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Let G = (G, +, =) be an ordered group (henceforth po-group). Two elements
ay, a, € G are disjoint if a; >0, a, >0, a; A a, =0, where a; A a, denotes
infg (a5, a,). A = {ay, ..., a,} is called a disjoint subset of Gif 4 = G* \ {0} and any
two elements a;, a; € A, i + j are disjoint.

P. CoNRAD in [1] has studied the structure of a lattice-ordered group G satisfying
the following condition:

(cs) G contains an n-element disjoint subset but does not contain an (n + 1)-
element disjoint subset.

l-groups with the property (c,) had been studied by P. CONRAD and A. CLIFFORD
in [2] and by F. Six in [8].

Similarly J. JAKUBIK in [4] has studied a po-group G having the property:

(qz) There exist two m-disjoint elements x, y € G such that if 4 £ G is an m-
disjoint subset and card 4 > 1, then 4 = {x, y}.

(x, y € G will be called m-disjoint if 0 e x A y, where x A yisa multilattice opera-
tion in G.)

In this paper, Riesz groups with the property (c,) are investigated.

0. Let G = (G, +, <) be a po-group. G will be called an interpolation group
if to any ay, a,, by, b, € G satisfying a; < b; (i = 1,2; j = 1,2), there exists ce G
such that a; < ¢ < b; (i = 1,2;j = 1, 2) (i.e. the ordered set (po-set) (G, <) satisfies
the interpolation property). A directed interpolation group is said to be a Riesz
group. A po-set S satisfying the interpolation property is said to be an antilattice-
ordered set if it holds: If a A b[a v b] exists in S, then a Ab=aora A b =
=blavb=aoravb=b] A Riez group G = (G, +, <) is said to be an
antilattice if the po-set (G, <) is an antilattice-ordered set. A Riesz group G is an
antilattice if and only if it holds: If a A b =0 (a, b e G), then a=0o0or b =0
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(See [3, Lemma 7.1].) A po-group G is said to be regular if the existence of infg+(x, y)
implies the existence of infg(x, y) for x, y € G*. (G* denotes the positive cone of G.)
If G is regular, then ¢ = infg+(x, y) implies ¢ = infg(x, y).

If @ + A is a subset of a group G, then (4> will always denote the subgroup of G
that is generated by A.

1. Any interpolation group is regular. (See [6].)

2. Let G be a Riesz group satisfying the property (c,) (n = 2) and let {a,, ..., a,}
be an n-element disjoint subset of G. Then

H;={xeG:x Ana;=0 forall j +i}

is an antilattice-ordered convex subsemigroup with 0 of G* and G, = {H;) is an
antilattice-ordered directed convex subgroup of G.

Proof. a) Let x,yeH;, i.e. x A a; =y A a; =0 for all j % i. Then, by [7,

Hilfssatz 2], (x + ¥) A a; = 0 for all j # i, and hence H; is a subsemigroup with 0
of G*. Tt is evident that H; contains with each element x the whole interval [0, x],
therefore H; is convex.

b) By a) and by [5, Theorem 2.1], G; = (H;) is a directed convex subgroup of G
and G = H,. Since G, is convex and G is an interpolation group, it follows that
also G; is an interpolation group. Let us show that G; is antilattice-ordered. Let
0 < x, yeG,(hence x, ye H;)and let x A y = 0. Then x = 0 or y = 0, for other-
wise {X, y,dy, ..., @i_y, A;41, ..., a,} Would be an (n + 1)-element disjoint subset
of G.

¢) From b) and from the regularity of G it follows that H; is antilattice-ordered.

3. Let G bea group, H,, ..., H, subsemigroups of G, and let A be the subsemigroup
of G that is generated by H,, ..., H,. Then A = H; @ ... @ H, (see also [1, p. 173])
will mean that

() A=H, + ... + H,, _

Q) H,An(H +...+Hi_ +H +..+H,)={0} foralli=1,..,n,

() x; + x; =x; + x;forall x;,e H;, x;e H;, i * j.

4. Let G be a Riesz group, Hy, ..., H,(n Z 2) convex subsemigroups with 0 of G*
such that H; n H; = {0} for all i % j, and let A be the subsemigroup of G that is
generated by H, ..., H,. Then

a) A=H, ®..®H,;

b)if x =x, + ... + x, where x;e H; (i = 1,...,n), then x = X; V ... V X3

c) A is convex.
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Proof. a) Let xe H,, y €eH;, i #j. If 0 <z < x,y, then the convexity of the
subsemigroups H;, H; implies z € H; 0 H;, hence z = 0. Since (by 1) any Riesz
group is regular, itis x A y = 0. Hence by [7, Hilfssatz 2]itholdsx + y=x v y =
=y + x, therefore 4 = H, + ... + H,.

Letx;eH;n(Hy+ .. + Hi_y + Hiyy + .. + H,). Then x; = x; + ... + x;_; +
+ Xipq + ... + x,, Where x,€H,, ke{l,...,n}\{i}. Thus the preceding part

implies X; = X{ V... V X;_{ V X;3; V ... V X,.
Let further x;€ H;, x;e H;, i #+ j. Then x;€{X,, ..., X;_(, X;3, ..., X,} implies
O=0x; AXx;= (X V...VXi_y VXuy V...VX,)AX;=x; Hence 0 = x; for

all j & i and thus also x; = 0. Therefore A = H, ® ... ® H,,.

b) The assertion b) is now evident.

c)Let 0 y=<x, xed Then 0=y <x + ...+ x, where x;eH,; i=
= 1, ..., n. Gis a Riesz group, hence there exist 0 < x; < x; (i = 1, ..., n) such that
¥ = Xx; + ... + x,. The subsemigroups H,, ..., H, are convex, therefore x;e H;
(i=1,..,n),ie yeA.

If G is a po-group, then G = G, H ... H G, means that G is an o-direct sum of
its o-ideals (i.e. normal directed convex subgroups) G;.

5. Let G be a Riesz group satisfying the property (c,) (n = 2), {a;, ..., a,} an
n-element disjoint subset of G, H;={x€G; x A a; =0 for all j*i} (i =
=1,...,n), A the subsemigroup of G generated by H,, ..., H, Then {A) =
= (H)>E ... @ <H,).

Proof. First let us show that {A4) is the direct sum (H,> @ ... ® {H,) of the
subgroups <H,), ..., {H,>. Let us prove that for i % jitis H;n H; = {0} Let
xeH;n H; Butthen x A a, =0forallk = 1, ..., n and since G has the property
(cy), x = 0. Hence (by 4) it holds A = H, @ ... ® H, and A4 is convex with 0.
Therefore (by [5, Theorem 2.1]) <A) is a directed convex subgroup of G and
A = A

Now let us show that H; (i = 1, ..., n) is invariant in 4. Let ye 4, y = hy + ...
oo+ hy hyeH;(i=1,...,n), xe H;. Then

—y+x+y=-h,—...—hi+x+h +...+h,,
hence by 4 ‘
—y+x+y=—-h—-h,—...—hyy; —hi—y—...—h +h +...
et hi +hy, + ...+ h,+x+h;=—h;+x+ h;.

Let j # i. Then 0 = x A a; = —h; + (x A a;) + h;, therefore by [7, Hilfssatz 2]
0=(=h;+x+h)Ar(=h;+a;+h)=

=(=hi+x+h)A(=hi+hi+a)=(=h;+x+h) A a.
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Hence —h; + x + h; e H,. This implies by [5, Theorem 3.1] that <H;> (i = 1, ..., n)
is a normal subgroup of (4).

Now let us prove that {A) = {H,) + ... + (H,>. Let ze{A). Then z =
=x — y,wherex, yed,ie.x=h"+ ..+ h® y=h? + ..+ h® b2, 0 e
€eH, i=1,..,n Thus z=h{" + ...+ h — h® — . — i e (KH, ...
.. {H,»Y. Since {<H;) = H; — H; (i = 1, ..., n) and since all elements of distinct
subsemigroups H;, H; commute, it holds also that all elements of (H;», <H;»
commute. Hence <{{H),...,<{H, > =<H;>+ ...+ (H,», and so {4) &
c (H,;> + ... + <H,). The converse inclusion is evident.

Let now xe<{H) + ... + {H;_{> + {H; (> + ... + {H,>. Then

x=h, —hy+...4+h_  —hi_+hjy, —hiy, +...4+ h, — hy,
where h;, hjeH; (j=1,...,i — 1, i+ 1,...,n), and thus

Xx=h +..+h_y+hy +...+h,—h,—...—hiy;—hi_y —..—hy=
=i+ ...+ h_y+hyy+...+h)—
—(hy + oo+ hjy + By + o+ By

Hence xe<{H; + ...+ H;_y + H;yy + ... + H,>. Therefore <H,) + ... +
+<H_ >+ {Hpy1p+.. +<Hy=<H; + ...+ H;_y + Hy{ + ...+ HD.

It is clear that B = H, + ... + H;_, + H;,, + ... + H, is a subsemigroup
with 0 of G*. Indeed, all elements from any distinct summands commute. Let us
show that BY) is convex. Let 0 < y < hy + ... + hy—y + hyyq + ... + hy, hje H,
j=1,..,i—1,i+1,...n Since G is a Riesz group, y = h, + ... + h;_; +
+ hiyy 4+ ...+ h, where 0<h;<h;,, j=1,..,i—1,i+1,..,n H; being
convex implies h; € H;, and hence y € B".

Now, since G is a Riesz group it follows by [5, Theorems 2.1, 2.4, 3.1]

(<Hi> m(<H1> +.o o+ H >+ Hipp )+ .+ <Hn>))+ =
=(KH)n{H{+..+H,_,+H_, +..+H))"=
=HDI " N"H{ + ...+ H_;+Hiyy + ...+ HY' =
= Hif\(Hl + ... + Hl'“l + H,’+1 + ... + Hn) = {0} .
The subgroup <H> A (CHy ) + ... + <H;—y) + {Hy > + ... + {H,»)is directed,
thus also <H) N (CH() + ... + {H;_ ) + {Hy; > + ... + (H,») = {0}. There-
fore <A> = <H1> D...® <Hn>'

Let now 0 = xed{A4), x=x,+ ... + x,, x;€{H, i =1,...,n. Since the
subgroups (H;) are directed, it holds

O0sx+...+x, =X +... +X%,,

where ;€ U(x;, 0) n (H;», i = 1,..., n. (U(x, y) means the set of all upper bounds
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of a subset {x, y} in G.) And since G is a Riesz group, there exist 0 < u; £ X, (i =
=1, ..., n) such that

Xy +...+x,=u; + ... +u,.

{H;> being convex, it is u; € (H;», i = 1, ..., n. And since (A4) is the direct sum of
its subgroups <H;», 0 < x; = u;, i =1,...,n Therefore {(A) = (H;) H ...
<Hn>'

6. Let A be a Riesz group such that A = A H ... @ A,, where Ay, ..., A, are
antilattices, A; + {0} (i = 1,...,n). Then A satisfies the condition (c,).

Proof. Let x;e A \{0}, i = 1, ..., n. Then, by the proof 4a), x; A x; = 0 for
i + j. Thus A contains an n-element disjoint subset. Let Y = {yy, ..., Vn» Vn+1} be
an (n + 1)-element disjoint subset in 4, y; = y;; + ... + Vim ¥ji€Anj=1,..n,
n+ 1,i=1,..,n Butthenforeachj #+ kandforeach i = 1,... nitisy;; A y; =
= 0. Since every 4; is an antilattice, y;; = 0 or y,; = 0. Therefore it must hold that
at most one of the yy;, ..., Vi, Vu+1.; I8 strictly positive. But this means that some of
the elements yy, ..., ¥,, Vut1 is equal to 0, thus Yis not a disjoint subset in 4. There-
fore A has the property (c,).

Throughout the following G will denote a Riesz group with the property (c,)
(n 2 2), {ay,...,a,} an n-element disjoint subset in G, H; = {xeG; x A a; =0
for all j + i} (i =1,...,n), A a subsemigroup of G that is generated by the sub-
semigroups Hy, ..., H,.

7. Let 0 < b;eH,i=1,...n and let K; = {xeG; x A b; =0 for all j + i}.
Then H; =K, i=1,..., n.

Proof. Let xe H;, i # jand let 0 < y € G such that y < b;, x. Then the convexity
of Hy, H; yields ye H; n H;, hence y = 0. Therefore x A b; = 0 for all j + i,
and so x € K;. This implies H; < K.

Similarly K; € H;.

8. If {by,....,b,} is an n-element disjoint subset of G, then {by,....b,} S A.
Moreover, there exists a permutation @ on {1,...,n} such that b€ H,, for all
i=1,...,n

Proof. Let i # j and let 71(b, A a; =0), 71(b, A a; = 0). Since G is a Riesz
group, there exist ¢;, ¢;; such that 0 < ¢; < by, a;; 0 < ¢ < by, a;. But then
{by, ..o b1, Chis Cjs brsys ..y by} is an (n + 1)-element disjoint subset of G. This
means that it holds 71(b, A a; = 0) for at most one i € {1, ..., n}, therefore b, € H,
for some i. But since H; is antilattice-ordered, no two of the b,’s can belong to the
same H;.

9. {A) is a normal subgroup of G. ®
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Proof. Let i #j, x,yeG, y < —x+a;+x, y =< —x + a; + x. Then x +
+y—Xx=a;a; hence x + y — x £ 0. This means y £ —x + x = 0. Therefore
it holds (—x + a; + x) A (—x + a; + x) = 0. Hence by 8, 0 < —x + a;, + x€
€ H,, for all i, where ¢ is a permutation on {1, ..., n}. Thus by 7,

-X+A+x=-x+H ®..0H)+xcH,®..®H,, =A.

Then, by [5, Theorem 3.1], {A) is normal in G.
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