conditions (o), (B). Suppose that G splits, G = T 4 S. Then S is naturally isomor-
phic to H and it is easily seen that x; corresponds to an element y; € S of the form

1
vj=a; + Ao(uy — pa,) + Y A{v; — pa;+1 + a;) + W. Further, if we denote by g,
=1

the elements corresponding to h,, then mg, = mh, + W,r = 1,2, ..., n, for a suitable
non-zero integer m. Consider the equality

(1) Py, =Y 4, .
r=1
Multiplying by m and comparing the coefficients we get

1 I :
(3) mi = mpiagd + mp' Y 24 + Y p 2P, r=1,2,..,n,
i=1 i=1
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(4) 0=rnpf+‘).i_1—mpj/1i+f1ipi, i=12..,1, i+].

By (4), p’ | mip* for all i = 1,2, ..., I and consequently (3) yields p’ | mi{”, r =
= 1,2, ..., n. However, this contradicts (2), m being non-zero.

Lemma 3. Let H be a torsionfree group of rank n containing a regular subgroup K
such that H/K = Z,, C(p;), o infinite. Then there exists a mixed group G satisfying

pien’

Conditions (), (B), G.= H and G does not split.

Proof. Let hy, ..., h, be a basis of K. For every p;en’ select an element x; €
€ H = K in the pi-pure closure of Y,{h;} in H. Then H = {K, xy,X,, ...}, px; =
i=1

= u;eK and

(5) piu; =Y A%,
r=1

for some integers s;, A, r = 1,2, ..., n satisfying

(6) (i(li’, A9, L0 p)=1.

Define groups U = K + Y {a;}, V= {u; — pia;, i = 1,2,..}, W= {p; ) 2"h, —
i=1 r=1

si+2

— p¥*?a;,i=1,2,...}. Then G = U/Wis a mixed group with torsion part T = V|W
and G = G|T = U[V = H, where the last isomorphism is induced by h + ) 1,a; 1—
i=1

i=
m

i— h + Y A;x;, h € K. G satisfies Conditions (), (B), since K is regular in H. Suppose
that G slp_lilts, G = T + S. Then S is naturally isomorphic to H and it is easily seen
that x; corresponds to an element y; € S of the form y; = a; + -illj(uj — pja;) + W.
Further, if we denote by g, the elements of S corresponding tcj>—hr then for a suitable
non-zero integer m it is mg, = igf‘”h,‘ + W, r=1,2,...,n. Now let p;en’ be

k=1
arbitrary and consider the equality

n

(5" ity =Y 20, .

r=1

n 1
Multiplying by m we get Y APy oh, = mpi*'(a; + Y. A,(u; — p;a;)) +
k=1 j=1

r=1

1 n
+ Y nip; X APk, — p*%a;) (both the sums on the right hand side are suitably
e Rl =7
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1
enlarged by zeros, if necessary). If we put ¢ = [] p7 and g; = ¢/p}, then
ji=1

n 1 n

Q; Z i Z thk = mp;ea; + mp; zlflj(éj leg)hk — op;a;) +
= =

r=1

1 n
éi_Zlm-(pij/ ‘h — ¥ ay).
= =

Consequently,
n 1 1

(7 9; lef')g,(c') = mpi_zlljéj)vf‘” + éizlnjpjl}c”) , k=1,2,..,n
r= J= J=

(8) 0 = mepipjd; + emp? ™2, i+ i, =121

By (8), p: I n;p; for all j = 1,2,...,1 and consequently (7) yields p; | 3 A0,
r=1

k=1,2,...,n. From this one easily derives that pil D)MP, r =1,2,..., n, where

D = det (g"’) and hence p; | D owing to (6). So D = 0 which contradicts the linear
independence of g4, ..., g,

Lemma 4. Let H be a torsionfree group of rank n containing a generalized
regular subgroup K such that HK = Y, C(py), ' infinite. Suppose that r,(H) =

pien’

= r(H[p*]) for all primes p. Then there exists a mixed group G satisfying Condi-
tions (o), (B), G = H and G does not split.

Proof. Let hy, ..., h, be a basis of K. For every p;en’ select an element x; €
€ H = K in the p;-pure closure of Y,{h;} in H in such a way that p;x; = u; €K,
i=1

h(x;) = oo and

(9) psiiui = Zﬂii)hr

r=1
for some integers s;, A, r = 1,2, ..., n, satisfying
(10) (P, 80, A0, p) = 1.
Then H = {K, x;;, i,j = 1,2,...}, where x;; = X;, piX; ;1 = ij=12,.
Define groups U = K + i“ {ay), V="{u; — payy, a;; — pia; j+1. Lj = 1,2, },

i,j=1
W= {pzziﬂh, - pi*?a,, a; — piaier ,j=1,2,...}. Then G =U[W is
a mlxed group with torsion part T V/W and G = G/T U/ V = H, where the

l]a

last isomorphism is induced by h + Z ZAU = h+ Z Z 2%, h e K. G satis-

ijrij>
i=1j=1 i=1j=1
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fies Conditions (o), (B) since K is a generalized regular subgroup of H. Suppose
that G splits, G = T 4+ S. Then S is naturally isomorphic to H and it is easily seen

kij
that x;; corresponds to an element y,; € S of the form y;; = a;; + Y. A(u, — p,a,;) +
r=1
Lijr
+ Y m,{a,s — p,a, 1)) Further, if we denote by g, the elements of S corresponding
s=1

n
to h,, then mg, =Y o’h, + W, r = 1,2, ..., n, where m is a suitable non-zero
k=1

integer. Now let p; € n’ be arbitrary and consider the equality
n
©) P = L%
r=1

Multiplying by m we get

r s 1
YA oPh = mpi Tt (an +ZI('1J(“; = Pj4;1) +h21u,~k(a,-k = Piju+1)) +
r=1 k=1 j= =

s n ’ 1
+ Y (np; X A — Py %a5) +kz_\:lek(ajk - Pi%x+1)
ji=1 k=1 =

where the sums on the right hand side are suitably enlarged by zeros, if necessary.

If we put ¢ =[] py and g; = o/p¥ then
j=1

n n s n
_ ; 5.3 U
3 ley)kz oPhy = mepai; + mp"j;’ligi,‘;lk”hk -

=1

s s ]
— mpie Y, Ap,djn t mPiQ,Zl kZl#,-k(ajk — Pjdjx+1) +
Jj=1 JELEE

1
s n ) \
+23 (0 X 0 = 1777 a) + Eenlan = pitsa))-
j=1 k=1 =

Thus

(6)] —_
Do k=12..n,

- = i) (r . = 20J) 0 S .
(11) Qir;)-rf-’)gl(c) = mpij;}“.ié’jﬂkl + sz;’hl’i'l

R . L.
(12) 0 = —mpioA;p; + mPilj1 ~ em;py "+ 0w, J=1L2,..,s, jFI,

(13) 0 = mp,ou;, — MPPitik-1 + 00 — QiPjQj k-1 >

j=1,2.., j*i k=2 ...,14+1, where we put

Hjp+q = @ji+1 =0, j=12,...,s5, jFi.

By (13) we have p; | ¢;u. then Pi | =15+ Pi | 0j1,j * i. Now (12) yields p; | n,p;
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j=1,2,..., sand then (11) gives p; [ Z 2Dk = 1,2, ..., n. From this one easily

derives that p; l DI r=1,2,...,n, where D = det (of”), and hence p; I D in view
of (10). Thus D = 0 which contradrcts the linear independence of g4, ..., g,.

Lemma 5. Let H be a purely finitely generated torsionfree group of rank n,
H =Y {g.}§. Then to every prime p there exists a linearly independent subset
i=1

g9, ..., g\? of the set {g, ..., g} such that 1, < n and the p-pure closures of the
elements g(”’ vy g§g> together with {g,, ..., gm} generate the p-pure closure of
{91, - g} in H.

Proof. Let I, be the smallest integer such that there are elements a2, ..., g(”)
in the set {gy, ..., g,,l} havmg the property stated in Lemma 5. Suppose that g(”)

are not independent, Z 29 =0, Z 2% > 0. Without loss of generality we can

assume that h"(llg“”) < (2, g(")) < hy(2,,9P). Let pluy, = gP, 4, =
= p*A1, (A1, p) = 1. Then there are u; in H such that p**lu; = 4,99, i =2,...,1
1

>'p

and hence Aju; = — Y u,. Finally, p'a + 218 = 1 for some integers «, f and u, =
i=2
= - Z u; + og¥ which contradicts the choice of I,

Proof of Theorem. (i) implies (ii): Let G be a mixed group with G = H. If G
splits then it satisfies Conditions (), (B) by [1], Lemma 4. Conversely, let G satisfy
Conditions (), (B). By Proposition 1, G is purely finitely generated so that G con-

tains elements g, ..., g,, such that G = Z {g:}%. In view of [1], Lemmas 1 and 3
i=1

we can assume that t%(g;) = 7%3;), i = 1,2, ..., m and that the integers m; cor-
responding to g; under Condition (B) are equal to 1. Moreover, taking suitable mul-
tiples of g,’s, we can suppose that g, ..., g, are linearly independent and

(14) gi=YA%;, (0P, ...2") =1, i=12,..,m.
i=1

Consequently, as is easily seen, F 0 T = 0, where F = {g, ..., gp}-

Let p be any prime. By Lemma 5 there is a linearly independent subset g%, ...
595 g%y, .. giP of the set {gy, ..., g,,} such that g, i = 1,..., k, are of in-
ﬁmte p-height, g‘,”), i=k,+1,...1,are of finite p-height and the p-pure closures
of the elements gi”, i = 1, ..., I, together with F generate the p-pure closure of F
in G. Forevery i = 1,2, ..., k, let x!? be a p-sequence of g% and for i = k, + 1, .
. I, let x{? be a solution of phpc(”‘(p’)x = g in G. Now let 4 be the subgroup of G
generated by Fand all x{?, x{P, i = 1,2, ...k, k=k, + 1,..,0,j=1,2,...,p
a prime. i
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For g € G we have a finite expression

z(za(p)xff.(,,, + Z B(p)x(p)) + ZY.H.

pen i=1

from which it follows immediately that
(15) G=1{4T).

If n’ is any set of primes then an integer ¢ will be called a n'-integer if all prime
divisors of g lie in n'. Let ,, 7, be two disjoint sets of primes and let g € {4, T, .} n

1 n
NT,, g= Z(Z PxP, + Zp BOxP) + Y yig; + t, teT,, ® finite. First,
i=1

peER i= k=kp+1
we shall show that we can assume 7T < 7, and t = 0. Suppose that @7 N 7, + @ and

write g in the form h, + h, + h; + t, where h, is the above sum taken over @ N 7,,
n

h, is the same sum taken over @ ~ @ N 7,, hy = Y y;9;€ F. With respect to the
i=1

choice of x{?, x{?’ and g € T, there is a m,-integer ¢ + 0 such that gg = 0 and
oh, € F and hence Q(h1 + t)eF. On the other hand, for some =,-integer ¢ =+ 0,
o(hy + t)e F. Hence (h; + t)eF, since (¢, 6) = 1, and g can be written in the
desired form. If @ < 7, then g = h; + h, + t, h, € F. Then gh, € F, ¢g = 0 for

a non-zero ,-integer 9. However, ot = —g(h; + h,)€ Tn F = 0 and hence t = 0,
since te T,,.

I
So we have g = Z oA x Py + Z BPXP Z(Z aPxD ) + 3 FOXD) +
k=kp+1 qem i= k=kq+1
+Zvig.-=h1+h2+fe{A ) N T, where ﬁC{p,ﬁ}gn, and 7 * {p, W}.
i=1

Let h(gP) = s, i = k,+1, ..., I,, s = max {r®, ..., r{?, s, ,, ..., s} and let o

be an 7-integer such that oh, € F Then pogeFn T 0. Suppose that 9P =g;,

i=1,2..,1, Now 0 = p'g = Q(Za(")ps "mg»,. + Z ﬁg”)ps_s‘mgji) +

i=1 i=kp+1
+ P° ) yi9; for suitable integers y;, i = 1,2, ..., n. Using (14) and the linear in- -
i=1 )

dependence of g4, ..., g, we get

16) Q(Za(p) s— r,m/l(h) + Z ﬂ(p) 5— s,(P)A(]i)) + p)' =0, k= L2, ...n.

i=kp+1

Consider the (n, m)-matrix M = (4), j=1,...n, i=1,..,m and denote
by (D(iy, ..., i,) the determinant of the submatrix of M having the columns iy, ..., i,
Obviously, the linearly independent elements g, i = 1, ..., I, can be embedded into
a linearly independent subset {g;, i = 1,2,..., n} of the set {g,,..., a,} and con-
sequently D = D(j, .., j,) * O.
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Now let 7, be the set of all primes dividing some non-zero D(iy, ..., i,). Then 7,
is clearly finite and if we put 7, = n — n, then T = T, + T,,. Moreover,

(17) (p.D)=1.

From (16). and (17) one easily derives that p*|@Du{Pp* " i =1,2,... k
and p*|e@DBPp* ", i=k,+1,...,1,. Thus p"”|a®, i=1,... k

p
» and
p | B and hence h, € F. Repeating this argument we finally get g€ F n T = 0.
Thus

i 9

(18) G

{A, T, + T,, =G, + Ty, .

However, if we take m; = {p} in the above part, we can choose the elements
g1y --» gy in such a way that gi¥ =g, i =1,2,...,1, and consequently D =
= D(l, 2,..., n) = 1. Then G, = T, + G, for all p e n, and so G, splits. Thus (15)
and (18) complete the proof of this part.

(ii) implies (i): By Lemma 2, r,(H) = r(H[p®]) for every prime p. If H contains
a generalized regular subgroup K such that H/K is a torsion with infinitely many
non-zero primary components, then it obviously contains a generalized regular
subgroup K such that either H/K = Y, C(p;) or HIK = ¥, C(py), ' infinite, and
pien’ pien’
it suffices to use Lemmas 3 and 4.
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