Czechoslovak Mathematical Journal

Stefan Schwarz
The ideal structure of C'-semigroups

Czechoslovak Mathematical Journal, Vol. 27 (1977), No. 2, 313-338

Persistent URL: http://dml.cz/dmlcz/101468

Terms of use:

© Institute of Mathematics AS CR, 1977

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101468
http://dml.cz

Czechoslovak Mathematical Journal, 27 (102) 1977, Praha

THE IDEAL STRUCTURE OF C-SEMIGROUPS

STEFAN SCHWARZ, Bratislava

(Received September 19, 1975)

Let S be a semigroup with zero 0. We say that e # 0 is a categorical left unit
of S if ex is either x or O for any x € S. An element f # 0 is a categorical right
unit of S if xf is either x or O for every x € S.

A semigroup is called categorical at zero if abc = 0 implies either ab = 0 or
bc = 0.

In the following we always suppose card S = 2.

Definition. A semigroup with 0 is called a C-semigroup if it satisfies the following
conditions:

1. Every non-zero a € S has a categorical right unit e,(a) and a categorical left
unit e,(a) such that e,(a).a = a.ela) = a.

2. S is categorical at zero.

The following lemma is easy to prove. (See [1], Vol 2, pp. 78—79.)

Lemma 0,1. In any C-semigroup

a) e,(a) and efa) are uniquely determined;
b) we have a € Sa n aS, in particular S* = S;

c) any categorical left unit of S is a categorical right unit of S.

With respect to Lemma 0,1 we may speak about the set of all categorical units
(cat. idempotents). This set will be denoted by E. It is a subset of the set of all non-
zero idempotents E,. Simple examples show that E can be a proper subset of E,.

C-semigroups (under another name) have been extensively studied by HOEHNKE
([2]-[5]): In [1] the name “‘small category with zero” is suggested. Sutov [13]
and KoZevNikov [6] call our C-semigroups ‘‘categorical semigroups”. The name
“‘categorical semigroups” used by MCMORRIS and SATYANARAYANA [9] and Monzo
[10] has another meaning. To avoid misunderstanding I use the word C-semigroup.
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The present paper deals with problems of another kind than those treated in the
papers mentioned above. There are of course some connections, in particular with
a part of [6]. One of our aims is to study the “position” of cat. units in a C-semigroup.
It will turn out that for some classes of semigroups this “position” can be more or
less satisfactorily described. 0-simple C-semigroups are studied in a greater detail.

1. PRELIMINARIES

Let ey, e, be two elements € E. Since e, is a cat. right unit, the element e e, is
either e; or 0. Further, since e, is a cat. left unit, e e, is either e, or 0. Hence if
eje, + 0, then e; = e,. We have

Lemma 1,1. If e, e, € E and e; *+ e,, then eje, = 0.

Any a€S, a # 0, can be written in the form a = ae;, e; = ¢(a) € E, hence
ac€ Sey. For e, + e,, ey, e, € E, we have Se; n Se, = 0. Indeed, x € Se; N Se,
implies x = bye; = b,e, with by, b, € S. Multiplying by e; we have x = xe; =
= b,e,e; = 0. We have proved

Lemma 1,2. Any C-semigroup can be written in the form of a union of left
(right) ideals:
S=USe =UeS,
ek eucE
where Se, N Se; = €,S N ¢S = 0 for e, + ey
Note that Se, contains a unique element € E, namely e, itself.

Lemma 1,3. In a C-semigroup any non-zero nilpotent element a satisfies a*> = 0.

Proof. Suppose that a" = 0 and n > 2. Then aa""?.a = 0 implies a""? . a = 0,
i.e. a"~! = 0. Repeating this argument we obtain a* = 0.

We now deal with some trivial cases.

First note that if S is a C-semigroup and has a (two-sided) identity element e,
then e is the only cat. unit of S. Indeed, if e, + 0 1is a cat. unit of S, then ee, = ¢, + 0
(since e is the identity element of S) and ee, is either e or 0 (since e, is a cat. unit).
Hence ¢, = e.

Definition. We shall say that in a semigroup S with zero 0 the zero element is
externally adjoined if S — {0} is a semigroup.

Lemma 1,4. A C-semigroup with a unique cat. unit is a semigroup having an
identity element and its zero is externally adjoined. )
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Proof. If e is the cat. unit, then for any a € S we have e,(a) = e/(a) = e, hence e
is the identity element of S. Suppose that ab = aeb = 0. Since S is categorical at
zero, it follows that either ae = 0 or eb = 0, i.e. either a = 0 or b = 0. Hence
S — {0} is a semigroup.

Conversely:

Lemma 1,5. Any C-semigroup in which 0 is externally adjoined has an identity
element (and card E = 1).

Proof. By Lemma 1,1 the semigroup S — {0} cannot have two different cat.
units. Hence it contains exactly one cat. unit. The rest of the proof follows by Lemma
1,4.

Corollary 1. Any semigroup with an identity element and without zero can be
embedded in a C-semigroup by adjoining externally a zero element.

More generally:

Corollary 2. Any semigroup without zero can be embedded in a C-semigroup.

Proof. If S has no identity element, adjoin an identity element 1 and denote the
new semigroup by S'. Next adjoin a zero element 0. The semigroup S* U {0} is
a C-semigroup.

We next treat the commutative case.

If S is a commutative C-semigroup, the decomposition of Lemma 1,2 implies that
every Se, is a semigroup with the identity element e,. It is categorical at zero since S
is categorical at zero. By Lemma 1,4 Se, is a semigroup with an identity element and
its zero is externally adjoined. Further, Se, . Se; = Se,e,S = 0.

In accordance with [1] we shall say that a semigroup is a O-direct union of sub-
semigroups S,, a€ A,if S = U S, and §,S; = S, n Sy = Ofora & B.

acd
Hence a commutative C-semigroup is a O-direct union of semigroups having

identity elements and, moreover, its zero is externally adjoined.
It can be easily verified that the construction of all such semigroups is described
by the following

Theorem 1,1. Let S,, a € A be a collection of disjoint commutative semigroups
each of which has an identity element. Adjoin a zero element 0 and define S, . Sy = 0
for « + B and 0.S,=15,.0=0.0=0. Then the O-direct union S = {0} U
v [U S,‘] is a commutative C-semigroup and any commutative C-semigroup can

aed

be obtained in this manner.

We now return to the general case.
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Lemma 1,6. Let S be a C-semigroup and e, eg, €,, ¢, € E. Then

a) €,S N Sey = e,Sey;

b) two non-zero sets e,Se, and e,Se; have a non-zero element in common iff
e, = e, and e; = e;.

Proof. a) First, we clearly have e,Se, = Se; N e,S. Next if x € Se; N e,S and
x =% 0, then x = xep, x = e,x, hence x = e,x = e,xe; € ¢,Se;. This proves part a)‘

b) Let x € e,Se; N e,Se; and let both the sets +0. Then x = e,xe;, and x =
= e,xe;. Hence x = e,e xese;. If e, + e, or e; & ¢;, then x = 0. Hence both the sets
may have a non-zero element in common iff e, = e, and e, = e;. This proves the
second assertion.

Now (with respect to Lemma 1,2) we may write

S=8"=[UeS].[USe]l= U e,Se.
excE epeE exsepe
Definition. Two subsets A = S and B = S will be called quasidisjointif A n B = 0.
In this terminology we have

Lemma 1,7. Any C-semigroup can be written as a union of quasidisjoint sets:
S= U e,Se.

eq,epeE

Example 1,1 below shows that some of the sets e,Se;, e, + ¢;, may reduce to zero.
Further, since (e,Se;)* = (e,Se;) (e,Se;) = 0, all idempotents € S (even those which
are not cat. units) are contained in the sets e,Se, and each of these sets is a non-zero
subsemigroup of S. ’

In the following we denote T,; = e,Se; while 4 = {oc, B, } will denote the index
set of all cat. units.

Lemma 1,8. Suppose that T,z += 0 and Ty; + 0. Then for any ue T,p — {0},
ve Ty, — {0} we have uv + 0.

Proof. Since u € T,5, we have u = ue; and analogously v = e. Now uv =
= uegw = 0 would imply either ue; = 0 or e = 0, contrary to the assumption.
Summarizing: If T,; # 0 and T,; + 0, then

,0  if By,

7;13TM=\ 40 if f=y.

In this latter case we have T ;Tp; < T;.
Introduce the set & = {4 x A} U {z}. For a, B, 7, d € A define

/z if B*+vy,

N (0, 0) if B=1y,

and z.(a,B) = (¢, B).z=2z.z =2z It is well known that S is a completely
0-simple semigroup (called the semigroup of A4 x A matrix units).

(o, F) (v.0) =
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Let now S be a C-semigroup: S = {J U T4. Consider the mapping ¢ of S into S
defined as follows: aed,ped

p(0) =z, (T, —{0}) = (. p) if T, +0.
Then ¢ is a homomorphism of S into &. Indeed: a) If T,, + 0, Tys # 0 and xe
e T,; — {0}, ye Ty; — {0}, we have xy e T,; — {0}, hence ¢(xy) = («, 9) = (a, B) .
(B,6) =p(x).0(y).b)If T, + 0, T,; £ 0, = yand xe T, — {0}, ye T, — {0},
then xy = 0, hence ¢(xy) = z = (o, B) (7, 0) = @(x) . (). ¢) If xe T,;and y = 0,

then ¢(xy) = ¢(0) = z = ¢(x) . z = o(x) . @(»).
We have

Theorem 1,2. Any C-semigroup possesses a homomorphic mapping into the
completely O-simple semigroup of A x A matrix units.

Remark. In the case of a 0-simple C-semigroup we shall obtain a stronger result.

Example 1,1. To show that some of the sets e,Se; may be zero consider the fol-
lowing example. Let S be a set consisting of an element z and all ordered pairs (i, ),
where i, j are integers such that i = j. Define a product in S by the rules

. s (s) if j=7,
A N S T
and zx = z = xz for all xe S. S is a C-semigroup. The set of all cat. units is E =
= {(i,i)| —o0 < i < o0}. The left ideal generated by (i,j) is the “horizontal
half-line” {z} U {(r,j) | r = i}, the right ideal generated by (i, j) is the “vertical
half-line” {z} U {(i,s) | s < i}. The two sided ideal generated by (i, ) is the “rect-
angle” {z} U {(r,s)|r < i, s = j}. In this case we have
. . / z if i<j,
(i) 50.0) = (i,j) if izj.

2. 0-SIMPLE C-SEMIGROUPS

In the following O-simple C-semigroups will play an important role. Therefore we
treat them first.

Lemma 2,1. If S is a O-simple C-semigroup, then for any e,, e;€ E we have
e,Sey + 0.

Proof. S(e,Se;) = (Se,S) ey = Se,. If e,Se; were 0, we would have S(e,Se;) =
= S§.0 = 0, hence Se; = 0, a contradiction to e; € Se,.

Corollary. If S is a 0-simple C-semigroup, then to any couple e,, eg there is an
aeS,a + Osuchthat a = e,aey.
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Lemma 2,2. If S is a 0-simple C-semigroup, then

20 if BFy,
TaﬂTy&—\Taa if B=vy.

Proof. T,;T;; = e,Sepe;Se; = e,(Se;S) e; = e,Se; = T
By the same argument as in the proof of Theorem 1,2 we deduce

Theorem 2,1. Any O-simple C-semigroup possesses a homomorphic mapping onto
the completely 0-simple semigroup of A x A matrix units.

Consider now the subsemigroup T, = e,Se,. This semigroup contains a unique
cat. unit, namely e, which is the identity element of T,,. For any xe T,,, x £ 0
we have e,xe, = x. Now

T.xT,, = e,Se, . x . e,Se, = e,(SxS) e, = T, .

Hence T, is a O-simple semigroup. T, is categorical at zero since S is categorical
at zero. Hence T, is a C-semigroup. By Lemma 1,4 the zero 0 is externally adjoined.
We have proved

Theorem 2,2. If S is a 0-simple C-semigroup, then each of the subsemigroups
e,Se, is a O-simple semigroup containing an identity element and the zero 0 is
externally adjoined.

This theorem suggests a method how to construct 0-simple C-semigroups.

Construction. Let T= {1,t,u,...} be a simple semigroup with the identity
element 1 and without zero. Let 4 = {a, B, ...} be a set of symbols. Consider the
set S consisting of {0} and all triples (1, «, B), where te T, a, p€ A. Define in S
a multiplication by the rules

(t,oz,ﬂ)(u,y,é):/o if By,

N (tu,0,8) if B=vy,

and 0.(t, o, B) = (t, 2, f).0=0.0 = 0. Then S is a C-semigroup. It is clearly
categorical at zero. The cat. right and cat. left units of (¢, «, ) are (1, B, B) and
(1, &, o) respectively. Finally, it is easy to see that S is O-simple since for any triple
(t, o, B) we have S . (1, a, B). S = S.

Remark. We emphasize that we do not assert to obtain in this way all O0-simple
C-semigroups. In our construction the subsemigroups e,Se, of Theorem 2,2 are of
the form T, = U {(t, o a)} U {0} and all are isomorphic semigroups. At this

teT

moment I am unable to proye or disprove whether the subsemigroups e,Se, in
Theorem 2,2 are necessarily isomorphic or not. We shall return to this problem in
Theorem 2.6,
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In the proofs of the following theorems we shall use the following well known
statement ([1], Theorem 2,54): If S is a O-simple semigroup which is not completely
0-simple, and S contains an idempotent, then S contains an infinite number of idem-
potents.

Theorem 2,3. A O-simple C-semigroup S is completely 0-simple iff all non-zero
idempotents € S are cat. units.

Proof. a) Suppose that S is O-simple but not completely 0-simple and all non-zero
idempotents are cat. units. Then S contains non-primitive idempotents, i.e. there is
a couple of non-zero idempotents ey, e,, e; & e, such that e;e, = e,e; = e; *+ 0.
The idempotent e, is not a cat. unit since otherwise e,e; would be either e, or 0.
The existence of an idempotent which is not a cat. unit constitutes a contradiction
to the supposition.

b) Suppose conversely that the C-semigroup S is completely 0-simple. Let e % 0
be any idempotent € S. Since S is a C-semigroup, there is a cat. unit e, € S such that
ee, = e. This implies ee,e = ¢, hence e,e + 0. Therefore e,e = e. Now since S is
completely O-simple, ee, = e,e = e implies e, = e. Any non-zero idempotent € S
is a cat. unit. This proves our theorem.

Note that we have not used the assumption that S is categorical at zero. Indeed
we have proved the following somewhat stronger result:

Theorem 2,3a. Let S be a O-simple semigroup in which to every a € S there is
a cat. left unit e/(a) and a cat. right unit e/ a) such that e(a).a = a.e/(a) = a.
Then S is a completely 0-simple semigroup iff each non-zero idempotent € S is
a cat. unit.

The following lemma is known and has been proved in [1] (Lemma 8,23, p. 98).

Lemma 2,3. Let S be a O-simple semigroup containing a 0-minimal left ideal
(in particular, a completely O-simple semigroup). Then S is categorical at zero.

Hence we may state part of our results in the following form which will be needed
later.

Theorem 2,4. A completely O-simple semigroup S in which to every a there are
cat. units efa), e (a) such that a = a . e(a) = efa).a is a C-semigroup. In this
case all non-zero idempotents € S are cat. units.

Remark. It should be emphasized that we cannot prove that a 0-simple semigroup
(which is not completely O-simple) satisfying the conditions of Theorem 2,4 is
a C-semigroup. In particular: A simple semigroup with zero and an identity element
need not be categorical at zero. An example of such a semigroup has been given
by MuNN [11], p. 156. This example will be reproduced below (see Example 6,1).

In addition to our theorems we prove

319



Theorem 2,4a. A O-simple semigroup containing non-zero idempotents in which
all non-zero idempotents are cat. units is a completely 0-simple C-semigroup.

Proof. Suppose that S is not completely O-simple. Then there exists a couple of
non-zero idempotents e, * e, such that e.e;, = eze, = e5 # 0. Since ¢; is a cat.
unit and e,e; + 0, we have ee; = e,. But then ¢, = ¢, a contradiction. Now S
being completely 0-simple it can be written in the form of unions of left (right)
0-minimal ideals: S = {J Se, = U ¢,S, so that to any a € S there are cat. units

eqcE e cE
e,, e; With a = ae, = e;a. The rest of the proof follows by Lemma 2,3.

Now a completely 0-simple C-semigroup is known to be a 0-simple inverse semi-
group (i.e. a Brandt semigroup). It can be characterized also as a simple dual semi-
group [12]. All such semigroups can be obtained if in the construction discussed
above, T is taken a group. In this case it is of course well known that all the ¢,Se,
are isomorphic.

We have

Theorem 2,5. Any completely 0-simple C-semigroup is isomorphic to a semigroup
obtained by the construction described above when taking a suitably chosen
group for T and a set with a suitably chosen cardinal number for A.

We now return to Theorem 2,2. We have seen that any one of the subsets e,Se, —
— {0} is a simple semigroup with a unit element. We also remarked that at present
we are unable to prove whether all ¢,Se,, « € A, are isomorphic to each other. We
prove a weaker statement. '

Theorem 2,6. In a 0-simple C-semigroup any semigroup e,Se, can be isomorphical-
ly mapped into any other ezSe,.

Remark. This theorem is formulated for C-semigroups and cat. units. An
analogous statement holds mutatis mutandis for any 0-simple semigroup and non-
necessarily cat. idempotents.

Proof. Since ¢, € ¢,Se, = e,Se; . ¢;Se,, there are two elements v € e,Sey, u € ¢;Se,
such that e, = v.u. The element e’ = uv = ue,v € ¢4Se; is an idempotent since
€? =u(vu)v = uev = uv = ¢.

Consider now the mapping ¢ : e,Se, — ezSe, defined by x |» uxv.

a) This is a homomorphic mapping of e,Se, into e,Se;. Indeed, if y; = ux,v,
Y2 = ux,0(xy, X, € e,Se,), then
o(x1) @(x,) = y1y2 = ux,(vu) x,v = ux,€,x,0 = ux;x,0 = @(x;x,).

b) If x; # x,, then ¢(x,) * ¢(x,). Indeed, suppose ux;v = ux,v. Multiply
by v from the left and by u from the right. We have vux vu = vux,vu, i.e. e,x,e, =
= e,X,e,, hence x; = x,.

¢) Note that ¢(e,) = ue,v = uv = e’ € ¢;Se,.
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d) If x € ¢,Se,, then y = ¢(x) = uxv has ¢’ for an identity element. Indeed, we
have ye’ = ux(vueav) = uxe,v = uxv = y, and analogously e’y = y.

e) Finally, we show that ¢ carries e,Se, onto the semigroup e’'Se’. To this end it is
sufficient to show that to any y € ¢’Se’ there is an x; € ¢,Se, such that ¢(x,) = y.
[By b), x; is uniquely determined.] Consider the element x; = vyu. Then ¢(x,) =
= u(vyu)v = e'ye’ = y. Hence e,Se, is isomorphically mapped onto e'Se’
< egSey. This proves Theorem 2,6.

Remark. It follows immediately from our proof that if u, v can be chosen so that
vu = e, and uv = ey, then e,Se,, e;Se; are isomorphic semigroups.

This is certainly the case if e.g. e;Se; contains a unique non-zero idempotent.
Then uv is necessarily equal to e,. In this case it is well known that e;Se;, — {0} is
a group. Since any e,Se, can be isomorphically mapped onto e;Se; it is clear that
all e,Se, — {0}, a € A are groups and all are isomorphic to one another. In this case
all idempotents € S are cat. units and S is completely O-simple. This is the case
treated in Theorems 2,3 and 2,5.

We now proceed to a more general situation.

Let a € A be chosen fixed. Since S is 0-simple, there exist to any cat. unite, € S =
= Se,S two elements u, € Se,, v, € ¢,S such that e, = u,e,v, = u,v,. Suppose that
it is possible to choose for any u € A the elements u,, v, such that the idempotents v,u,,
are equal to e,. (Note that all idempotents v,u, are necessarily contained in e,Se,.)
For convenience, define v, = u, = e,.

Denote T = e,Se,. Consider the mapping ¢,, : T — u,Tv, defined by x 1= u,;xv,,
xeT

¢,, is onto. Indeed, let y + 0 be any element € u,;Tv,. Then for the element x =
= e yue, € T we have ¢,,(x) = uxv, = (u;e,0,) y(ue0,) = e;ye, = y. If ye
e u,;Tv,, y + Ois given, there is a unique x € T'such that ¢,4(x) = y. Indeed, u;xv, =
= u,;%,0,(x;, X, € T) implies (vu,) x4(v,u,) = (V1) x,(v,u,), 1. e,x1e, = €,X5e,
and x; = x,. Hence ¢,, is a one-to-one mapping of T onto u,Tv,.

We next prove that u,Tv, = e,Se,. Firstly, we have u,Tv, = e,u;Tv,e, < e;Se,.
Secondly, e;Se, = u;0;,Suw, = u,e,v,;Su,ev, < ul(eaSea) v, = u,;Tv, Hence u,;Tv, =
= ¢,Se,.

The semigroup S can be written as a union of quasidisjoint semigroups S =

= U u,Tv,. The importance of this representation of S is due to the fact that to
A,0ed

any ze S, z % 0, there is a unique couple 4, ¢ and a unique x € T such that z =
= U;XV,.

Consider now the semigroup S, consisting of a zero 0; and all triples (u,, x, v,),
l,0€ A, xe T, = T — {0}, with the multiplication defined by

70 if o#x,

(v 0) o) = () it ot

and 0, having the usual properties of a zero element.
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Consider the mapping ¥ : S — S;, where

704 for z=0,
N(uy x,v,) for z = u;xv, £0.

¥(z) =

This is a one-to-one mapping of S into S,. It is onto, since for any (u;, y, v,), y € Tp
there is an element z € S (namely z = u,yv,) such that Y(z) = (u;, y, v,).

We show that ¥ is an isomorphism. Let z,,z, €S and z; e u,;Tv,, z, € u,Tv,,
zy #0, z, 0. Write z; = u,x0,, z, = u,X,v,, where xy, x, € T, are uniquely
determined. We have
20 if o #+ x,

N X (0,U,) Xo0, = uzx(Xo0, if @ =x.

The images satisfy (0) = 04,Y/(z;) = (u,x1,9,),¥(z5) = (U, X5,,) fer z, % 0,2, + 0,and

2125 = (u3X10,8,) (e, x,0,) =

s0y if zz,=0,
N(up xyxp,v,) if zyzp £ 0.

‘p(zxzz) =

In the last case we may write Y(z,2,) = (u;, X1X5, v,) = (uz, X1, 0,) Uy X3, V,) =
= ¥(zy) . ¥(z,). This proves our statement.

In particular: All simple semigroups u,;Tou, = e;Se; — {0}, A € A, are isomorphic
to one another.

When replacing u;, v,, ... by their indices 4, yu, ... € A it is easy to see that S;
is isomorphic to the semigroup S, consisting of 0; and all triples (4, x, @), x € Ty,
A, ¢ € A with the multiplication
(1) (hxo)(eyp)= 0 it e+,

> > N4, xp,p) if 0 =x,

and 0, having the usual properties of a zero element.
Summarizing, we have proved

Theorem 2,7. Let S be a O-simple C-semigroup and e, a fixed chosen cat. unit
of S. For any e, € E let e, = u,v,, u, € Se,, v, € ¢,S. Suppose that it is possible to
choose u,, v, such that all idempotents v,u, are equal to e,. Then S is isomorphic
to a semigroup S, consisting of a zero 0, and the set of all triples (/1, X, u), where
A, i run independently through a set A and x € Ty, T, being a simple semigroup
with a unit element. Hereby the multiplication in S, is given by the rules (1).

Remark. In the next section we shall show that the suppositions of Theorem 2,7
are, in particular, satisfied in any 0-bisimple C-semigroup.
3. 0-BISIMPLE C-SEMIGROUPS

We recall: If q e S, we denote by 1@ the set of all generators of the left ideal
{a, Sa}. The set @ is called the Z-class containing a. In the case of a C-semigroup
we may write L@ = {x | Sx = Sa}.
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Analogously, in a C-semigroup the Z#-class containing a is defined by R@ =
= {x | xS = aS}. An Jlass containing a is defined as the set J@ = {x | SxS =
= SaS}. & and Z are equivalence relations. The Z-relation is the smallest equi-
valence relation containing both . and £.

Note: If e is an idempotent, I, R® the #-and %-classes containing e,
then D@ = [(9R® is a P-class.

The next lemma concerns general semigroups. It is known in one or another form.
For completeness we prove it in the form needed here.

Lemma 3,1. Let ¢ be an idempotent € S. Let €' be any idempotents € I{)R®,

a)If ¢ =¢&n, e, neRY, then né = e.
b) The subsemigroups eSe and e'Se’ are isomorphic semigroups.

Proof. a) Since ¢e ), we have {&, S¢} = {e, Se} = Se. Hence cither e = ¢
or there is an x € S such that e = x&. If e = &, we may write e = x{ with x = & = ¢,
so that in both cases we may write e = x¢. Analogously, since 7 € R, we have
{17, nS} = eS and again there is an y € S such that e = ny. Note further that ¢ e
€ I c Se implies e = ¢ and 7 € R® implies en = 7.

Now, we have successively: né = (en) (£e) = e(né) e = (x&) (n&) (ny) = x(én)* y =
=x(&n)y=xEMmy)=c.e=c

b) Consider the mapping ¢ : eSe — ¢’'Se’ defined by x - &xn for x € eSe.

@) pe) = Cen = &n = ¢

B) Note that €'¢ = (&n) & = &(né) = &e = & and ne’ = n(n) = (&) n = en = 1.
Hence ¢(x) = &xn = e'Exne’ < €'Se’.

Y) ¢ is a mapping of eSe onto ¢'Se’. Indeed, let z = ¢'ze’ be any element € e'Se’.
Consider the element x, = nz¢ = enzée e eSe. Then ¢(x,) = &(nz&) n = (&n) z(&n) =
= e'ze = z.

3) ¢ is a homomorphism since for any u, ve eSe we have ¢(u). @(v) = un.
. Eon = Euevn = Euvn = @(uv).

¢) Finally, ¢ is one-to-one since @(u) = ¢(v), i.e. Eun = Evn, implies successively
néuné = névné, eue = eve, u = v. This proves Lemma 3,1.

Lemma 3,2. Let S be a semigroup, e an idempotent. Then the complement of 1©
in Se, i.e. the set K{? = Se — I‘°) is either empty or a left ideal of S.

Proof. Suppose that K{” is non-empty and y € K{? < Se. Then {y, Sy} = Se.
It is sufficient to prove that Sy n [ = (. Suppose for an indirect proof that there
is an element z e Sy and z e L. The first inclusion implies Sz = Sy, the other
one {z, Sz} = Se. Hence Se = {z, Sz} = Sy. This together with Sy < Se implies
Se = Sy and Se = {y, Sy}. This is equivalent to y € I{?), contrary to the assumption.

Lemma 3,3. Let S be a O-simple semigroup and e a fixed chosen non-zero idem-
potent € S. Then for any non-zero idempotent ¢’ € S we have ¢'Se n 1 =+ 0.
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Proof. Suppose for an indirect proof that there is an idempotent ¢” # 0 such that
e'SenI¥ =0, i.e. ¢"Se = K{”. By Lemma 3,2 Se’Se = SK{® = K{? # Se. On
the other hand (since S is simple), Se”Se = (Se”S)e = Se. This is an obvious
contradiction.

Let now S be a 0-simple C-semigroup. Let E = {ez, e, } be the set of all cat.
upits € S and 4 = {a, B, ...}.

By Theorem 2,2, e,Se, is a 0-simple semigroup containing an identity element and
the zero is externally adjoined. By Lemma 3,1, for any idempotent e’ e L(¢=)R(=
(independently of whether ¢’ is a cat. unit or not) ¢'Se’ is isomorphic with e,Se,.

Denote I  e,Se, = P,,, so that [ = {J P,,. Denote analogously R“” n

veAd
N e,Se; = Q,5, so that R = |J Q,;. We have
deA
=0 if B4y,
P«BQM{C ezsea if ﬁ =7.

Finally, the 9-class containing e, can be written in the form
D = [OR) =[P, U Pl UP,U.. [0 Oy Qyyu...].

Remark 1. Lemma 3,3 when applied to the case of a 0-simple C-semigroup and cat.
units says that 1{* is scattered through all e,Se, (y € A). The whole semigroup e,Se,
need not belong to L*”. Further, P,, is a semigroup. Indeed, if a, b € L'  ¢,Se,,
we have Sa = Sb = Se,, hence Sab = (Sa)b = (Se,) b = S(e,b) = Sb = Se,;
since further ab € ¢,Se,, we have ab € P,,. The situation can be visualised by the
following figure: :

Se,
e Se P
a a aa
(e,)
eﬂSea ;,3“ L
eySe‘z /?a
i
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Remark 2. Though I{e jtself need not be a semigroup we show that L{e=) {0}
is a semigroup. Clearly [p‘m]2 = 0 for B # a. Further,

[L(ea)]z = (PaaUPﬂaU "')(PaaUPﬂaU"‘) =
= (P UPpU...) P, u{0}.

For any f we have PP, c Py, but since e, € P,,, we have Py,P,, = Pg,. Therefore
[L(ea)]z = Jle=) U {0}

Lemma 3,4. P, is exactly the %-class of the O-simple semigroup e,Se, con-
taining e,. Qu, is exactly the R-class of the 0-simple semigroup e,Se, containing
e,

Proof. Denote the #-class of e,Se, containing e; by L1¢=). For any x € P,, we have
Sx = Se,, hence ¢,Sx = e,Se, and (since x = xe, = ¢,x) (¢,Se,) x = e,Se,. Hence
xe[§” and P,, = 1.

Let on the other hand y be any element € I§* < e,Se,, i.e. (e,Se,) y = e,Se,.
Multiplying by S from the left we have (Se,S) e,y = Se,Se,, i.e. Se,y = Se,, Sy =
= Se,, hence y € [V and y € ' n ¢,Se, = P, i.e. I < P,,. Therefore P,, =
= L(ga)_

The second statement can be proved analogously.

Suppose now that S is a 0-bisimple semigroup. Then D= = I!*)R* is a bisimple
subsemigroup of S and S = D'~ U {0}. Further,

S—0=ILR* = U eSe; — {0} =[P, uPsu..][0Quu Quu...].
eqsegeE
Since none of the products P;,Q,. wit the exception of P,,Q,, is contained in e,Se,,
we conclude that P,,Q,, = ¢,Se, — {0}, i.e. ¢,Se, — {0} = L§”R§. Hence e,Se, —
“— {0} is a bisimple semigroup.

We have proved

Theorem 3,1. Let S be a 0-bisimple C-semigroup. Then for any cat. unit e, € E
the subsemigroup e,Se, — {0} is a bisimple semigroup with a unit element. All
such subsemigroups are isomorphic to one another.

Remark. It follows from Lemma 3,1 that even for any idempotent e € ¢,Se, — {0}
the subsemigroup eSe — {0} is isomorphic with e,Se, — {0}.

Now in the bisimple case Lemma 3,1 says that for any e, € E there are elements
u, € Se,, v, € ¢,S such that v,u, = e,. Hence the suppositions of Theorem 2,7 are
satisfied and Tj, is a bisimple semigroup with an identity element.

We finally obtain
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Theorem 3,2. Let T be a bisimple semigroup with an identity element. Let A =
= {a, B, ...} be an index set. Consider the set S consisting of an element 0 and
all triples {(t, o, )}, te T, a, p € A. Define

70 if B+,
N(tyty, 0, 8) if B=1,

the element O having the usual properties of a zero element. Then S is a 0-bisimple
C-semigroup. Conversely, every O-bisimple C-semigroup is obtained (up to an
isomorphism) in this manner by choosing suitably the bisimple semigroup T with
an identity element and an index set A.

(t, @ B) (12,9, 8) =

4. MAXIMAL ONE-SIDED IDEALS

We shall now study the existence of maximal left (right) ideals.

Let us first recall that the set {L} of all #-classes can be partially ordered by
defining I < [ iff (b, Sb) < (a, Sa). It is clear what we shall mean by a maximal
P-class in this ordering. The ordering of Z%-classes and .#-classes is defined analo-
gously. In particular, in a C-semigroup we have I® < @ iff ShS < SaS.

Theorem 4,1. Any C-semigroup contains maximal left and maximal right ideals.

Proof. Let e, € E. Consider the urﬁon L, of all left ideals of S which do not con-
tain e,. If card E > 2, then L, contains {USe | e€ E, e + ¢,} (but L, may be larger).

We state that L, is a maximal left ideal of S. If L, is a left ideal of S which is larger
than L,, then L, contains e,, hence it contains Se, and, in the case card E = 2, we
have L, = {USe|eec E} = S. If card E = 1, we have L, o Se, = S, hence L, = S.

This proves Theorem 4,1 for left ideals. The existence of maximal right ideals is
proved analogously.

To describe more precisely the set of all maximal left ideals and maximal #-classes
we need the following

Lemma 4,1. A left ideal Lof a semigroup S is a maximal left ideal of S iff S — L
is a maximal ¥-class.

Remark. Generalizations of Lemma 4,1 to unary algebras can be found in the
paper [15].

Proof. a) If Lis a maximal left ideal of S, card (S — L) =2 and x,ye S — L,
x = y, then the left ideals LU {x, Sx} and {y, Sy} U L are larger than L, hence
Lu {x,Sx} = S = Lu {y, Sy}. This implies y € Sx, x € Sy, whence Sx = Sy and
{x, Sx} = {y, Sy}. Hence all elements € S — Lbelong to the same #-class, say L.
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The set I¥ cannot meet L, since z € [*) n L would imply {z, Sz} = {x, Sx} and
{z, Sz} < L, hence {x, Sx} = L, contrary to the assumption that x ¢ L. We have
proved that S — Lis an #-class. The same argument can be applied in the case when
card (S — L) = 1, ie. I = {x}.

To prove that I¥ = § — Lis a maximal Z-class, suppose for an indirect proof
that there is z € S such that {z, Sz} 2 {x, Sx}. Then z ¢ [, hence z € L and
{x, Sx} § (z, Sz) = L. This implies x e L, a contradiction with the assumption.

b) Let conversely [ be a maximal #-class. We first show that S — [ is a left
ideal of S. Let ye S — [¥. It is sufficient to show that Sy = S — I, Suppose for
an indirect proof that this is not the case, i.e. there is an element z € Sy N . Then
we have Sz < Sy and (since zeL¥) {z, Sz} = {x, Sx}. Therefore {x, Sx} =
= {z, Sz} = {y, Sy}. Since I is maximal this implies {x, Sx} = {y, Sy} and
y € I, contrary to our assumption.

To prove that S — I is a maximal left ideal take any t € ). Then (S — [¥) U
U {t, St} is aleft ideal of S. Since {t, St} = {u, Su} for any u € '), we have {t, St} =
= U {u, Su} o I®. Hence (S — ') U {t, St} = S. This completes the proof of

ueL(x)
Lemma 4,1.

Theorem 4,2. Let e, be a cat. unit of a C-semigroup. Then the %-class L*? s
maximal Z-class of S. Conversely, every maximal #-class of S is of the form [(¢®
with a suitably chosen e; € E.

Proof. a) By definition L” = {a|Sa = Se,}. Suppose that there is b € S such
that L 5 L, ie. Se, & Sb. There is a cat. unit ¢, such that b = be,. We have
Sb = She; = Sey, hence 0 + Se, S Se,. This is a contradiction to Lemma 1,2,

b) Let L be a maximal -class of S. Writing again b = be, with e, € E we have
Sbh = Sbe; < Sey, or otherwise I < 1°®_ Since I¥) is a maximal #-class, we have
I® = 1" which proves our statement.

Lemma 4,2. The (maximal) -class [ contains a unique idempotent (name-
Iy e,).

Proof. Suppose that e is an idempotent contained in L. Then, since Se, = Se, e is
a right identity for all x € Se,. In particular e,e = e, + 0. Since ¢, is a cat. unit we
have either e,e = e or e,e = 0. Hence ¢, = e.

Clearly L*” < Se, so that we can write Se, = [ U K= with [ n K{= = ¢,
The set K{* is a left ideal of S, since K{*> = Se, N L. (Tt may occur that K(e"‘) =0)

Theorem 4,3. Any maximal left ideal of a C-semigroup can be written in the form
L,=[ U Sey] UK, where the left ideal K{* is the complement of L=

egeE,eg¥e,
in Se,.

327



It should be emphasized that K{*> may contain a number of idempotents none of
them being, of course, a cat. unit.

So far we have identified all maximal #-classes. Analogously, all maximal -
classes are of the form R, where e, runs through all elements € E.

It will turn out that the same problem concerning maximal .#-classes and maximal
two-sided ideals is much more complicated. To explain where the difficulties arise,
let us consider — just for a while — the case that S is a finite C-semigroup in which
case the D-classes and F-classes coincide. Then the product of a maximal #-class I{¢)
and a maximal #-class R** is the #-class [*?R°=), One may suspect that 1¢=)R()
is a maximal J#-class. Example 5,1 below shows that this need not be true.

Example 4,1. In Example 1,1 every cat. unit (i, i) is a maximal Z-class. All
maximal left ideals are of the form L, = S — {(i, i)}. Incidentally, these are at the
same time maximal right and maximal two-sided ideals.

Example 4,2. To have a quite different example (and for further purposes), con-
sider the bicyclic semigroup B with an identity 1, i.e. the semigroup generated by
two symbols p, g subject to the single generating relation pg = 1. Adjoin to B
a zero 0. Then S = B U {0} is a C-semigroup. The identity 1 is the unique cat. unit
of S. The #-class containing 1 is LV = {1, ¢, ¢?, ...}, the unique maximal #-class.
Analogously R = {1, p, p?, ...} is the unique maximal %-class. Further L, =
=S — IV and R; = S — R, are maximal left and right ideals of S respectively.
Note that in this case L'’R™") = B and the maximal two-sided ideal of S is {0}.

5. MAXIMAL TWO-SIDED IDEALS

We shall now study maximal two-sided ideals and maximal f-classes of a C-
semigroup.

The following general statement can be proved by an analogous argument as
Lemma 4,1.

Lemma 5,1. A two-sided ideal M of a semigroup S is a maximal two-sided ideal
of Siff S — M is a maximal F-class.

The existence of maximal two-sided ideals in a C-semigroup cannot be proved
in the same way as Theorem 4,1 since the following statement holds:

Theorem 5,1. There exist C-semigroups without maximal two-sided ideals.

We postpone giving an example which proves this statement after we shall have
proved Lemma 5,2.

Even in the finite case, an “‘undesired” situation may arise. It is natural to try to
find maximal two-sided ideals by examining the largest two-sided ideal which does
not contain a given cat. unit e,. Such an ideal always exists but need not be a maximal
ideal of S.
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Example 5,1. Consider the semigroup S = {0, €, €5, U, D, e} with the following
multiplication table:

‘ e, eg u v e
e, | e, 0 0 v e
eg ’[ 0 e u 0 O
u l u 0 0 e u
v ’ 0 v e 0 O
e | e 0 0 v e

This is a C-semigroup with two cat. units e,. e;. We have
Se, = {0, e, u, e}, [0 ={e,},
Sey = {0, e, v}, L9 = {eg v},
&S =1{0,¢e,v,e}, R ={e},
e;S ={0,e5,u}, R“ ={esu}.
The maximal left and right ideals of S are
L, =1{0,e5u,v,e}, L, ={0,e,u,e},
R,=1{0,e5u,v,e}, Ry =1{0,¢,v,e}.

There is a unique maximal two-sided ideal M, = R, = L, = {0, eg, U, v, e}. This is
the largest two-sided ideal of S which does not contain e,. The largest two-sided
ideal of S which does not contain e, is {0} and this is, of course, not a maximal two-
-sided ideal of S. [Otherwise expressed: The largest two-sided ideal of S contained
in the maximal left ideal L, is {0}.]

In this example we have three .#-classes:
Je) = [leIplea) — {ez} , Je8) — [les)ples) — {eﬂ’ v, u, e} , 19 = {0} ,

and I §1“? < I, The “undesired” situation is due to the fact that Se,S G
< Se,S though e, is a cat. unit. Note also that the product of the maximal £-class (5
and the maximal %-class R®? is not a maximal #-class.

In what follows, when speaking about maximal #-classes we shall suppose, of
course, that a maximal #-class exists.

It should be remarked in advance: If M is a maximal two-sided ideal of a C-semi-
group, M cannot contain all elements € E, since this would imply M > SM o SE =
= §,i.e. M = S. There exists therefore at least one e, € E such that M does not con-
tain e,. In this case we have M = L, n R,, where L,(R,) is the maximal left (right)
ideal of S which does not contain e,. There may exist several maximal left (right)
ideals containing M. On the other hand, if a maximal left ideal L, of S contains
a maximal two-sided ideal M of S, then M is uniquely determined.
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Lemma 5,2. Any maximal #-class of a C-semigroup contains at least one cat.
unit.

Proof. Let I be a maximal f-class. Since a = a . e/ a), we have SaS =
= Sa . e/ a) S = Se(a) S. Hence, with respect to the maximality of 1@
SaS = Se/(a) S, i.e. e(a) e I®.

we have

>

Lemma 53. Any two different maximal F-classes of a C-semigroup satisfy
1@.1® = o.

Proof. Any x € I” can be written in the form x = xe(x), e,(x) € E and by the
same argument as in the foregoing Lemma, e(x)eI®. Analogously, any y e I®
can be written in the form y = ¢(y).y with e(y)e E n I®. Since I A [® = 0,
we have e/(x) # ¢,(y), hence xy = x e/(x) . ¢(y) y = 0.

We now give an example of a C-semigroup without maximal two-sided ideals.

Example 5,2. Let S be the set consisting of a zero {z} and all » x s matrices 4,
r,s running independently through the set N = {1,2,3,...}, the entries of A,
being non-negative integers.

We define A4, . A, to be zif s + ¢, and to be the ordinary matrix product if s = t.

It is immediately seen that S is a C-semigroup and the cat. units of S are the
n x n unit matrices U, (n = 1,2, 3, ...). [To avoid misunderstanding let us note
explicitly that any rectangular zero matrix is merely an element € S and not z.]

We first show that U, is not contained in the two-sided ideal generated by U,,
i.e. in SU,S.

Suppose for an indirect proof that U,,; is contained in SU,S. Then there exist
two matrices A+, = (ay) and B,,., = (b;) such that A, ,B,,+1 = Unss-
Consider the product

C = A"+],”B"’"+1 e (T T I Y
an+1,1""’an+1,n bnl.’ SRS bn,n+1,
The elements in the diagonal of C are
cii=zaijbji’ i=1,2,...,n+1.

j=1

If C were the unit matrix U, , then for any i there would exist exactly one summand
in ¢;; equal to 1 (while the others are zeros). Hence there exist integers ji, jz» -+ Jo+1
such that

ay,bj =1, ay,bj,=1,.., AnitjnerDjueimer = 1
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Now since {jy, jz, ..rjns1} < {1, 2. ..., n} there exist at least two integers k + I
such that j, = j,. The equalities a, ;bj x = 1 and a;bj, =1 imply a; =
= b; x = a,;, = b;,, = 1. But then the element ¢ in the matrix C is

n
= Zla,“buk =..+a,bx+...=...+a;bii+...21.
u
In other words: If the product C contains one’s along the whole main diagonal,
then C contains necessarily at least one non-zero element outside of the main diagonal.
Hence there cannot exist A, 41 »» B, n+1 such that C = U, ;. The cat. unit U, ., is
not contained in SU,,S.
We next show, on the other hand, that U,_, € SU,S. Consider to this end the fol-
lowing (n — 1) x n matrix 4 and the n x (n — 1) matrix B:

1,0, ...,0,0 1,0, ..., 0
A___O,l,...,O,O’ B - 0,1,...,0
0,0,..1,0 0,0 ...,0

We then have: AU,B = AB=U,_;.

Hence we have an increasing sequence of two-sided ideals

L]

SU,S « SU,S < ... ¢ SU,S < SU,,,S < ..

where all inclusions are proper. The #-class containing U, (for any n) cannot be
maximal. This proves the statement of Theorem 5,1.

Theorem 5,2. Let S be a C-semigroup. An F-class which is not maximal and
contains idempotents, contains at least one idempotent which is not a cat. unit of S.

Proof. Let I® be an .£-class which is not maximal and contains idempotents.
If none of the idempotents € I is a cat. unit there is nothing to prove. Let e, be a cat.
unit contained in I® = I¢#. Since I*®?’ is not maximal, there is an #-class I Z (8
i.e. SegS ¢ SaS. Write a in the form a = ae,, e, € E. Then Se;S § SaS = Sae,S <
< Se,S. Hence e, € Se, S and e, + ep.

There exist therefore'two elements u, ve S such that e; = ue,v. We have u =
= ue, = egu, v = e,v = veg and e; = uv. Denote e, = vu. Then e, is an idempotent
since €2 = v(uv) u = veju = vu = e,

Now e; = uv = u(vu) v = ue,v implies Se;S = Se,S and e, = vu = v(uv) u =
= vegu implies Se,S < Se;S. Hence Se;S = Se,S and 1» = [, (This proves
also that e, # 0.)

Further, e, = eu = vu = e, and e, = vue, = vu = e,. Since 1 % [,
we have e, + e, and the equality e,e, = e,e, = e, shows that e, is not a cat. unit
of S. This proves Theorem 5,2.
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Example 5,3. In Example 5,1 we have ¥ § I < I, The class I*?’ contains
the cat. unit e;. Since it is not maximal, it contains an idempotent which is not a cat.
unit, namely the idempotent e.

Theorem 5,2 immediately implies

Theorem 5,3. Let S be a C-semigroup and I an F-class containing idempotents.
If each of these idempotents is a cat. unit of S, then I is a maximal F-class of S.

Remark. The converse need not hold. This can be seen from Example 4,2. Here B
is the unique maximal #-class of S. It contains the cat. unit 1 but also an infinite
sequence of idempotents {qp, g°p?, ¢°p>, ...}.

6. THEOREMS ON THE FACTOR SEMIGROUP S/M

Let S be a C-semigroup and M a maximal two-sided ideal of S. Then S/M is
a 0-simple semigroup. We shal study conditions under which S/M is a C-semigroup.

Theorem 2,3a implies

Theorem 6,1. Let S be a C-semigroup and M, = S — 1°“a maximal two-sided
ideal of S. Then S|M, is a completely O-simple C-semigroup iff all idempotents e 1=
are cat. units. )

This Theorem will be strengthened in Theorem 6,2.

In order to find some relations between I and the ideal M, = § — I we
introduce in accordance with [5] and [6] the following general notion.

Definition. Let S be a semigroup with zero and M a two-sided ideal of S. The
ideal M is called O-isolated if for any a, be S — M, ab € M implies ab = 0.

Lemma 6,1. Let S be a C-semigroup and M a two-sided ideal of S. The factor
semigroup S/M is a C-semigroup iff M is O-isolated.

Proof. Denote S — M = K. Adjoin to K a zero element 0 and denote K =
= K u {0}. Then K (with the obvious multiplication) is isomorphic to S/M.

a) Suppose that S/M is a C-semigroup. Take two elements ¢ € K, d € K such that
cd € M. Suppose for an indirect proof that ¢cd =+ 0. Since S is a C-semigroup, there is
an e, € E such that ce, = c. [Here e, € K, since ¢, € M would imply ¢ € M.] Since
cd = ce,d £ 0, we also have e, d =+ 0, therefore e,d = d. Hence K contains three
elements ¢, d, e, such that ce,d = 0, while ce, + 0 and e,d + 0. Hence K is not
categorical at 0 so that S/M is not a C-semigroup. We have therefore cd = 0 for any
pair ¢, d € K such that cd € M. This means that M is O-isolated.
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b) Let conversely S be a C-semigroup and M a O-isolated two-sided ideal of S.
Then S/M ~ K = K U {0} is a semigroup in which the first condition of Definition
0,1 is satisfied. [Indeed, if ce K and ce, = ¢, e;c = ¢, e,, e, € E, the cat. units ¢, ¢,
are contained in K.] We next prove that K is categorical at 0. This means: We shall
prove that if a, b, c € K and abc € M then either ab e M or bc € M. Suppose for an
indirect proof that abe S — M and bce S — M. Since bce S — M, we have c ¢ M,
hence ¢ € S — M. Now since M is 0-isolated, abe S — M,ce S — M and (ab) ce M
imply abc = 0. Since S is a C-semigroup this implies either ab = 0 or hc = 0, hence
either ab € M or bc € M, a contradiction to the supposition. This completes the proof
of Lemma 6,1. l

We now apply the last lemma to the case when M is a maximal two-sided ideal
of a C-semigroup such that all idempotents € S — M are cat. units of S. By Theorem
2,4a the O-simple semigroup S/M is a completely O-simple C-semigroup. By Lemma
6,1 M is O-isolated. This implies

Theorem 6,2. Let S be a C-semigroup and I°® a maximal F-class of S in which
all idempotents are cat. units of S. Then I U {0} is both a subsemigroup of S
and a O-simple inverse semigroup. Moreover, M, = S — 1 is a (maximal)
two-sided ideal of S which is 0-isolated.

The suppositions of Theorem 6,2 are, in particular, satisfied if I‘*= is any maximal
F-class of any finite C-semigroup.

Note that in this case all idempotents in any maximal #-class are automatically
cat. units. We have therefore the following special result:

Theorem 6,3. Let S be a finite C-semigroup and 1 a maximal S-class of S.
Then 12 U {0} is a completely O-simple C-semigroup (i.e. a O-simple inverse
semigroup).

The following pertinent question arises. Let S be a C-semigroup and I¢*=) a maximal
F-class in which not all idempotents are cat. units of S. Denote again M, = S — 1.
Then S/M, is a O-simple semigroup containing cat. units. In contradistinction to
Theorem 6,2 it is “in general” not true that M, is O-isolated (hence S/M, a C-semi-
group).

To show this we reproduce here a slightly modified example due to MuNN which
was mentioned above.

Example 6,1. Let X be the set of all positive integers, Ty the full transformation
semigroup on X and ¢ the identical mapping. If « € Ty we call card Xa the rank of a.
The set of all elements o € Ty with a finite rank is the maximal two-sided ideal of M.
The factor semigroup Ty/M is a O-simple semigroup.

Now adjoin to Ty a zero element 0. Then Ty = Ty U {0} is a C-semigroup with
the identity element & (and no other cat. idempotent). M® = M v {0} is the maximal
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two-sided ideal of Ty and S = T}/M° is a O-simple semigroup containing &. To show
that S is not a C-semigroup it is sufficient to show that there are two elements o,
such that aef € M while & = ag ¢ M and B = ¢f ¢ M. Define «, f as follows:

o = A if n isodd, = 2 if n isodd,
T 11 if n iseven. "= if n iseven.

Then nap = 2 for any n € X, hence aff € M, while a ¢ M, p¢ M. (Hence M° is not
O-isolated.)

Remark. In the semigroup Ty we have # = 2. Hence Example 6,1 shows that
even if ¢ is a D-class, S — I®= need not be 0-isolated.

We can slightly modify the general result of Lemma 6,1 in the following way.
If xelI®), yel®), then SxS = SyS = Se,S. Hence xy € SxyS < SxS = Se,S.
Denote M, N Se,S = M®. Then M® is a two-sided ideal of S and the largest two-
sided ideal of S contained in Se,S which does not contain e,. Hereby Se,S = I U
U M®. Hence we have

Theorem 6,4. 1° L {0} is a C-semigroup iff the largest two-sided ideal of S
which is properly contained in Se,S is 0-isolated in Se,S.

Remark. If S is a C-semigroup and I a maximal #-class, then the maximal ideal
M = S — I need not be itself a C-semigroup. This is shown by the following example.

Example 6,2. Consider the semigroup S = {e,, e v, e, 0} with the multiplication
table

| e, e v e
e, t e, 0 v e
e | 0 ¢ 00
v 0 » 00
’ e 0 v e

This is a C-semigroup in which {e,}, {€;} are maximal S-classes. M, = S — {¢,} is
a maximal ideal which is itself a C-semigroup, while M, = S — {e;} is a maximal
two-sided ideal which is itself not a C-semigroup. The reason for this is easily to be
understood by an inspection of the corresponding graph. [Note that e which is not
a cat. unit of S is a cat. unit of M,.]

Let now S be a C-semigroup containing at least one maximal two-sided ideal.
Let {M,| A€ H} be the set of all maximal two-sided ideals of S. Denote I¥ =

= S — M, and M* = ()} M, (the intersection of all maximal two-sided ideals of S).
AeH

Then S can be written in the form of a union of disjoint subsets:

@ S =[UIP]um*.

AeH
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By Lemma 5,3, if card H > 2, we have IV . I% = 0 for A # p. [This is, of course,
not sufficient to assert that M* is O-isolated, since a € IV, b e I®, ab e M* do not
necessarily imply ab = 0.] In any case S/M* is a O-direct union of 0-simple semi-
groups each of which contains at least one cat. unit.

If every maximal two-sided ideal is O-isolated, then so is M*. To prove this, suppose
that a, be S — M* and ab € M*. We have to show that ab = 0. If ae I'P, b e I®
and A * p we have ab = 0 (independently of whether M, M, are O-isolated or not).
Suppose next A = pu, hence a,be S — M,. Since abe M* =« M, and M, is 0O-iso-
lated, we have ab = 0.

Conversely, suppose that M* is O-isolated. Let a,belI® and abe S — IV,
Then ab cannot be contained in a I, u # A. Indeed, ab € I would imply the
existence of ‘a cat. unit e, € 1% such that abe, = ab. Further, since b = be, with
some ¢, € I'", we have abe,e, = abe,, i.e. ab = 0¢I1®, a contradiction. Hence
acl® bel® and abe S — I® imply ab e M*. Since M* is O-isolated, we have
ab =0. Hence M, = S — I™® is O-isolated. Summarizing: M* is O-isolated iff
each M, is O-isolated.

Applying the foregoing results we derive

Theorem 6,5. Let S be a C-semigroup containing maximal two-sided ideals.
Then S/M* is a 0-direct union of 0-simple C-semigroups iff M* is O-isolated.

Remark. If S is a finite C-semigroup, then M* is O-isolated. Write P®W = ‘D u {0}

and T = |J P). We then have a decomposition of S into two quasidisjoint sub-
AeH )

semigroups: § = T M*. Here “in general” the union need not be 0-direct (see the
Remark after Theorem 6,8 below) while T'is either a completely 0-simple C-semigroup
or a 0-direct union of completely O-simple C-semigroups.

As a special case of Theorem 6,5 we have

Theorem 6,6. Let S be a finite C-semigroup. Then S|M* is a O-direct union of
0-simple inverse semigroups.

Now M* may contain cat. units of S. We shall find conditions under which this
cannot occur.

Definition. We shall say that a C-semigroup S satisfies Condition A if every
maximal left ideal of S contains a maximal two-sided ideal of S.

Example 5,1 shows that this condition need not be satisfied even in the finite case.

Proposition 6,1. A C-semigroup satisfies Condition A iff every S-class containing
a cat. unit is a maximal F-class.
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Proof. a) Suppose that Condition A is satisfied. Let e, be any element € E. We
have to show that I is a maximal #-class. We know (see Theorem 4,1) that there
is a maximal left ideal L, which does not contain e, By the supposition there is
a maximal two-sided ideal M, of S such that M, < L,. Since S — M, is a maximal
F-class and e, € S — M, I is a maximal J-class.

b) Suppose conversely that every f-class containing a cat. unit is a maximal
J-class. Let L, be the maximal left ideal which does not contain e,. Since I is
maximal, M, = S — I is a maximal two-sided ideal of S (which does not con-
tain e,). Since M, is also a left ideal, we have M, < L, which completes the proof of
our statement.

Proposition 6,2. A C-semigroup satisfies Condition A iff for any pair of cat.
units e,, ey we have: e; € Se,S implies SeyS = Se,S.

Proof. a) Suppose that e; € Se,S implies Se,S = Se,S. Let L, be the maximal left
ideal of S which does not contain e,. Let further M, be the largest two-sided ideal
of S which does not contain e, Clearly M, = L,. Let ae€ S — M,. Then SaS is
a two-sided ideal containing a, hence M, U SaS is larger than M, so that e, € M, U
v SaS. It follows e, e SaS, whence Se,S = SaS. On the other hand, since S is
a C-semigroup, there is a cat. unit e, such that a = ae,, hence Se,S < SaS =
= Sae,S < Se,S. By the supposition Se,S = Se,S. Hence Se,S = SaS. We have
proved: For every ae S — M, we have I = [‘*2, Hence S = M, U I, so that M,
is a maximal two-sided ideal of S (contained in L,).

b) Suppose that there is a couple of cat. units e,, ; such that e; e Se,S and
Se;S § Se,S. The maximal left ideal L, cannot contain a maximal two-sided ideal M,
of S, since then I®® would be a maximal £-class, a contradiction to the fact that
I < [¢=) The proof of Proposition 6,2 is complete.

Theorem 6,7. Let S be a C-semigroup containing at least one maximal two-sided
ideal. Then M* does not contain a cat. unit of S iff S satisfies Condition A.

Proof. a) Suppose that Condition A is satisfied and suppose for an indirect proof
that M* contains a cat. unit e*. By Theorem 4,1 there is a maximal left ideal L,
which does not contain e*. The maximal two-sided ideal M, contained in L, (which
exists by the supposition) does not contain e*. This is an apparent contradiction,
since M* is the intersection of all maximal two-sided ideals.

b) Suppose that M* does not contain a cat. unit. It follows from the decomposition
S = [ UI®Y] U M* that every J-class containing a cat. unit is a maximal J-class.

eqed

By Proposition 6,1 S satisfies Condition A.
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We have seen above that a C-semigroup containing maximal two-sided ideals can
be written in the form

(3) S=[UI?P]uM*.
ieH
Suppose now that S satisfies Condition A. Then we always have M* . [ JI*] =
AeH
= M*. Indeed, to any a € M* there is a cat. unit e, € S such that ae, = a. Since M*
does not have cat. units, we have e, € S — M*. Therefore the decomposition (3) is
not O-direct unless M* = 0. In this last case M* is, of course, 0-isolated and each

I® U {0} is a 0-simple C-semigroup. We have proved

Theorem 6,8. Let S be a C-semigroup satisfying Condition A. Then S is a O-direct
union of 0-simple C-semigroups iff M* = 0.

Remark. It may occur (independently of whether S satisfies Condition A or not)

that in the decomposition S = [ U P¥] U M* all summands are 0-simple C-semi-
AeH

groups. But even in such a decomposition the union need not be 0O-direct. Consider,
e.g., Example 5,1. Here M* = {e;, v, u, e, 0}. Denote P = )y {0} = {0, ¢,}.
Then S = P®) U M* is a decomposition into quasidisjoint completely O-simple
C-semigroups, but this decomposition is not O-direct, since P~ . M* = {0, v, e} # 0,
M*P=) = {0, u, e} + 0. Note that e, which is not a cat. unit of S, is a cat. unit
of M*. Note also that in this example Condition A is not satisfied. We have P M* +
#+ 0, but not P . M* = M*,
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