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1. Introduction. The concept of a retractable group was introduced in [2] and there
it was shown that the class of lattice-ordered groups is a proper subclass of the class
of retractable groups, which in turn is a proper subclass. of the class of torsion free
groups. In 1942 G. BIRKHOFF [1] proved that the collection of I-ideals of a lattice-
ordered group is a complete sublattice of the lattice of subgroups and that this sub-
lattice is Brouwerian. In 1962 this result was generalized by K. LORENZ [5]. Lorenz
showed that the collection of convex I-subgroups of a lattice-ordered group is a com-
plete sublattice of the lattice of subgroups and again this sublattice is Brouwerian.
In [2, Theorem 4.2 (iv)] it was shown that the collection of g-o-subgroups of
a retractable group is a complete sublattice of the lattice of subgroups. The dual
assertion is true for A-g-subgroups, and hence, is true for solid o-subgroups. The
main result of this paper (Theorem 4.4) is that the collection of normal solid ¢-sub-
groups is Brouwerian. This is a generalization of Birkhoff’s result cited above. We
note that the normal solid o-subgroups are kernels of o-7-homomorphisms (see 2],
Section 4).

In Section 2 we give the definitions and notation that will be used throughout the
paper. In addition, we recall some results from [2] that will be frequently used. In
Section 3 we give sufficient conditions for a g-g-subgroup to be a A-o-subgroup
(Theorem 3.1 and Corollary 3.3) and sufficient conditions for the transitivity of
g-g-subgroups (Theorems 3.7 and 3.8). In addition to the main result in Section 4,
we show that if H and J are disjoint solid a-subgroups, then they commute element-
wise (Theorem 4.2). Finally, in Section 5 we give an example to illustrate the scope
and limitations of our theory.

*) This author’s research was partially supported by a University of Wyomiug, Faculty
Summer Research Fellowship.
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2. Preliminaries. Throughout this paper, G will denote a group, written multi-
plicatively and with identity i, and F(G) will denote the collection of all finite, non-
empty subsets of G. Then F(G) is a join monoid, that is, F(G) is a join semilattice in
which A v B = 4 U B, F(G) is a monoid in which AB = {ab| ae 4 and be B},
A(B v C) = AB v AC, and (4 v B) C = AC v BC. A homomorphism o of F(G)
into G such that {g} o = g for every g in G, will be called a retraction of G. We will
denote by Ret G the collection of all retractions of G. If Ret G is nonempty, then G
is said to be a retractable group. If o € Ret G then the kernel of o is the set Ker o =
= {Al A€ F(G) and Ao = i}. If Ker o is a convex subsemilattice of F(G), then o is
said to be an Il-retraction of G. There is a one-to-one correspondence between the
lattice-orderings of G and the [-retractions of G [2, Corollary 3.3]; in this case VA
equals Ao for all 4 € F(G).

If H is a subgroup of G and o € Ret G, let

ou,. = {(4, B)| 4, Be F(G) and H(A¢) = H(Bo)} ,
u,, = {(4, B)| A, Be F(G) and (4c) H = (Bs) H} .

It was shown in [2, Theorem 2.12] that the mapping given by H — ¢y, is a complete
lattice isomorphism from the lattice of all subgroups of G into the lattice of all equi-
valence relations of F(G). (Dually, so is the mapping H — Ay ,.) Itis easily seen that H
is normal in G if and only if Ay, = 0y, (or Ay, 2 0y ,). We call H a o-subgroup
of G provided that Ao € H for every A € F(H). If ¢ is an l-retraction, then g-subgroups
correspond to I-subgroups. If H is a o-subgroup, then the restriction of & to F(H)
is a retraction of H and we will denote the restriction by .

If 0 is an equivalence relation onaset X and x e X, then [x] 6 will denote the equiv-
alence class containing x.

Theorem 2.1. If o€ Ret G and H is a subgroup of G, then the following are
equivalent:

(i) H is a o-subgroup of G;

(ii) F(H) = [{i}]on.s;

(iii) if (4, B) € ¢u,, and C € F(H), then (A, CB) € gy ,;

(iv) if AeF(G), then F(H)([A] en,,) < [A4] 0u 0

(v) F(H) ([{i}] en,0) < [{i}] en o

The equivalence of (i) and (ii) was given in [2, Corollary 2.13] and the equivalence
of (i), (iii), (iv), and (v) is straightforward. Of course, (ii) through (v) may be replaced
by the corresponding assertions involving Ay ,.

Again, let 0 € Ret G and H be a subgroup of G. Then H is said to be a g-o-
subgroup (resp., A-o-subgroup) if A = {ay,...,a,} € F(G) and hy,...,h,eH
implies that (4, {h,ay, ..., h,a,})€on,, (tesp., (4,{ajhy, ..., a,h,})€Ay,). We
call H a convex g-c-subgroup (resp., convex A-o-subgroup) if ¢y, (resp., Ay,)
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is a join congruence on F(G). If H is both a g-o-subgroup and a i-c-subgroup,
then H is said to be a solid o-subgroup. (In [2] and [3], a g-o-subgroup was called
a c-o-subgroup and a convex g-c-subgroup was called a convex o-subgroup.)
Clearly, a normal g-c-subgroup is a solid o-subgroup. It was proven in [2, Theorem
4.2 (ii) and (iii)] that a convex g-o-subgroup is a g-o-subgroup and a ¢-o-subgroup
is a o-subgroup. Moreover, the collection %’,,(G) of all g-o-subgroups is a complete
sublattice of the lattice of all subgroups of G [2, Theorem 4.2 (iv)] and the collec-
tion of all convex g-g-subgroups is a dual ideal of %,(G) in which joins and meets of
nonvoid subcollections agree with those in 2,(G) [2, Theorem 4.1 and Corollary 4.8].
In particular, there is a smallest convex g-o-subgroup, which is necessarily nor-
mal in G. Also, the lattice of convex g-o-subgroups is a Brouwerian lattice [2, Corol-
lary 4.6]. If o'is an [-retraction then {l} is a convex g-g-subgroup, each g-o-subgroup
is a convex g-og-subgroup, and the convex g-o-subgroups become convex [-sub-
groups in the lattice-ordering of G induced by o.

If o € Ret G, H is a normal solid o-subgroup of G, and Xo* = H({a, ..., a,} 0),
for every X = {Ha,, ..., Ha,} € F(G/H), then o* € Ret G/H [2, Theorem 4.3 (i)]
and there is a lattice isomorphism between the g-o-subgroups of G that contain H
and the ¢-o*-subgroups of G/H [2, Corollary 4.5].

In the sequel we will have occasion to use retractions constructed from a given
retraction ¢ of G. If ¢ is an automorphism or an anti-automorphism of G, then ¢pag ™!
(we do not distinguish in notation between the image of an element under a function
and the image of a subset under the function) is a retraction of G [2, Theorem 5.1].
If ¢ is the anti-automorphism of G given by g¢ = g~ ', then ¢’ = Ppo¢p™ " is called
the dual of ¢. (If o is an I-retraction, then ¢’ is an I-retraction and induces the dual
lattice-ordering on G.) If ¢ = ¢’, then o is said to be self dual. If G is abelian, ¢ is
an endomorphism of G, A€ F(G), and ¢” is given by A¢” = ((447") o¢) (4o),
then ¢ is a retraction of G [2, Theorem 5.5].

If X = G, then [X] will denote the subgroup of G generated by X. The rational
numbers will be denoted by Q.

3. Subgroups. We begin this section by showing that if o € Ret G, then the collection
of convex g-g-subgroups is identical with the collection of convex A-o-subgroups.

Theorem 3.1. If o€ Ret G and H is a convex g-g-subgroup of G, then H is
a convex J-a-subgroup. Hence, each convex g-a-subgroup is a solid o-subgroup.

Proof. Let J be the smallest convex g-o-subgroup of G. Then H 2 J and G/J
is a lattice-ordered group, where the join of {Jay, ..., Ja,} equals {Jay, ..., Ja,} o*
for every {Jay, ..., Ja,} € F(G|J) [2, Theorem 4.3 (i)]. Moreover, H/J is a convex
l-subgroup of G/J [2, Corollary 4.6]. Let (4, B) € 4y, and C € F(G), where A =
={a,,...a,;, B=1{b,...,b}, and C={c,....,c,}. Then ({Jay, ..., Ja,},

{Jby, ..., Jb,}) € Aysy ov Since H[J is a convex [-subgroup of G/J, '\‘/‘(JaiH/J) =
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= ({(Jar, -, Jag} o*) H|T = ({Jby, ..., Jb)} o*) HJ = \/ (Jb,H]J). Hence,
i=1

(10 St Jers o S 0%) HJJ = (V (JaH])) v (i/l(Jc,»H/J)) -
- (A\:/l(JbiH/J)) v (\p/1 (JeiH])) = ({9by, v Tby Jer, s ey} ) HJJ .

It follows that (4 U C, Bu C)e An. and so H is a convex A-o-subgroup of G.

In view of Theorem 3.1, we will call a convex g-o-subgroup simply a convex
o-subgroup. We have not been able to determine if each g-g-subgroup is a A-o-
subgroup.

The proofs of Theorem 3.2, Corollaries 3.3 and 3.4, and Theorem 3.5 are straight-
forward and will be omitted.

Theorem 3.2. Let ¢ be an automorphism or an anti-automorphism of G, o € Ret G,
T = ¢ogp~ 1, H be a subgroup of G, and J = Hop ™.

(i) If H is a a-subgroup, then J is a t-subgroup of G.

(ii) If ¢ is an automorphism and H is a g-o-subgroup, then J is a g-t-subgroup of
G; if ¢ is an anti-automorphism and H is a g-o-subgroup, then J is a A-t-sub-
group of G.

(iii) If H is a solid o-subgroup, then J is a solid t-subgroup of G.

(iv) If H is a convex a-subgroup, then J is a convex t-subgroup of G.

Corollary 3.3. If o€ Ret G and H is a g-o-subgroup of G, then the following
are equivalent:
(i) H is a o-o'-subgroup:
(i) H is a A-o-subgroup;
(iii) H is a solid a-subgroup;
(iv) H is a solid o'-subgroup.

Corollary 3.4. Let o € Ret G and H be a subgroup of G.
(i) H is a o-subgroup if and only if H is a ¢’-subgroup.
(ii) H is a convex o-subgroup if and only if H is a convex o’'-subgroup.

Theorem 3.5. Let G be an abelian group, ¢ be an endomorphism of G, and ¢ €
€ Ret G. If H is a solid o-subgroup and H is ¢-invariant, then H is a solid o"-
subgroup.

Example 3.6. Let K = Q x Q x Q, the direct product of three copies of the
rationals, and define {(ay, by, ¢y), ..., (a, b, ¢,)} 0 = (Va,, Vb, Ve¢;).Then oe
eRetK and H = {(0, 0, c)[ ce Q} is a convex g-subgroup of K. If ¢ is the endo-
morphism of K given by (a, b, ¢) ¢ = (¢, —¢, 0), then neither H, H$, nor H + H¢
is a ¢"-subgroup of K.
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Let 0 € Ret G and H and J be normal solid o-subgroups of G. We say that G is the
a-product of H and J, denoted G = H ® J, provided that G is the direct product
of H and J and if {ay,...,a,}€F(G), then {ay,...,a,} 0 = ({hy,..., h,} o).
({J1s -2 Ju} 0,), where h;€ H, j;€ J, and a; = h;j,. If o is an [-retraction, H and J
are normal convex o-subgroups of G, and G is the o-product of H and J, then G is
the cardinal product of the convex I-subgroups H and J. The extension of the de-
finition of a (restricted) o-product to more than two factors is immediate.

A second problem which we have not been able to answer concerns the transitivity
of g-o-subgroups. (Transitivity of o-subgroups is trivial.) We show in Example 5.1
that the property of being a convex g-subgroup need not be transitive.

Theorem 3.7. Let o € Ret G and H and J be normal solid o-subgroups of G such
that G=H ® J.
(i) If K is a g-oy-subgroup of H, then K is a g-a-subgroup of G.
(i) If K is a solid oy-subgroup of H, then K is a solid o-subgroup of G.
(ii) If K is a convex oy-subgroup of H and H is a convex o-subgroup of G,
then K is a convex a-subgroup of G.

Proof. The verification of (i) and (ii) is routine. We prove only (iii). Let (4, B) €
€ 0., and C € F(G), where 4 = {a,, ..., a,}, B = {b,, ..., b,},and C = {¢;, ..., ¢,}.
Let a; = h;j;, b; = s;it;, and ¢; = x;y;, where h;, s;, x;€ H and j;, t;, y;€ J. Then
(A, B)eoy, and so (AU C, BuUC)egy,. Thus, H({hy, ..., by Xy, ..., X,} 0)
({J1v o doms V1o eos ¥y} 05) = H(A U C) o = HB U C) g = H({s,, ..., S
Xis oo Xpb o) ({tis sty V1o ypb 0y). Since H N J = {i}, it follows that
{ts coordms V1o s ¥pb 0 = {t1, sty Y1, .-, ¥p} 0. Similarly, (4, B) € ¢y, implies
that {j, ..., jm} 0 = {t;, ..., t,} 0. Therefore, (4, B) € o, implies that K({h,, ...
co by} oy) = K{{s, ..., s,} o) and since {x,,...,x,} € F(H) and K is a convex
oy-subgroup of H, K({hy, ..., hy, Xq,...,x,} o5) = K({s1, ..., Sp X1, --» X} Op).
Consequently, K(4 U C) o = K(B U C)o and so K is a convex g-subgroup of G.

As a second instance of transitivity we have ‘

Theorem 3.8. If H is a normal subgroup of G, t€ Ret H such that for every
g€ G and every Ae F(H), (97 'Ag) t = g *(At) g, < is a linear ordering of G|H
such that (G/H, g) is a linearly ordered group, then there is an extension ¢ of T to
a retraction of G such that {a,,...,a,} 0= ({asa, "', ..., a,a,"'}7)a, where
{ay,...,a,} € F(G)and Ha, £ ... < Ha,,_, < Ha,, = ... = Ha,, and H is a convex
a-subgroup of G. Moreover,

(i) if J is a o-t-subgroup of H, then J is a ¢--subgroup of G;
(i) if J is a solid t-subgroup of H, then J is a solid o-subgroup of G;
(iii) if J is a convex t-subgroup of H, then J is a convex a-subgroup of G.

Proof. First we note that in [3, Theorem 3.18] that the existence of ¢ was estab-
lished and it was shown that H is a convex o-subgroup of G.
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(i) Let {ay, ..., a,} € F(G), where Ha; < ... £ Ha,,_, < Ha,, = ... = Ha,, and
jis--sin€d. Then {a,a;’,...,aa,'}eF(H) and so {a,a,'....,a,a, '}t =
= j({jmaman 'y ..., jnayay '} 7), for some jeJ. Now, Hja, £ ... £ Hj,,—ya,-, <
< Hjuap = ... = Hj,a, and hence, J({jiay, ..., jna,} 0) = J({jmman ‘s "> ---
oo Jultny i Y 1) Gty = It s o dnanan '} 7) a, = J(G T ({aman '

e ayay '} 1) a, = J({ay, ..., a,} o). Therefore, J is a g-g-subgroup of G.

(i) is immediate from (i) and the dual assertion for A-c-subgroups of G.

(iii) Let ({ay, ..., am}s {bys ..., by}) €0y, and {c,, ..., c,} € F(G), where Ha; < ...
..<£Ha,_, < Ha, = ... = Ha,, Hb; < ... < Hb,_, < Hb; = ... = Hb,, and
Hey £ ... < Heoy < He, = ... = Hc,. Then ({ay,...,a,},{b,,....b,}) €0y ,and

hence, Ha,, = Hb,.

Case 1. He, < Ha,, Then {a,,...,a,, ¢\,...c,} o = ({a,an", ..., a,a,"} ) 4y,
and {by,....b, ¢, ....c,} o= ({bb, ", ..., b,b; '} 1) b, Since ({ay. ..., an},
{by,....b,})€0,,. we have that J({a,,....a,, ¢, ..., c,} o) = J({by,.... b,
Cyy ey Cp} O).

Case 2. He, = Ha,,. Then, since a,,b, ' € H and ({a,, ..., a,}, {by, .... b,}) €0y »

J({a,b; ', .. anby '} 1) = J({a,an a,by . agan a,by '} 1) =
= J({aa,", ..., apan '} 1) a,by ' = J({ay, ..., a,} 6) byt = J({by, ..., b} 0) by} =
= J({bb, ", ..., bby '} tb,) byt = J({bb, ", ..., b,by '} 7). Also, c,b,'eH and
{cey by ce, 'y € F(H). Thus, {e,b, ", ..., c,by '} € F(H). Since J is a convex
-subgroup of H and ({a,b, ', ..., a,b, '}, {bb, ', ..., b,b; "}) €0,
({abi s ooy amby 'y eby 'y oo by ') {bby Yy oo byby t eby t L by ) € 0y
Therefore, J({a,a,", ..., anan’, can's ..., cyam '} 1) anby ' = J({a,by ", ..., aub, ',
ebyt o eby Y 1) = J({bby o, by eby Y, L, by ' ). Tt follows  that
J({ay, .. ap ey, e} 0) = J({by, .. b, ey, ., €} 0).

Case 3. Hc, > Ha,,. Then {a,, ..., a,, c;,....c,} 0 = ({c,c; ' .. e,e5 '} 1) ¢, =
= {bl’ cey b"a Cryonns Cp} o.

Consequently, J is a convex g-subgroup of G.

Theorem 3.9. If ¢ is a self dual retraction of G and H and J are g-c-subgroups
of G, then HJ = JH.

Proof. Let h e H and j € J. It was shown in the proof of [2, Corollary 5.3] that
if {i,h} o =a, then a® = h. Hence, h = a*> = ({i, h} o) ({i, h} o) = {i, h, h*} 0.
Thus, if A = {i, h, h*}, we have h = A¢ and ie A e F(H). Similarly, j~* = Bo,
where B = {i,j~',j7%} e F(J). Since H is a g-g-subgroup of G, A U Be F(G),
ieAnB, and i,h"',h"*eH, HAUB)o¢ = H(Bo). Similarly, J(4 U B)o =
= J(Ac). Therefore, (A U B) o = h,j~' = jh, for some h, € H and j, € J. Hence,
hj = j7'h, € JH. It follows that HJ = JH.

We conclude this section by giving a description of the g-subgroup generated by
a subset of G.
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Theorem 3.10. Let 6 Ret G, X = G, H, = [X], H, = [{Ao| A€ F(H,_,)}] for
n>1, and H = UH,,.

(i) H is the g-subgroup of G generated by X.

(it) If xy = yx for all x,yeX, then H, = {(Ac) (BO‘)"I A,Be F(H,_,)} for
n > 1 and H is abelian. If, in addition, ¢ is an I-retraction, then H, = H.

iii) If o is self dual, then H, = {Ac| Ae F(H,_,)} for n > 1.
( ) n n 5!

Proof. (i) For each n, H, < H,, . Hence, H is a subgroup of G.If {h, ..., h,} €
€ F(H), then {h,, ..., h,} € F(H,) for some n, and so {h,,...,h,} 6€H,,; < H.
Therefore, H is a a-subgroup of G. If J is any o-subgroup of G containing X, then
J2H, =[X]. If J2H, then AceJ for every Ae F(H,). Thus, H,,, < J
and so H < J.

(i) First we show that H is abelian. Clearly, H, is abelian. If H, is abelian, then
H, = C(H,), the centralizer of H,. By [2, Theorem 2.14], the centralizer of any
subset is a o-subgroup. Hence, C(H,) is a o-subgroup and the center of C(H,) is
a o-subgroup that contains H,. Therefore, H is abelian.

For n > 1, let T = {(40) (Ba)_1| A,BeF(H,_,)}. Then TS H,. If x,y€T,
then x = (Ac)(Bo)™! and y = (Co)(Do)~! for some 4, B, C, D€ F(H,_,). Thus,
xy~ ' = (Ac)(Bo)™* (Do) (Co)™" = (AD)o((CB) o) '€ T and so T = H,.

Next suppose that ¢ is an [-retraction. Then [2, Theorem 3.2 (v)] there is a lattice-
ordering of G so that the join of A4 equals Ao for every A4 € F(G). Hence, to show
that H, is a o-subgroup, it suffices to show that {i, h} o € H, for every h € H,. Now,
he H, implies that h = (Ao)(Bo)™' for some A, Be H,. Then {i, h} o =
= {i, (40) (Bo)™'} ¢ = {Bo, Ac} 6(Bo)™' = ((A U B)o)(Bo)" '€ H,.

(iii) For n > 1, let T = {Ao| Ae F(H,_,)}. If A, Be F(H,_,) then ABe F(H,_,)
and so (Ao) (Bo) = (4B) o e T. Moreover, A" € F(H,_,) and (4o)™' = (47 ")oe
€ Tsince o is self dual. Hence, T = H,,.

4. Distributivity. In this section we prove our main result. First we establish
a theorem which appears very similar to the definition of o-product..

Theorem 4.1. Let o€ Ret G, H be a g-o-subgroup of G and J be a A-o-sub-
group of G such that HnJ = {i}. If h,,...h,e H and j,,....j, € J, then
{hljl’ R hnjll} o = ({hl’ LS hu} O—H) ({jb evey jn} GJ)'

Proof. Since H is a g-o-subgroup and hi', ..., h, ' e H, H({hj,, ..., h,j,} 0) =
= H({j;, ..., ja} 0), and since J is a A-o-subgroup and ji', ..., j,'€J,
({hyjis oo Bujn} 0) J = ({hy, ..., h,} @) J. Thus, there exist he H and je J such
that h({j, ... ju} 0) = {hijis - hudu} 0 = ({hy, ..., h,} 0) j. Therefore,
({hy,..shy o)™ h=j({ji, sy 0) " € Hn J = {i}. Hence, ({hy,..., h,} op).
g dnos) = (hys s b} o) (hs o dn} @) = {hyjis ..o by} o
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It is well known that if G is a lattice-ordered group and H and J are convex [-sub-
groups of G such that H nJ = {i}, then H and J commute elementwise. Since
each convex o-subgroup is a solid o-subgroup, our next theorem is a generalization
of this result.

Theorem 4.2. If o € Ret G, H and J are solid a-subgroups of G such that H n J =
={i}, heH and je J, then hj = jh.

Proof. The proof is divided into steps.
(1) ({i. 1} o) ({i, j} o) = ({i, j} o) ({i, 1} o) -

Since H is a g¢-o-subgroup and J is a l-o-subgroup, we have by Theorem 4.1
that {h, j} ¢ = {hi, ij} ¢ = ({h, i} o) ({i, j} 6). Dually, {h, j} o = ({i,j} o) ({i, h} o).

(2) {hj,i} o = {jh i}o.

By (1) and Theorem 4.1, {hj, i} 6 = ({h, i} o) ({), i} 0) = ({J. i} ) ({h, i} 0) =
= {jh, i} o.

) ({hhiYeh=n{h""j" o) and ({h™",j '} e)j=j{h"", i7"} o).

Since h and j are arbitrary, we have by (2) that ({h™",j '} o) h = {i,j"'h} ¢ =
= {i,hj "} o = h({h™',j~'} o). Similarly, we obtain the other equality.

(4) hj = jh.

By (3), wi{h=".j o) =h({h™",j "} o)j={hjto=j{h""j "} o)h =
= jh({h~',j""'} o). Hence, hj = jh.

Corollary 4.3. If o€ Ret G and H and J are solid o-subgroups of G such that
HnJ ={i}, then [H U J] = HJ and HJ is the o-product of H and J.

Before proving our main result, we recall some properties of the lattices mentioned
in Section 2. If o € Ret G, then the collection #,(G) of g-o-subgroups is a complete
sublattice of the lattice of all subgroups of G. Dually, the collection & ,(G) of A-o-
subgroups is a complete sublattice of the lattice of subgroups of G. The intersection
,(G) of these two collections is the collection of all solid o-subgroups, contains
all normal g-o-subgroups, and is also a complete sublattice of the lattice of all
subgroups of G. By Theorem 3.1 the collection of convex g-subgroups is a subset
of #,(G) and, consequently, is a dual ideal of & ,(G) in which joins and intersections
of nonvoid subcollections agree with those in & ,(G). Since &,(G) is a complete
sublattice of the lattice of subgroups of G, the collection of normal solid o-sub-
groups is a complete sublattice of the lattice of subgroups of G.

Theorem 4.4. If ¢ € Ret G and A (G) = {HI H is normal solid c-subgroup of G},
then /VC,(G) is a Brouwerian lattice.
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Proof. Since 4 °(G) is compactly generated, it suffices to show that .4 AG) is
distributive. Suppose (by way of contradlctlon) that A (G) is not distributive.
Since A,(G) is modular, there exist H, J, K € A",(G) such that HJ = HK = JK,
HnJ=HnK=JnK,and H, J, and K are pairwise incomparable. If 7 is the
retraction of HJ[H n J induced by o, then the sublattice {H n J, H, J,K, HJ}
is isomorphic to a sublattice of A" (HJ/H n J). Hence, we may further assume that
G =HJand HnJ = {i}.

Next we show that o must be self dual. Let {hl, et h,,} € Ker gy. Then for
every 1 =i < n, h; = jk; for some j;€J and k; e K. Then by Theorem 4.1,
i={hy,...h} oy ="{jkiicka} 0 ={J1s - in} 0s) ({ky, ..., k,} o). Since
JnK ={i}, {ji,..jnpo=1={ky, ...k} o. Now k,=j 'h; and, as above,
i={ky...k}o={ir" in'}o){hy, ..., b} o). Hence, {j7* ....J» '} o =i
Thus, Ker 6, < (Ker 6,) ™", where (Ker o) ™' = {47"| A€ Ker o,,}. By [2, Corol-
lary 5.2 (i)], Ker oy = (Ker o) " and by [2, Theorem 2.9 (ii)], o, = o}. Therefore,
oy is self dual. Similarly, o is self dual and since G is the g-product of H and J, ¢ is
self dual.

If g€ G and {i, g} o = a, then, since o is self dual, a®> = g. (This was observed
in the proof of Theorem 3.9.) Also, by [2, Theorem 2.4 (ii)], if ry, ..., r, are integers
with r; < ... <r, then {g",...,9™} o =a"""g". Let i=+ keK Then k = hj
for some i + heH and i # jeJ. Let h, = {i, h}a and jl = {i, j} 0. Then, by
Theorem 4.1 and the above, {h~"j%, h™'j, h} o = {h™'j*, h™'j, hi} o = ({h™', h} o).
({530 i) a) (h}h~1) (ji) = j. Since K is a solid o-subgroup, Kj =
= K({h™'j? h_j h} o) = K({ih™'j%, ih™'j, K*h} o) = K({h™'j%, h™"j, i*j*} o) =
= K({h 1 h3} a) ({j, j*} o) = K(hth™*) (jj) = Khjj, = Kkj, = Kj,. Therefore,

ji =Jiji' =jji ' €K and hence, j = j; €K, a contradiction, since J n K = {i}.
Thus, A7,(G) is a distributive lattice.

Corollary 4.5. If G is an abelian group of finite rank and o € Ret G, then G has
only finitely many solid o-subgroups. Hence, Q?U(G) is a finite distributive lattice.

Proof. If D is a divisible closure of G, then ¢ can be uriiquely extended to a retrac-
tion 7 of D [3, Theorem 3.7]. Moreover, there is a one-to-one correspondence between
the solid o-subgroups of G and the solid t-subgroups of D [3, Theorem 3.9 (ii)].
Thus, we may assume that G is divisible. Now each solid o-subgroup of G is divisible
[2, Corollary 4.10]. Since G has finite dimension as a rational vector space, the length
of each chain in Q?G(G) is bounded by the dimension of G. Since £,(G) is distributive,
it follows that 2,(G) is finite.

The subgroup generated by two og-subgroups need not be a o-subgroup, even
for I-retractions. In Theorem 4.7, which was first proven by J. JAKUBIK for lattice-
ordered groups, we give a sufficient condition that the subgroup generated by a col-
lection of o-subgroups be a g-subgroup. In fact, the remaining propositions in this
section represent generalizations of corresponding theorems for jattice-ordered
groups (see [4, Chapter 1]).
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Corollary 4.6. If o0 € Ret G, H, J,K, Le /' ,(G) such that G = H® J =K ® L,
and H < K, then J 2 L. '

Proof. L=LnG=Ln(Hv J)=(LnH)v (LnJ)s(LnK)v (LnJ)=
={i} v(LnJ) = J
Thus, a o-complement of a o-factor is unique.

Theorem 4.7. Let 6 € Ret G, H; be a solid o-subgroup of G for each A€ A, T, be
a o-subgroup of G contained in H,, and suppose that if 1,7¢€ A with . % v, then
H, n H, = {i}.If Tis the subgroup of G generated by UT,, then T is a c-subgroup
of G, T=Y ® T,, the restricted op-product of the T,’s, and T, is a normal solid
or-subgroup of T for each ye A. If T, = H, for each y in A, then T is a solid o-
subgroup of G.

Proof. By Theorem 4.2, xy = yx for each xe H,, y € H,, with y # A. Therefore,
for each y € A, H, and T, are normal in [UH,] and [UT,], respectively. By Theorem
44, H,n[UH;] =[UH,nH,)] = {i}. Thus T, n[U T;] = {i} and so T is

v P iy

the restricted direct product of the T;’s.

If {t,, ..., t,,} € F(T), then there exist 4;,...,4, €4 and 1;;€ T;, for 1 £i < m
and 1 < j < n such that t; = ¢t;; ... t;,. Since T,, < H;,, we have by Theorem 4.1
that {t;, ..., tp} 0 = ({t11s s bt} O)({t125 o> Lims - tmzs -5 Ln} ©), and, by induc-
tion, {t12, s tims -eos fmzs oo tound @ = ({t12s -5 2} @) . ({t1ss - - -» Luun} ©). Therefore,
{ti,... 1,y 0T, Tis a a-subgroup of G, and Tis the o-product of the T}’s.

Since T; = H, n T, T, is a normal solid o,-subgroup of T [2, Theorem 4.9 (i)].
The last assertion of the theorem follows from the fact that the collection of solid
a-subgroups of G is a complete sublattice of the lattice of subgroups of G.

The following corollaries are immediate from Theorems 4.4 and 4.7.

Corollary 4.8. If ceRetG, G =) ® H,, where {Hzl Lle A} N (G) and
He N ,(G), then H =Y ® (H n H,).

Corollary 4.9. If ceRetG and G =) @ H, =) ® J,, where {Hzl reA} v

ZeA yel
) {Jy|yeF} S N,(G), then G = Y @ (H,nJ).
(A,7)eAXT
5. Example. If G is a lattice-ordered group and M is a convex I-subgroup of G
that is maximal with respect to not containing some g in G, then M is called a regular
subgroup. It is well known that the collection of convex Il-subgroups that contain
a regular subgroup is a chain. It is trivial that the property of being a convex [-sub-
group is transitive. The following example shows that even though a solid g-subgroup
represents a generalization of a convex I-subgroup, neither of the above properties is
true for retractable groups.

Example 5.1. Let K and o be as given in Example 3.6, and ¢ be the endomorphism
of K given by (a,b.¢)¢ =(b+ ¢, 0,0). If H ={(a,0,0)|aecQ}, H,=
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= {(a, b, O)I a,be Q}, and Hy = {(a,0, c)l a,ce Q}, then Hy, H,, and H; are
convex g-subgroups of K and are ¢-invariant. Thus, by Theorem 3.5, H,, H,, and H,
are solid o"-subgroups of K. We assert that these are the only proper solid ¢”-
subgroups of K. Suppose (by way of contradiction) that H is a proper solid o"-
subgroup of G, where H ¢ {H,, H,, H;}. Since K is divisible, H must be a subspace
of the rational vector space K. Note that if 4 = {(a,, by, ¢,), ..., (a,, b, ¢,)} € F(K),
then from the definition of ¢, 46" = (Va; + Vb; — Ab; + V¢; — Aci, Vb, Vey).

Case 1. The dimension of H is 1. Then H = {r(a, b, c)' r e @}, for some (0, 0, 0) =
+ (a, b, c) in K. There are numerous subcases and we present only one of these to
indicate how a proof could follow. If a % 0, then, since H + H,, H has a basis of the
form (1, b, ¢), where b %0 or ¢+ 0. If b >0 and ¢ > 0, then {(0, 0, 0),
(1,b,¢)} 6" =(1 + b + ¢, b,c) =r(1, b, ¢) for some re Q. But then, b + ¢ = 0,
a contradiction. The other subcases are done similarly.

Case 2. The dimension of H is 2. Then H n H, and H n H; are solid ¢"-sub-
groups of K of dimension 1. Since H, is the only solid ¢"-subgroup of dimen-
sion 1, HnH, =H, = Hn H;. But then, H, = (Hn H,) v (Hn H,) =
=Hn (H, v H;) = Hn K = H, a contradiction.

Therefore, the lattice of solid " -subgroups of K is {{(0, 0, 0)}, H,, H,, H,, K}.
Now {(0, 0, 0)} is a maximal solid ¢ "-subgroup with respect to not containing (1, 0, 0)
and the solid o"-subgroups that contain {(0, 0, 0)} do not form a chain. It is easily
verified that H, is the smallest convex ¢ ”-subgroup of K (or see [2, Corollary 4.6]).
Also, {(O, 0, 0)} is a convex o ;,-subgroup of H;, but not a convex ¢"-subgroup of K.
Therefore, the property of being a “convex o-subgroup” is not transitive. Note that
the restriction of 6" to F(H,) is an I-retraction and the retraction of K/H, induced
by 6" is an l-retraction, but ¢" is not an [-retraction.

Finally, we note that the lattice of solid o *-subgroups of K cannot be isomorphic
to the lattice of all convex I-subgroups of a lattice-ordered group. Recalling Corol-
lary 4.5, we ask the following question:

If Lis a finite distributive lattice, is there a retractable group G and o € Ret G
such that Lis isomorphic to the lattice of normal solid o-subgroups of G?
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