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ON THE LATTICES OF KERNELS OF ISOTONIC
MAPPINGS II*)

Teo STUrM, Praha

(Received May 28, 1975)

The present paper is a continuation of the papers [5—8]; it is particulary in a direct
connection to the paper [5]. Given a mapping f:X — Y; then the equivalence
S~ is called the kernel of f. If A is a set with a partial ordering u, then F(A; u)
denotes the set of all kernels of isotonic mappings, the domains of which are u-
ordered subsets in A. G(4; u) is the set of all kernels of isotonic mappings with u-
ordered domain A. In the first part we investigate interrelations between the complete
lattices (F(4; u); =) and (G(4; u); ). Particulary, we show that (F(4; u); <) is
determined by its principal filter G(4;u) (sections 8 and 10). Furthermore, the
relationship between posets (4; u) and (B; v), which is logically equivalent to the
isomorphism of the lattices (F(4; u); <) and (F(B; v); <) is characterized (section
22). In the second part compact elements in (G(4; u); <) and in (F(B; v); <) are
characterized (sections 28 and 32). It follows from this characterization that the
lattices (G(A4; u); <) and (F(4; u); <) are algebraic (sections 30 and 33). Let o€
€ G(4; u), let », ) be the principal ideal in (G(4; u); <) determined by the element &
and let 4, be the set of all dual atoms in (), 6); <). In the third part a certain
Galois’ correspondence between (), p); <) and (exp 4,; <) is investigated (sections
41 and 44) and particulary, all elements of ), 6) are proved to be closed in this
correspondence. Finally, for ¢,0 € G(A; u), @ S o the interval {g, ¢), ordered by
inclusion, is proved to be reducible into a complete direct product of some complete
lattices (G(X; u;); <), i €I (section 51).

I am sincerely grateful to my teacher, Professor MIROSLAV NovoTNY, for his
numerous advices, which have profoundly influenced my work, as well as for his
friendly encouragement.

*) This paper has originated at the seminar Mathematical Foundations of Quantum Theories,
directed by Professor Jiki FABERA.
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INTRODUCTORY REMARKS. ON CERTAIN RELATIONS
BETWEEN THE LATTICES (F(4; u); &), (G(4; u); <)
AND THE POSET (4; u)

1. A short account of symbols and terminology. This paper is a direct continuation
of the paper [5], from which we take the symbols and terminology. In [6], [7] and
[8], some modifications of this terminology have been made. We shall recall these
modifications as well as some frequent symbols (see [5], section 1).

(x, y) denotes an ordered pair of elements x, y. If X is a set and t is a relation
(= binary relation), then (X, ) denotes the relational structure with X as the under-
lying set, on which the considered relation is T N (X x X). The standard notation
for the system of all subsets of X is exp X.The composition of relations g, o is denoted
by go. For any set X we put X? =p; X x X (careful!, this symbol has nothing to do
with 6 = oo for a relation o). Let us define

D(X) =Df{a|0 = Xzs ol = g, 0'2 = 6} 5
E(X) =p{o| e D(X), idy < o} ,

UX) =pe{u|u<sX’, unut =idy, u*> < u};
the elements of D(X) are called equivalences in X, the elements of E(X) are called
equivalences on X, and the elements of %(X) are called partial orderings on X.
If X + 0 and ¢ € E(X), then X/g is the quotient set of X factorized by ; for o € D(X)
and ¢ + 0 put X/o =p; dom o/s; let us define X/0 =, {0}. If X is an arbitrary set

and 7 is an arbitrary equivalence, then we define X/t =p X/(t 0 X?) (itistn X’ €
e D(X)).

For u € %(X) and ¢ € D(X) let us define
Us; =pr U a(uo)" > Oy =pDf ua N (ua)_l 5
n=0

for Y,ZeX|[o put (Y, Z) € uy,, iff either Y=Z =0 or Y + 0 # Z and, for every
yeYand zeZ, (y,z)eu,; for U, Veexp X put (U, V)€u iff either U=V =0
or there exist y € U, z € V with (y, z) € u; finally, we define

Uy/q =m§ (0 (X/a)z)n )

(According to [5], section 17 it is uy;, — uyx/,, and therefore we furthere use only
symbol uy,,.) We put

F(X;u) =p {0 | ee D(X), 0. < o} G(X; u) =p F(X; u) N E(X).

259



The notation for intervals in a poset (X; ) can be found in [7], section 1. E.g. given
a,beX
{a,by =pc{x|x€eX, (a,x)eu, (x,b)eu},

{a,b{ =pc{x|xeX, (a,x)eu, (x,b)eu — idy},
Y ay =p{x|xeX, (x,a)eu},

and so on. For a, b e X in (X; u) we define
[a, b] =p¢<a, by v {(b,a) L {a, b} .

If we want to stress that (a, b) or [a, b] are considered in (X; u), we write: {a,b) ..,
[a, b](x;wy and so on. The relation of covering in (X;u) is denoted by —((x.,, or, °
shorter, by —(; thus x —(y,,y ¥ iff card <{x, y>x.,) = 2. For Yeexp X in a poset
(X; u) we define

ku(Y) =pf U{[x, J’](x;u) | X, Y€ Y} s

k,(Y) is the u-convex cover of the subset Y (in X). An equivalence ¢ in X is called
u-convex (in X) if and only if all Ye X/o are u-convex subsets in dom o. The symbol
K(X; u) denotes the set of all u-convex equivalences in X and further we define
K(X; u) =p¢ E(X) 0 K(X; u). For o € D(X) we define

G =pt N{e| ee K(X; u), o < o}

(according to [7], section 5, K(X; u) is an algebraic system of closed elements in
(E(A); =)). According to [5], section 36, F(X; u) = K(X; u), and according to [5],
section 41, for ¢ € F(X; u) we have

G = (idy U U{(k(Y))’ | Ye X[o}) € G(X; u),

and for Y, Ze X[o, Y & Z we have k,(Y) n k,(Z) = 0. If (X; u) is fixed, then instead
of Gx,,) we simply write symbol &.

In the whole paper, 4 is a given set and u is a given ordering on A4.

The most frequented proof technique used in [5—8] (and also the present paper)
is contained in the following statement, which characterizes elements of F(4; u).

2. Lemma. Let 6 € D(A). Then the following statements are equivalent:

(i) o€ F(4; u).

(i) If n = 1 is a natural number, if Xo, Xy, .... X, € Alo and if for all i =
=0,...n — 1 the relations (X;, X;4,)€u and (X, Xo) €t hold, then X, =
=X;=..=X

ne
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(ii") The relational structure (A[o; u,,,) is a poset.
(iii) There exist a poset (B; v) and an isotonic mapping f : (dom o; u) 7 (B; v) *)
such that o = ker f.

Proof. See [5], section 17 and 19 (the equivalence (i) <> (ii); the same concerns
the equivalence (i) < (ii"); if we consider [5], sections 16) and [5] sections 45 and 47
(equivalence (i) <> (iii)).

3. Remark. In [5—8] we have consequently supposed, that the set 4 is non-void.
This assumption is unnecessary in [5] as well as in the present paper, because for
A = 0 the results in [5] are mostly trivial, or evidently false (e.g., theorem 52 in [5];
in this case, the trouble is, that for X # @ and Y = 0 there does exists no mapping
h:X — Y). The necessary revision of the results in case that 4 =0 is left to
the reader. It is very easy, anyway, when we consider the following statements. (The
section number, where symbols in [5] are introduced, is sometimes written in brackets
( ). See also section 1 above.)

Let A =0,u =0, 0 = 0 and let ¢ be a relation. Then:

exp A = {0}; D(4) = {0}; E(4) = {0}; %(4) = {0}; 4fe = {0} (4]a);

id, =0;00 =00 =0;domg =codg =0 (1;codo =p;doma™*); 0% =0 (1);
forn=1,2,...itis " =0(1); o' =0 (1);

Uy =035 0,=0; u={00)}; uy=1{00)};

F(4;u) = G(4; u) = {0}; —<4um = 0; for X = A we have k,(X) = 0; for te D(A4)
we have T4, = 0; K(4; u) = K(4; u) = {0};

if f:A— B, then f=0 and kerf =0; if f: B— A then B=0 and f = 0; if
f:(4;u) 7 (B;v)or f:(4; u) v (B; v) then f = 0 (44, where we define f : (4; u) N
N (B;v) iff f:(4;u) # (B;v™") — an antitonic mapping); for nat ¢ : A —> Afo we
have nate = 0 (44); if also o =0 the ofo = {(0,0)} (54), (Afe)/(cle) =
= {0}/{(0, (}D) = {{0}}, and for nat (/o) : Ale — (A4/0)/(c/e) we have nat (c/0) =
= {(0, {0})}.

In the present paper we assume in all proofs that the set 4 is non-void, unless
explicitly stated otherwise; for A = 0 the statements are trivial.

4. Remark. In section 5—10 some interrelations between the systems F(4; u)
and G(4; u) are studied. If F(4; u) is given, then we clearly know the system G(4; u)
because G(A; u) = <id 4, {(p(asu);c)- It is rather interesting that also the converse
holds. (See section 8). Nevertheless, the complete lattices (G(4; u); <) have a number
of properties, which do not take place in the complete lattices (F(4; u); <) (e.g. see
[7], section 24/a). On the other hand, the proof of theorem 22 is substantially based
on some particular properties of the system F(A4; u).

*) For the notation [5], section 44 (page 140); recall that for f: X— Y we define the equi-
valence ker f by ker f=p¢f 1£(i.e. for x, y € X we have (x, y) € ker fiff f(x) = f()).
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5. Lemma. Let o be an equivalence in A. Then

g, = (u 0 (dom 6)%)aome/o -

Proof. Assume at first that ¢ + . Put B = dom ¢ and v = u n B?. According
to the convention mentioned in section 1 (or in [5], section 4/a) we have BJo = Afo.
Let X, Ye Afo and (X, Y) € i. Then there exist elements x € X and y € Y for which
(x, y)eu. Also X, Y = B and therefore (x, y) e u n B? = v. If, conversely, X, Y; €
€ Blo and (X, Y;)€ o, then there exist elements x, € X; and y, € Yy, for which
(x1, y1)€v. Itis v = u n B’ and therefore also (x,, y;) € u. Then we get relation
(Xy, Y;) e u. Considering Ao = Blo we finally obtain

(1) i n (Afe)’ = n (Blo)’.

The quasiordering u,/, is the transitive closure of the relation # N (4fo)? on (A/a)
(see section 1) and v, is the transitive closure of # N (B/s)? on BJo. Thus from (1)
and from the fact that A/c = Bfo we get the proof of our proposition in case that
o+ 0.

If 0 =0, then domo =0, Afo = {0} = doma/o, it N (4[s)’ = {(0,0)} and
hence

wao = U i 0 (4loF) = (0.0}
(u N (dom 0)emase = (u 0 0%) g, = {(0, 0)}

(see section 3). Hence, our proposition holds for ¢ = 0 too.

6. Theorem. Let X = A. Then
G(X;u) ={onX? [ oceG(4;u)}.

Proof. Let X # 0 (for X = 0 is the theorem trivial — see section 3). According
to our convention from section 1 we have (X; u) = (X; u n X?) and u n X’ € %(X),
so that the symbol G(X; u) makes sense.

Let 0 € G(X;u). Then dom ¢ = X. By lemma 5 we have (u n X?)y,, = uy,,
and according to section 2 the relation (u N X?)y, is an ordering on X/o. Since
X[o = Alo, (A]o, uy,) is a poset. Therefore, via section 2, we see that o € F(4; u).
According to [5], section 41, G, € G(4; u), and, for x, y e X, (x, y) € ¢ holds if
and only if (x, y) € G(4,,. Hence o = G4, n X° and &4, € G(4;u) and we get
inclusion

G(X;u) = {o n X’ |oeG(4;u)} .

Let us derive the converse inclusion. Let ¢ € G(4; u). Then dom ¢ = A and so
o n X’ is an equivalence on X: We denote ¢ =ps 6 n X2 and v =p;u N X°. Let
n 2 1 be a natural number, let X, ..., X, € X[¢ and let (X;, X;,,) €9, (X,, Xo)ed
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foralli =0,...,n — 1. For Ye X/o there exists exactly one element Ye A/a with
Y c Y; and for all Z € X/g the inclusion Z < Y implies Y = Z. From the definition
v =peun X’ we get relations (X;,X;,,)en, (X, X,)€u; then oe G(4;u) and
hence, via section 2, X, = ... = X,. So we get that also X, = ... = X, Therefore,
it follows from lemma 2 that ¢ € G(X;v) = G(X;u). Thus we see that the con-
verse inclusion holds:

{e nX?|oceG(4;u)} < G(X;u).

7. Theorem. We have
F(4;u) = U{G(X;u) | X < 4},
and the union on the right side of the equality is disjoint.*)

Proof. Let ¢ € F(A4; u). Then, according to [5], section 41, g4, = 0 € G(4; u)
and g N (dom @)’ = o. From theorem 6 we get ¢ € G(dom g; u) and hence F(4; u) =
< U{G(X;u) | X < A}, because dom ¢ < 4.

Let us derive the converse inclusion. Let ¢ € U{G(X; u) | X < A}. Then there exist
a subset Y < A, with ¢ € G(Y; u), especially dom ¢ = Y. From section 2 we know
that the relation (u N Y?)y, is an ordering on Yo. It is clear that g€ D(4), and
therefore, according to section 5, we have (u 0 Y%)y, = u,,. Thus (4o, uy,) is
a poset and from section 2 we get that ¢ € F(4; u) and the inclusion U{G(X; u) | X <
< A} < F(4; u) is proved.

We will show, finally, that the union U{G(X; u) | X < 4} is disjoint. If X, Y < A
and X # Y then for ¢ € G(X; u) and o € G(Y; u) we get dom ¢ = X + Y = dom 0.
Therefore ¢ + o.

8. Corollary. We have
F(A4;u) ={cnX’|0eG(4;u), X = A}.

Proof. Direct from sections 6 and 7.

9. Corollary. We have
D(4) = U{E(X) | X < 4} .

Proof. Direct from the section 7 if we consider that, by lemma 2, D(4) = F(A4;id ),
E(X) = G(X;id,) for all X = A (see also [7], section 30)

*) This means that for X;, X, eexp 4, X; + X, we have G(X; u) N G(Xy; u) = 0.
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10. Corollary. Let u, v € %(A). Then the following hold:
a) F(A4;u) = F(4;v) iff G(4;u) = G(4; v).
b) F(4; u) = F(4;v) iff G(4;u) = G(4;v).
) F(A;u) = F(4;v) iff G(4;U) = G(4; v).
Proof. a) Let F(4; u) < F(A4; v). Then, by [5] section 21, we have
G(A;u) = {o|ceF(A;u),ids S o} < {o| o€ F(4;0),id, = 0} = G(4; v).
If G(4; u) = G(4; v) then — according to theorem 6 — for all X < 4,
G(X;u) ={onX’|oeG(4;u)} = {0 nX?|oeG(4;0)} = G(X;v).
Therefore, according to theorem 7,
F(4;u) = U{G(X; u) | X < 4} = U{G(X;v) | X < 4} = F(4;v).

b) From (a) we get that,

(F(4; u) = F(4; v)) < (F(4; u) = F(A4;v) S F(4; u)) <

< (G(4; u) < G(4; v) = G(4; u)) = (G(4; u) = G(4; v)).

c) This statement is a direct consequence of (a) and (b).

11. Remark. We can see almost immediately, that from the existence of an isotone
isomorphism of posets (4; u) and (B; v) there follows the existence of an isomorphism
of the complete lattices (F(4; u); <) and (F(B; v); <); analogously for the complete
lattices (G(4; u); =) and (G(B;v); <) (see sections 19 and 20). In section 22 we investigate
one of the converse questions: what is the relation between posets (4; u) and (B; v)
if the lattices (F(4; u); <) and (F(B; v); <) are isomorphic. There remains an open
problem:

Characterize the relation between posets (4;u) and (B;v) which is equivalent
to the fact that the lattices (G(A; u) <) and (G(B; v); <) are isomorphic.

12. Lemma. Let (A; u) and (B; v) be posets and let ¢ : F(4;u) - F(B; v) be an
isomorphism from the complete lattice (F(A;u); <) onto the complete lattice
(F(B; v); €). For every x € A we define

) o*(x) = vy = 0({x}?) = {¥}*.
Then ¢* : A — B is a bijection.
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Proof. Due to section 2 we have {x}’ € F(4; u) and {y}’ e F(B;v) for all xe 4
and y € B. An equivalence ¢ is an atom in (F(4; u); <) if and only if there exist an
element x € A with ¢ = {x}’; analogously for (F(B;v) ). The mapping ¢ is an
isomorphism from (F(A4; u); <) onto (F(B; v) <) and hence both the ¢-image of
an atom in (F(4; u); <) is an atom in (F(B; v); <) and the ¢ — preimage of an atom
in (F(B; v); <) is an atom in (F(4; u); <). Since moreover ¢ : F(4; u) » F(B; v)
is an injection, the proposition follows.

13. Lemma. Let (A; u) and (B;v) be posets; let ¢ : F(A; u) > F(B; v) be an
isomorphism from the complete lattice (F(A; u); <) onto the complete lattice
(F(B; v); <). Define

€)) (x, y) € w(p) =pe (0*(x), 9*(¥)) € 0.

for all x, ye A. Then the mapping ¢* : A > B is an isotone isomorphism from
the poset (A; w(¢)) onto (B; v).

Proof. Due to section 12 we see that ¢* : 4 —» B is a bijection. The relational
structure (B; v) is a poset and hence it follows directly from the definition (3) that
(4; w(e)) is a poset, which is p* — isotone isomorphic to (B; v).

14. Lemma. Let (A; u) and (B; v) be posets and let ¢ : F(4; u) - F(B; v) be an
isomorphism from the complete lattice (F(A;u); <) onto the complete lattice
(F(B; v); <). Then

9(0) = {(¢*(x), 0*() [ (. ) € 0}
for all o € F(4; u). In particular,

(p(idA) =idg.
Proof. Let us denote

¥(0) =pe {(0*(x), 9*(») | (x, y) € 0}

for 0 € F(A4; u). Let x, ye A with x # y. Applying lemma 2 we conclude that 0,
{x}%, {»}% {x}? U {¥}’ and {x, y}’ are elements of F(4; u). The diagram of the poset
O (%, ¥} ramy:e); S) is shown in fig. 1. a. Since ¢ : F(4; u) > F(B;v) is a lat-
tice — isomorphism, we get from (2) (via section 12) that ¢({x}’) = {¢*(x)}* and
o({y}?) = {9*()}’s therefore o({x, y}*) = {9*(x), 0*(»)}* = ¥({x, y}): The ele-
ment {x}’ U {y}’ in (F(4; u) <) is covered both by {x, y}* and by all elements of
the form {x}? U {y}? U {z}’, where ze 4 — {x, y} (these equivalences are elements
of F(A;u) according to section 2; the situation in (F(4; u); <) is shown on the
diagram in figure 1. b).
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Moreover

(<) 0 Y O {a) = o s (G, 0F (2)) =
=3 ol o)) o((z)} = (0" © (o O 0 e @)

because ¢ : F(4; u) — F(B; v) is an isomorphism. Taking into account that ¢ is
bijection we get o({x, y}°) = {¢*(x), p*(»)}*.

&

x}’v{y}‘
)

V|

" Fig. l.a

For x,ye A and x = y the equivality o({x, y}°) = y({x, y}2 ) follows dlrcctly
from (2). Thus for all x, y € 4 we have

@ (P e FAsu), ol(x 1) = (s ).
59 LT (oD

QRGOS

{3
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Let o € F(4; u). Then
©) o =U{{xy}"[(x.y)ed} = cup_{lx ) | (x.y)ea}.

An equequivality analogous to (5) holds in the complete lattice (F(B; v); <). Since ¢
is an isomorphism from the complete lattice (F(4; u); <) onto the complete lattice
(F(B; v); <), it follows from (4) and (5) that

@(0) = @((F(;:EE){{& ¥ | (x, y)ea}) Z(F(i‘i‘ig){“’({x’ )| (xy)ea} =

= sup {{¢*(x), 0*(»)}’|(x,y) e} .
(F(B3v); €)

Since {¢*(x), p*(y)}’ € F(B;v) for all (x,y)ec we get from the definition of

supremum
¥(0) = {(¢*(x), @*() | (x. )€ 0} =

s sup {{o*(x) *)}* | (x. ¥) e 0} = (o).
(F(B;v); <)

Let us suppose, to the contrary, that (r, s) € ¢(c); then {r, s}? = ¢(o). The mapping
¢* : A > B is a bijection and therefore there exist x,, y; € 4, with r = ¢*(x,) and
s = ¢*(y,). As ¢ : F(A; u) - F(B; v) is an isomorphism, we have

o' ({rs)) = {xuy}’ o
(consider, that ¢({x,, y,}°) = {r, s}’ < ¢(c) and that ¢ : F(4; u) > F(B;v) is an
isomorphism). So we get, that (x,, y,) € o and

(. 5) = (2*(x1) @*(n1)) € {(0*(x) 0*() | (x. ) € 0} = ¥(o)

and the converse inclusion is proved:

9(0) = {(9*(x): 9*() | (x. ¥) € 0} = ¥(o),

and so the equality ¢ = y holds.

From ¢ = { and from the fact that id, € F(4; u) and ¢* : 4 > B is a bijection
there follows:

0(ids) = {(9*(x). ¢*(9) | x< A} = idy

15. Corollary. Let (A; u) and (B;v) be posets and let ¢ : F(A; u) > F(B; v) be
an isomorphism from the complete lattice (F(A4; u); <) onto the complete lattice
(F(B; v); €). Then the partial mapping

¢ | G(4; u) : G(4; u) > G(B; v)

is an isomorphism from the complete lattice (G(A4; u); <) onto the complete lattice
(G(B; v); <).
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Proof. Due to section 14 we get: ¢(id,) = idg and hence ¢ ~'(idg) = id,. Further-
more o€ G(4; u) iff o€ F(4;u) and id, < o; the mapping ¢ : F(4; u) — F(B; v)
is an isomorphism therefore ¢(c)e F(B;v) and idy = ¢(id,) < ¢(0), i.e. ¢(o)e
€ G(B; v). Thus we have ¢ | G(4; u) : G(4; u) - G(B; v). As ¢ : F(4; u) > F(B; v)
is a bijection, the mapping ¢ | G(4; u) is an injection. If ¢ € G(B; v), then analogously
¢ '(e)€ G(4; u) (also @' is an isomorphism) and there exist an element ¢ =
= ¢ ()€ G(4; u), for which ¢(c) =¢. So ¢ |G(A;u):G(4;u) > G(B;v) is
a bijection. This concludes the proof because ¢ is a surjective isomorphism.

16. Lemma. Let (A; u) and (B; v) be posets and let ¢ : F(A; u) > F(B; v) be an
isomorphism from the complete lattice (F(A;u); <) onto the complete lattice
(F(B; v); <). Then

*—1 —1x *)

¢ =0

Proof. Due to section 12 we get that ¢ !

e *(y) = x =07 ({y}) = {x}?

for all y € B, i.c., following (2) (section 12) we get

*: B — A is a bijection and

e *(y) = x = 0*(x) = y.

So ¢ '*(y) = ¢*7!(y) for all yeB.

17. Corollary. Let (A; u) and (B; v) be posets and let a mapping ¢ : F(4; u) -
— F(B;v) be an isomorphism from the complete lattice (F(A4;u); <) onto the
complete lattice (F(B; v); <). Then

¢7'(0) = {(¢*7'(x). * ' (") | (. ) e 7}
for all o e F(B;v).

Proof. The mapping ¢! : F(B; v) — F(A4; u) is an isomorphism from (F(B; v); <)

onto (F(A4; u); <) and the corollary follows directly from sections 14 and 16.

18. Notation. Let X, Y be sets and let f : X — Y be a mapping. Let us define

f(#) =oe {(f(x): S () [ (x, y) €0} for o« X7,

This defines a mapping f,: exp X? — exp Y°. We recall once more that for Z = X
that f | Z : Z — Y denotes the partial mapping f | Z = fn(Z x Y).

*) Inverse mapping ¢ L. F(B; v)— F(4; u) is an isomorphism from (F(B;v); £) onto
(F(4; v); <). Therefore, formula (2), applied to the mapping ¢~ *, defines a bijection (p~)* : B—
— A (see section 12).
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19. Lemma. Let (A;u) and (B;v) be posets and let f: A — B be an isotonic
isomorphism from (A; u) onto (B; v). Then

12| F(A; u) : F(4; u) - F(B; v)

is an isomorphism from the complete lattice (F(A; u); E) onto the complete lattice
(F(B; v); <).

Proof. Since f : A — B is an injection, thus for every equivalence ¢ in A
(6) J2(0) = U{U/(X))’ | X € 4]0}

is an equivalence in B. Since F(A4; u) < D(A), f, | F(A; u) is a mapping from F(4; u)
into D(B).

f:A— B is an isotonic isomorphism from (4; u) onto (B;v) and so (X, Y) e
iff (f(X),f(Y))ed for X, Yeexp A. From this it follows that for ¢ € D(4) and
X, Ye Ao the relation (X, Y) € u4,, holds if and only if (f(X), f(Y)) € v, s, holds.
(See the definition of u, in section 1 or [5], section 17; from (6) we get that

Blfy(0) = {/(X) | X € A[o}.)

So for o € D(A), (4]0; u ) is a poset iff (B/f5(0); vp/s,s)) is @ poset. Thus, via section
2, for o € D(A)

(7) o € F(4; u) < fy(0) € F(B; v).

The mapping f: A — B is a bijection and, therefore, f, : exp A° — exp B? is a
bijection too. From (7) and from this fact it follows, that f, | F(4; u) is a bijection
from F(4; u) onto F(B; v). It also follows from the bijectivity of f that f, is an
isomorphism from (exp A4%; <) onto (exp B’; =). Hence f, | F(4;u) is an iso-
morphism from the complete lattice (F(4; u); =) onto the complete lattice
(F(B;v); <).

20. Corollary. Let (4;u) and (B;v) be posets and let f : A — B be an isotonic
isomorphism from (A4; u) onto (B; v). Then

f2]G(4; u) : G(4; u) - G(B; v)

is an isomorphism from the complete lattice (G(A; u); <) onto the complete lattice
(G(B; v); <).

Proof. It follows directly from lemma 19, because according to the definition of f,
in section 18, for a bijection f : 4 — Bitis f,(id,) = idp.
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21. Lemma. Let (A;u) and (B;v) be poset and let ¢ : F(A;u) — F(B; v) be an
isomorphism from the complete lattice (F(A;u); <) onto the complete lattice
(F(B; v); <). Then

G(A4; u) = G(4; w(p)) *).

Proof. Section 15 implies that o€ G(4;u) iff ¢(c)e G(B;v). According to
sections 16 and 17 we get for o € G(4; u) that

®) (07)2(0(0)) = (9*7")2 (¢(0)) =
={(o* (s 0* ) | (v ¥) e 0(0)} = 07 (9(0)) = 0.

Via section 13, ¢*~! : B — A is an isotonic isomorphism from (B; v) onto (4; w(¢)).
Therefore, due to section 20, we have for ¢e G(B;v): (¢*7'), () € G(4; w(9)).
Considering the beginning of the present proof and the equivality (8) we see that
o = (¢*7"), (¢(0)) € G(A; w(e)) for o e G(A;u). Thus the inclusion G(4;u) <
< G(4; w(e)) is proved.

Conversely, let e G(A4; w(p)). The mapping ¢* : 4 - B is an isotonic iso-
morphism from (4; w(¢)) onto (B; v) (see section 13) and therefore, via section 20,
(¢*), (¢) € G(B; v). Then, according to section 15, ¢~ *((¢*), (0)) € G(4; u). If we
consider, that according to sections 18 and 14

(9*)2 (0) = {(9*(x), 9*(V) | (x, ) € 0} = 0(0)
we see, finally, that
o= 07" p(o) = 9™ ((¢*): (0)) € G(: u)

and the converse inclusion G(4; w(¢)) S G(4; u) is proved.

22. Theorem. Let (A; u) and (B; v) be posets. Then the lattices (F(A4; u); =) and
(F(B; v); E) are isomorphic iff there exist such an ordering w on A, for which the
posets (A; w) and (B; v) are isotonic isomorphic and for which G(A4; w) = G(4; u).

Proof. Let ¢ : F(4; u) > F(B; v) be an isomorphism from the complete lattice
(F(4; u); =) onto (F(B;v); <). Then, via section 13, ¢*: 4 — B is an isotonic
isomorphism from the poset (4; w(e)) onto the poset (B; v) and also G(4; w(e)) =
= G(4; u) (see lemma 21).

Conversely, let there exist an isotonic isomorphism f: A — B from the poset
(4; w) onto the poset (B; v) and let G(4; w) = G(A; u). Then, following section 19,
the mapping f, | F(4; w) : F(4; w) - F(B;v) is a lattice-isomorphism from
(F(4; w); =) onto (F(B; v); =). From G(A4; w) = G(4; u) (see section 10/b) it follows
that F(4; w) = F(4; u)and so f, | F(4; w) is a lattice-isomorphism from (F(4; u); <)
onto (F(B; v); <).

*) The ordering w(p) on A is defined in (3), section 13.
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23. Remark. Let us recall, that %(4) is the set of all orderings on 4 (see section 1).
We define a relation A4g:

) (u,v)e Ag pcu,veU(A) and G(A;u) = G(A4:v).

Then Ag is clearly an equivalence on %(4). The importance of this equivalence
follows from theorem 22. In a paper “On Some Equivalences on the Set of All
Orderings of a Given Set ”’which is now being prepared, this equivalence is completely
characterized. But deriving of properties of A; is executed by rather slow methods of
a combination theory and therefore it has not appeared in this paper.

THE CHARACTERIZATION OF COMPACT ELEMENTS
IN (G(4; u); ) AND (F(4; u); <); THE ALGEBRAICITY OF THESE LATTICES

24. Lemma. (WARD). Let & = (L; <) be a complete lattice; let ¢ : L— L be
closure operator on &. The following holds for X = ¢(L):

sup X = ¢(sup X)

(o(L); =) <z

Particularly, for X < F(A; u) we have

sup X =( sup X),.

(F(A;u);<) (D(4);S)
For X < G(A; u)
sup X =( sup X),.
(G(43u);<) (E(4);S)

Proof. The'first part of the theorem (due to Ward) is proved e.g. in [9] page 76,
theorem 15. The consequence concerning F(4; u) follows from the general part of
the theorem, since (D(4); <) is a complete lattice (see [5] section 9) and the map-
ping ¢ > o, (6 € D(A)) is a closure operator on (D(4); <) such that F(4; u) is the
system of closed elements, corresponding to this operator (see [5] section 22'). The
consequence concerning G(A4; u) follows directly from the above because E(A) is the
principal filter in (D(A); <), determined by the element id, (see [5] section 8') and
G(A; u) = F(A; u) 0 E(A) (see [5] section 18).

25. Lemma. Let X < F(A; u) and let (x, y)e sup X. Then there exists a finite
subset X' = X with (x,y)e sup X' (F(45u);:)
(F(A;u); €)
(See also section 37).
Proof. Denote
a=p sup X, B =pr sup X.
(F(45u);€) (D(4);€)
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By hypothesis, (x, y) € « and therefore « # 0, and so X = (. Following section 24,
o = B, thus (x, y) € B,. According to the definition of the relation B, (see section 1

or [5], section 12 and 14)
up = Q Pup)™, B =ugr(up)™!

and, due to [5], section 6 we have f = U {By...By| Bys ..., B,e X} so the following

relations are valid:

(s 3) ey = U flupy =

=§1{B1"'ﬁn'ﬁl.a" ﬁ,.EX}uU((U ﬂ”“))l,m EX})

(u U (™ ... ,(,"')]/)’("‘) cu B eXx ") =

nm=1

zgl{ﬁl...Bn[ﬁl,,..,ﬁ,,eX}uG U u ..

m=1n=1n=1

1 1 ()
. U (/5’1. BB B uBI B By s By B B B € X

nm =

Therefore there exist a finite set
- 0 1
A’l = {ﬂl’---s ﬁns ﬁ( )s"‘5 7(11):' ’ﬁ(m) L] (m)

such that X| < X and that

(10) (x,y)€By ... Bup” ... BV oup™ LB &
Further,
(19) ()™ = (U Bpy)™ = U (Bu™t)y"p =

=500 (BB = U B = 7).

From (10°), from the fact that also u™! is an ordering and from the hypotheses that
(x, ») e ("), (since (x, y) e B, < (up)™") it follows (by the first part of the present
proof) that there is a finite set

= {~ 1 ! ()
X’Z—{Ih- 5yr’y(1 ),' ,y£1)5-~': 5 . 7yr:)}

Such that Xz = X and that
1 1 -1,,(s S
1,,( ) (1) 3 ) y()

(10) () ey ey DL
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Put X' =p; X} U X}, then X' is a finite subset of X. According to (10) and (10”)
the following holds

(e, v e (By o BuupS” oo B oo upt™ o B) 0

-1,,01 1 —1 s)
A eeyu™ P D am P L) <

< () sup xn(u” ) oo X,_( sup X'),= sup X'
(D(4);=) A);S) (D(A); <) (F(A4:u);S)

(see (10”) and corollary in section 24).

26. Corollary. Let X = G(A;u) and let (x,y)e sup X. Then there exist
a finite subset X' < X, with (x, y)e sup X'. (G(4m); <)
(G(45u);<)

Proof. In case that x = y, it is possible to choose X" = @, because sup 0 =
(G(4;u);€)
=1id,. If x * y, then X = Q; therefore in this case the proposition is a direct con-

sequence of section 25, because G(4; u) = d 4, {(Fiamy;c)-

27. Lemma. Let X be a u-convex subset in A. Then

X’ vidy e G(4;u).

Particulary if a, be A, then [a, b]’ Uid, € G(4; u).

Proof. The first part of the lemma is verified in [7], section 7. This directly implies
the second statement, because [a, b](A;,,) is a u-convex subset in A.

28. Theorem. Let o € G(4; u). Then ¢ is a compact element in the complete
lattice (G(A4; u); <) iff, the following conditions are satisfied:

(i) Let X € AJo. Then every maximal chain in (X;u) has a lower and an
upper bound in (X; u).
(ii) Let X € Afo. Then the set of all maximal and minimal elements in (X; u)
is finite.
(iii) The subsystem of all non-singleton sets which are elements of the system
Ale, is finite.

Proof. We divide the proof into several parts. We denote, for convenience,
B =p{X|Xed|o, card X =2} .

1. Let o not satisfy (i). Then there exist X € 4/o and a maximal u-chain R in X,
which is not bounded in (X; u) Suppose, that the set R has not upper bound in (X; u).
There the following statement holds:

273



For every x € R there exist x" € R with
(11) (x,x)eu —idy.
(The chain R is maximal in (X; u).) For x € R we define
X(x) =pc{y|yveX, (x,y)¢u—id}, ofx) =pc(X(x))’ Uid,.

By the definition of X(x) we get, following proposition (11) that x € X(x) = X.

Given xe R, r,te X(x) and se A4 such that (r,s)eu and (s,7)eu then se X
(since X is u-convex in A4, see [5] section 36). If, moreover, s ¢ X(x), then (x, s)e
€ u-id4 and therefore (x, 1) € u-id, (we assume that (s, t) € u). Therefore, under the
considered hypothesis, also s € X(x).

We have derived, that for every x € R, X(x) a u-convex subset of A. Therefore,
according to lemma 27, for every x € R we get ¢(x) € G(4; u); according to the defini-
tion of ¢(x) and according to (11) evidently the proper inclusion ¢(x) = ¢ holds.
For x, ye R we have (x, y)eu iff X(x) = X(y), and therefore (x, y) e u iff o(x) =
< o(y)- (R; u) is a chain, and therefore so is ({¢(x) | x e R}; <). Thus according to
[5] section 22 we get U{o(x)|xe R} e G(4; u). Denote ¢ =pU{e(x)|xe R}.
If ze X, then cither ze R or ze X — R. If zeR, then ze X(z), hence clearly
zeU{X(x)| xe R}. If ze X — R, then (since R is a maximal u-chain in X) there
exists such ye R, for which (y, z) ¢ u; then ze X(y) and so ze U{X(x) | xe R}.
Thus we get that X = U{X(x)|xe R}; the converse inclusion is evident and
therefore

X = U{X(x)| xeR}.

Since

¢ =idy U U{(X(x)’ | xe R} =id, U (U{X(x) | xe R})
also
(12) 0=Xuid,.

Finally, we denote

o =pU{Y’|Yedfo, Y&+ X} uid,.

Evidently ¢’ € E(4), ¢’ < o (because X € B) and according to [5] section 23 we get
o' € G(4; u) (because o & G(4; u), X € Afo, idy € G(X; u)and ¢’ = (¢ 0 (4 — X)*) U
U idy).

Denote Y =p¢ {0} U {o(x)| x € R}. Then ¢’ < g, ¢(x) = o for every x e R and

hence sup Y S 0. From (12) and from the definition of ¢’ the converse inclusion
(G(4;u);<)

follows, because it is

o =¢ u(Ufe(x)|[xeR});



and so ¢ = sup Y. Weshallshow that ¢ = sup Y’ does not hold for any finite
(G(4;u);<) (G(4;u);<)
non-empty subset Y of Y. Let Y’ = Y, 0 < card Y’ < N,. Denote by R’ the set of those

x € R, for which ¢(x)e Y. If R =0 then Y’ = {¢'} and so sup Y =¢ co.
(G(45u);<)
If R’ + 0 then the finiteness of R’ implies that there exists the greatest element a

in (R’; u). According to our hypothesis about R (see (11)) there exists be R with
(a, b) € u-id,. Then certainly (a, b) ¢ o(a); since a, b e X, also (a, b) ¢ o’. We have

sup Y = sup {o, sup {o(x)|xeR'}} =

(G(4;5u);S) (G(4;u);€)  (G(43u);€)

= sup {¢,0(a)} = ¢ vola),
(G(Asu);€)

and so (a,b)¢ sup Y. Moreover (a, b)e X° < o; thus, we proved the proper
(G(45u);<)

inclusion sup Y’ < ¢ in case R' % 0. We have demonstrated that from the
(G(4su);<)

covering Y of the element o in (G(4; u); <) no finite subcovering can be chosen.
If the chain R has no lower bound, the proof proceeds dually.
Thus we have verified that an element ¢ € G(A4; u), which does not satisfy (i) is not
a compact element of the complete lattice (G(4; u); <).

2. Let us assume, that an equivalence o satisfies (i), but not (ii); we shall show also
in this case ¢ is not a compact element in (G(4; u); <). For X € A/o denote by M(X)
the set of all maximal and minimal elements in (X; u). From the non-validity of (ii)
there follows that for some Ye Afo the set M(Y) is infinite; certainly, Y e B. Suppose
that the set M, of all maximal elements in (Y; u) is infinite (if M is finite then, since
M(Y) is infinite, the set M, of all minimal elements in (Y; u) is also infinite and the
proof then proceeds dually). For x, y € M, we define

Q(x: J’) =Df (()7 XD sy Y > y>(A;u)) N Y)2 vidy .
Let

rnte(D,x)ud, p)nY, sed, (r,s)eu, (s,t)eu.

Then s € ), x) U ), ¥, and s € Y, because, following [5] section 36, Y is a u-convex
subset in A. Thus (), x) U >, »>) N Y is a u-convex subset in 4, and hence, according
to lemma 27, o(x, y) € G(4; u). Evidently o(x, y) n (4 — Y)’ = id4_y and from the
hypothesis that M, is infinite it follows that ¢(x, y) = ¢. The equivalence o satisfies
(i) and therefore for all r, s € Y there exist such elements x, y € M, that (r,x) e u
and (s, y) € u; then (r, s) € ¢(x, y) and hence

Y’ uid, = Ufe(x, ») | x, ye My} E(G(iu;)) {o(x,y) | x,ye M} .
HO M=)
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From the definition of ¢(x, y) we get also the converse inclusion and therefore

Y?uid, = sup {o(x,y)|x,yeM,}.

(G(4;u);S)

Let us denote
¢ =pr(on(A=Yy)uid,, Z=p {0} v{elx,y)|x yeMs},
then by [5], section 23, ¢’ € G(4; u) and the following holds:

sup Z= sup {o, sup {o(x,y)|x,yeM,}} =
(G(4;u);<) (G(A4;u);S) (G(A;u);<)

= sup {0, Y’ vid)=0.
(G(4;u);<)

We shall show that there exists no finite non-empty subset Z which covers ¢
in (G(4; u); ). Let Z, be a finite non-empty subset of Z. If Z, = {¢'}, then
sup Z;=¢ =(cn(A-YY)vidgc(en(A-Y)uY =0,
(G(4;u);<)

and so Z, does not cover ¢ in this case. Let Z; = Z; — {¢’} be a non-empty set.
Then there exists a finite number of elements x;, X,, ..., X5,_1, X2, € M; with
Z} = {o(x2i-1, X25) | i = 1,..., n}. The set M, is infinite and therefore there exists
yeM; — {xq, x,, ..., X5,}. The elements from M, are maximal in (Y; u) and there-

fore

+ 2n
(13) yEk((U > x>)nY)
i=1
(for the notation see section 1, page 260). Via section 27 we get
2n
¢ =i (k((U > xD) n Y)Y vid, e G(4;u) ;
i=1
and from (13) it follows that

(xp,¥)¢o s sup {o(xzi-1s \z,)l i=1

(G(4;u);S)

By the definition of ¢’ also (xy, y) ¢ ¢’ and therefore

(14) : (xi.y)¢0" Vo= sup {g.0}2
(G(A4;u);<)

2 sup {¢, sup {o(xyi-1.X)|i=1,...,n}} = sup Z;
(G(4;:u);<) (G(A;u);S) (G(A;u);€)

(the first equality follows directly from [5] section 23:

ceG(A;u), Yedlo, ¢ =(on(4— Y)Y vidy, 0N Y’ eG(Y;u)).
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We have x,,ye M, < Y, Ye Alo and therefore (x,, y)e 0. From this fact and
from (14) we get

(x;,y)eoc — sup Z,,
(G(4;u);<)
ie. sup Z; co.
(G(45u); )
We have shown that no finite non-empty subset of Z covers the element ¢ in the

complete lattice (G(4; u); <) i.e. that the element ¢ is not compact in (G(4; u); <).

3. Let us suppose that the system B is infinite, i.e. that ¢ does not satisfy (ii).
We shall show that ¢ is not compact in (G(4; u); <) in this case, too. For X € B
we define o(X) =p X? uid,. According to [5] section 36, X is a u-convex subset
in A, because X € Alc and o€ G(A;u). Via lemma 27 ¢(X)e G(A4; u). Denote
Y =p {o(X) | X € B}. We have

c=UY<c sup Y

(G(A:u);€)

and, since o(X) < o holds for ail X € B, the oposite inclusion is also valid and we get

o= sup Y.
(G(Asu);S)
We shall verify that there does not exist any finite non-empty subset Y’ of Y which
covers the element ¢ in the complete lattice (G(4; u); <). From lemma 2 and from
the fact that (JY’ is an equivalence on A4 it follows, that
(15) sup Y =Y’
(G(45u);S)
(indeed this holds for every non-empty subset in Y — see also section 39). The set B is
infinite and hence there exists X, € B — Y’. For arbitrary distinct elements a, b in X
we have

(a,b)eXs <o, {a,b)¢UY .

From (15) it follows that ¥ does no cover the equivalence ¢ in (G(4; u); <) and so ¢
is not compact in (G(4; u); <).

4. Let an equivalence o € G(A; u) satisfy (i), (ii), (iii): then we shall prove, that ¢
is compact in (G(4; u); <). For X € B let M,(X) be the set of all maximal elements
in (X; u), and let M,(X) be the set of all minimal elements in (X; u). Let Y = G(4; u)
and let 0 = sup Y. For X e B, xe M(X) and ye M,(X) we have (x, y)e

(G(4;u);€)
€ sup Yand hence, according to section 26, there exists a finite subset Y(x, ¥)
(G(4;u);S)

in Ywith (x, y)e sup Y(x, y). Via (ii) and (iii) also the set
(G(43u);€)
Y =pU{Y(x, )| XeB, xeM(X), yeM,yX)}
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is finite, and

(x,y)e sup Y(x,y) = sup Y’
(G(435u);<) (G(A3u);<S)

for every X € B; x € M(X), y € M,(X). We shall show that ¢ = sup Y.
(G(45u);S)

Let (r,s)eo. If r =s then evidently (r,s)e sup Y’; therefore we suppose,
(G(A3u);€)
that r & s. Then there exists X € B with r, s € X. In the poset (X; u) every chain is
a subset of some maximal chain and every upper (or lower) bound of the maximal
chain in (X; u) is the element of M,(X) (or of M,(X)); from this fact and from (i),
that there are elements ry, s; € M,(X) and r,, s, € M,(X) such that

(16) (rpryeu, (rr)eu, (sy,s)eu, (s,s)eu.

Furthermore,

(17) (ryor1)s (s2551), (r2,80)e sup (Y(ry,7,) U
(G(4;u);<S)

U Y(sy,8,) U Y(sy, 1)) S sup Y.
(G(45u);€)

Following [5], section 36 we get that sup Y’ is a u-convex equivalence on 4 and

(G(4;u);€)
therefore according to (16) and (17), also

(ri7), (5,85), (r1,5,)€ sup Y.
(G(4;u);)

This proves that (r,s)e sup Y’ and thus the inclusion
(G(4;u);S)

g<s sup Y
(G(4;u);S)

holds. We have verified that every covering of the element ¢ in (G(4; u); <) has
finite subcovering; thus o is a compact element in (G(4; u); <).

5. Via parts 1 —3 of the present proof, the conditions (i) (ii) and (iii) are necessary
for compactness in (G(4; u); <); via part 4, their conjunction is also sufficient.
This proves the theorem.

29. Corollary. Let a,be A. Then [a,b]’ uid, is a compact element in the
complete lattice (G(4; u); <).

Proof. According to lemma 27 [a, b]* Uid, € G(4; u), and this equivalence
satisfies evidently the conditions (i), (ii) and (iii) of theorem 28.

30. Theorem. (G(4; u); <) is an algebraic lattice.
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Proof. Let us denote g, = [a, b]* U id, for a, be A. The poset (G(4; u); <)
is a complete lattice (see [5] section 21). Let o € G(4; u). If (x, y)€ o, then evidently

0., S 0 (see [5], section 36; the equivalence ¢ € G(A4; u) is u-convex on A) and so
we get that

sup {o,|(x,y)ec} c 0.
(G(4;u);<)

If (x, y) € 0, then (x, y) € o, and therefore the converse inclusion
o < Ulo, | (x,y)ea} g oS {04 | (x.y)ea}
)i S)

holds, too. Thus ¢ = sup {axyl(x y)ecr} and, according to section 29 the
(G(4;u);=

elements o, are compact in (G(A u); <). Therefore, every element in the complete
lattice (G(A; u); <) can be expressed as a supremum of compact elements in

(G(4; u); <).
31. Lemma. Let X < F(A; u). Then

dom sup X = {{domos|oeX}.

(F(4;u);<)

Proof. According to [5], section 6 sup X =U {o,...0,|0y,...,0,€X},
(D(4);<) n=1
where for o, ... 0,€ X we have dom (6, ...0,) < doma,.

So we get that

U{domo|oe X} = U {dom (o, ...0,) | 0y, ...,0,€ X} =
=dom(U {0y ... 0, ]| 0y,...,0,€ X}) = dom sup X.
n=1 (D(A4); )
By [5]. section 14 dom sup X = dom( sup X), and the equality ( sup X), =
(D(4);€) (D(4);€) (D(4);S)
= sup X holds (see lemma 24). From all these facts the proof directly follows.
(F(A3u);S)

32. Theorem. Let o€ F(A;u). Then o is a compact element in the complete
lattice (F(A; u); <) iff o is a finite set.

Proof. Let us define g,, =ps {x, y}° for x, y € A. Then 4/o,, = {x, y} and there-
fore, via lemma 2, ¢, € F(4; u). Let us assume first, that ¢ is an infinite set. Then

o = Ufew|(xy)ed} = sup {oy[(xy)eq}.
(F(45u);2)
If X is a finite subset of {g,, | (x, y) € 6}, then, by section 31,

dom sup X =U{dome,,|e,€X}.
(F(4;u);<)
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As X and dom g,, are finite sets for all 0.y € X, also dom sup X is finite. Since
(F(A3u);S)

sup X < (dom sup X),
(F(45u);S) (F(4;u);<)

also  sup X is finite. We suppose that ¢ is an infinite set, therefore 6 = sup X
(F(4;3u);<) (F(4;u);S)

does not hold. We have proved that from the covering {o,, | (x, y) € o} no finite
subcovering of the equivalence ¢ can be chosen. Hence ¢ is not a compact element
in (F(4;u); <

Let, conversely, o be a finite set. Let X < F(A; u) and let 0 < sup X. Then,

(F(45u);)

according to lemma 25, for every pair (x, y) € ¢ there exists a finite subset X'(x, y) <

< X, for which (x, y)e sup X'(x, »). Then the set X" =pc U{X'(x, y) | (x, ») € 0}
(F(4;u);<)
is finite too. (By hypotheses, ¢ is finite.) Now, X’ < X and for every (x, y)e o

(x,»)e sup X'(x,y) s sup X’
(F(4;u);S) (F(4;u);S)

thus the inclusion ¢ < sup X’ holds. This proves that ¢ is a compact element
in (F(4;u); ). (F(45u); =)
33. Theorem. (F(A; u); ) is an algebraic lattice.

Proof. For x, y € 4 let us define ¢,, =p {x, y}° (see the beginning of the proof
in section 32); then o,, € F(4; u), and, by section 32, g, is a compact element in the
complete lattice (F(A4: u); ). Let o € F(4; u). Then the following holds:

o =Uloy|(x.v)ed} = sup {o,]|(x,y)eq}.
(F(4;u);S)
For (x, y) € o we have ¢,, < o and therefore the converse inclusion

sup {Qxy |(x.y)es} 0
(F(A:u

also holds. Thus, every element ¢ € F(4; u) in the complete lattice (F(4; u); <) can
be expressed as a supremum of the set {g,, | (x, y) € 6} of compact elements.

34. Lemma. Let n = 1 be a natural number. Then the following statements
hold:

a) A set A has n elements iff every maximal chain in (G(A; u); <) has just n
elements.
b) If a set A has n elements, then there exist at most 2"~' — 1 dual atoms in

(G(4; u); <) *).
c) A set A has n elements iff the set of all atoms in (F(4; u)' <) has just n ele-
ments*).

*) The statements b), ¢) hold also for infinite cardinal numbers 7.
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Proof. Let us recall first the following characterization of the covering relation.
—{(Ewy;<) in the complete lattice (E(4); <) of all equivalences on A (see [9], page
163): For g, 0 € E(A) we have @ —{(z(4);<, 0 iff there exist elements X, € Afo and
Yy, Y, € Afo with

Yi+Y,, Xo=Y,UY,, Alo —{Xo} =Ale — {Y,, Y>}.

a) Fromtheabove characterization of —( z( 4., We get, that the set 4 has n elements
iff every maximal chain in (E(4); <) has n elements. According to [5], section 29,
every maximal chain in (G(4; u); <) is maximal in (E(4); =) too; and from this
fact a) follows.

b) Following the above characterization of —(4,<, there exist exactly (1/2).
.card (exp A — {0, 4}) = 27! — 1 dual atoms in the complete lattice (E(4); <).
According to [5], section 27, we have —(geam):e) & —(ea);e) and so every dual
atom in (G(4; u); <) is a dual atom in (E(4); <) too.

¢) The atoms in (F(4; u); <) are exactly the equivalences in A4 of the form {x}?
for some x € 4. So A has the same cardinal number as the set of all atoms in
(F(4; u); <).

35. Corollary. There exists an algebraic lattice &, which is isomorphic neither
to (G(A; u); <) nor to (F(A; u); <) for any poset (4; u).

Proof. By section 34 the lattice .#, the diagram of which is shown in fig. 2, has
this property. '

‘ Fig. 2
36. Remarks. a) In section 45/c we shall exhibit another algebraic lattice, which is
not isomorphic either to (F(4; u); <) or to (G(4; u); <).

b) At the end of this part we shall show a generalization of lemma 25; this gener-
alization is proved (in contrast to section 25) by means of the axiom of choice.
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37. Theorem. Let o/ be a non-empty system of sets; let A = (s/; <) be a complete
lattice and let sup Z = \JZ for every non-empty chain & in U. Let ¢ : o — A
o

be an algebraic closure operator on A. *) Then the following holds:

If # < o and be ¢(sup B), then there exists a finite subsystem € in B with
be p(sup ©). x
2

Proof. Let m be the least cardinal number of a system &, for which 2 = #
and b e (sup 2) Let us suppose, that N, < m; we shall derive a contradiction.
A

There exists ordinal number o with m = N, and there exists a system %, for which

B, = B, beop(sup B,), card B, = N,.
2

We shall order the elements of %, into a sequence (X;);<,,, Where w, is the least
ordinal number of power N,. Let us define Y, =pcsup {X; =p¢sup {X,|{ < ¢}
o

forall ¢ < w,. Then Y; € « forevery ¢ < w,and ¥, € Y, for { < ¢ < w,. Especially
{Y:| ¢ < w,} is a non-empty chain in A and therefore

Z=Dfsup{Y§|£<wa} =U Y.
o E<wn

Then ¢ + 1 < w, for every ¢ < w, and so, according to the definition of Y, ;, we
get that X, = Y;,,. There follows: X, < Z for every { < w,. Thus sup %4, < Z;
; A

we shall derive the converse inclusion. The element sup %, in U is an upper bound
of the system {X, | { < ¢} for all ¢ < w, and therefore Y; < sup %, for all ¢ < w,.
Thus Z = sup {Y; | £ < ,} < sup %, and the equality u

bl §

sup # = U Y;
A

E<wa

is derived.

Since (Y;); <., is a non-dicreasing sequence of elements of &, and since ¢ : o — o
is an algebraic closure operator on 9, there follows

(p(s;p B,) = “’(g Y Yy) =§§J o(Ye) .

*) Le., ¢(#) is the algebraic system of closed elements in the complete lattice U:

() If Z < p(«), then inf & =, inf Z.
A (¢(#);S)
(ii) If Z < ¢(4) and if (Z; S) is a non-empty chain, then sup £ = sup Z.
A o(H);E)
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(The proof of the second equality: The inclusion U ¢(Yy) € ¢( U Y;) follows

E<w@q E<wq

from the fact that the closure operator is isotonic. We shall derive the converse
inclusion. We have U ¢(Y;) 2 U Y, and therefore (p( U (p(Yc)) =) (p( U yg)
So we get that {<wq E<oq

U o(Y) = sup{p(Yy) | ¢ < o} = sup {o(Ye)|¢ < @} €o(),
E<wea A (o(H); <)

because ({@(Y;) | ¢ < w,}; <) is a chain too. Hence ¢( U ¢(Yy)) = U ¢(Y;) and
the converse inclusion $< s {<wq

o( U Y= U ot

is derived.) Since b e (sup %,), there exists an index v < w, such that be ¢(Y,).
2

By the definition of Y, we get that
beg(Y,) = o(sup {Xs [ £ <))

and {X, | ¢ < v} € %; card {X, | ¢ < v} < card v < N,. But this is in a contradic-
tion to the definition of cardinal number m = N,. Therefore m < ¥, and the proof
is concluded.

INTERVALS IN (G(4; u); <)

38. Remark. In this final part we consider intervals in (G(4; u); <). Therefore,
given ¢, 0 € G(4; u), we shall write ), o) or {g, o) etc. instead of ), 6)Gcam;e)
or <0, 6D (G(au);<) (see also section 1).

39. Theorem. (The local characterization of the elements of F(A; u).) Let o€ D(4),
Be F(A; u) and let « < B. Then o€ F(A4; u) iff the following condition holds:

(18) (e " X?)e F(X;u) forall XeAlp.

Proof. For « = 0§ we have u, = 0 = (u,)~" and therefore o, = u, N (u,)"' =0
and, according to the definition of the system F(A4;u) in section 1 (see also [5]
section 18) we have 0 € F(4; u). At the same time, for « = @ the condition (18) is
satisfied. Therefore we can further suppose that « & 0; then f & 0 and 4 + 0.

Let the hypotheses of the theorem and the condition (18) be satisfied. Let & be
the system of those equivalences t, which satisfy the following:

(19) teF(4;u), a<t< B and, forall XeAdp,

X’nt=X? or X’nt=X’nu.
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We have f € o/, and so &/ =+ 0. According to [5] section 20 there exists

y=pr inf & =N eF(4;u).

(F(43u);<)

Then o = 7 for all te o/, and therefore o« < y too. We shall derive the converse
inclusion thus proving that « € F(4; u).

Let us show at first, that y € «/. We have derived that « < y e F(4; u). From the
relation e o and from the definition of y it follows that y < B. Let X € A/p.
If X? nt = X? for all 7€ ., then also X? ny = X2 If there exists such 7, € o,
that X? n 1, = X? N a, there

Xoy=Xn(Nft|red})) =NX nrt|red} =X’ na,

because TN X’ = X? or tnX? =an X’ for all te o/ and 7, N X? = an X2
So the equivalence y satisfies the condition (19), i.e. y € /.

Lety — o = 0. Then there exists (a, b) €y — «; since y = f, there exists X, € A/ﬂ
with a, b € X,. By (19) we get that Xg n o + X n t = X; for all t€ o/ and there-
fore, according to the definition of y, Xg < y. From all this we get that X, € Aly.
If we define

5:nym(A—X0)2’ 3=Dfo)f"°‘, @ =pdUE,

then, by (18), e F(X,; u) and according to [5] section 23, also ¢ € F(4; u). If
XeAlp—{Xo}, then X’ np=X"ny and X{no =X, ne=X,na The
element y satisfies (19) and hence so does the element ¢ (the validity of the inclusion
a < ¢ = B is evident). Thus g e . Also ¢ N X = anX§ < X§ <y, which is
in a contradiction to the fact, that y = inf 7. The hypothesis y — o + 0 leads to
F(Asu); &
a contradiction, hence the inclusion y(é oc)h(;lds. So o = y e F(4; u) and we have
proved that the hypothesis of the theorem and the condition (18) imply o € F(A4; u).
We shall derive the converse implication. Let the hypothesis of the theorem be
satisfied. Let « € F(4; u) and X € A/B. If X* n a = @ then X’ N a e F(X; u) (see the
first section of this proof) and therefore the condition (18) is for X satisfied. Let
X?na#+ 0. Let n > 1 be a natural number and let

X;eXo, (XiuXiv)en, (X,Xo)eu

for every i =0,...,n — 1 and for every j=0,...,n. Then X;e Afx (because
X|a = Afo — see section 1, page 259) and according to lemma 2, from the hypothesis
a e F(A; u) there follows X, = ... = X,. So, according to lemma 2, (x n X?%)e
€ F(X; u), because X/u = X/(« n X?). We have derived that ae F(4;u) implies
the condition (18).
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40. Corollary. (The local characterization of the elements of G(4; u).) Let a € E(4),
Be G(A; u) and let « = . Then o e G(4; u) iff the following holds:

(18" (enX?)eG(X;u) forall XeAlp.
Proof. We have G(4; u) = E(A) 0 F(A; u) (see [5] section 18) and (« n Y’)e

€ E(Y) for « € E(A) and Y = A. The statement follows directly from section 39.

41. Notation. Let o € G(4; u). Then 4, denotes the set of all elements, covered
by o in (G(4; u); <), that means that 4, is the set of all dual atoms in the complete
lattice (), o); <). If ¢ € ), o), then we define

(20) d,0) =pc{t|t€4,, 0= 1}.

It is d,(¢) = 0 for ¢ = o (see [5], section 28). Evidently, d, : », o) — exp 4,. If
X eexp 4, and X #+ 0, then we define

(21) ]/ja(X) =Df ll'lf X 5 lpa(o) =pfO -
(G(4;u);<)

According to [5], section 20 we have y,(X) = NX and evidently ¥, (X)e ), o).
Moreover

(1) YY) = inf Y
,0>;%)

holds for all Ye exp 4, and therefore , : exp 4, — D, o).

42. Lemma. Let ¢, 0, t€ G(4; u) and let ¢ = © < 0. Then d, (1) = d,(o).

Proof. From the inclusion ¢ = t < ¢ and from (20) it follows that d,(7) =
c d (o). If ¢ = t, then the following holds:

(22.2) VY edlg 3Ze At (Y<S Z)
(22.b) Y, e Ale 3Zye At (Y, < Z,)
It is

Z=U{Y|Yedo, YS Z}
for all Z € 4|z (¢, 0, 7 are equivalences on A) and therefore according to (22. b)
(23) card {Y| Ye Afo, YS Zo} 2 2.

From the inclusion 7 < ¢ it follows that there exists exactly one element U, € Ao
with Z, = U,.
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We shall construct an element ¢, about which we shall show that ¢, € d,(¢) —
— d,(t). We must distinguish two possibilities. If

(24) Y, is not the u,/,-greatest element in {Y] YeAfo, Y<S Z,},

then we put
01=pe (U{U?|Ue AdJo, U + Uy}) L

U (U{Y| Ye dlo, YS U, (Y, Yy)e uA/e})z v

u(U{Y| Yedle, YS Uo, (Y. Yo) ¢ une}) s
(25) if Y; is the u4/,-greatest element in {Y| Ye Afo, Y S Z,}

then we put
0y =pe (U{U? |UeAfo, U=+ Us})u
u(U{Y| Yedlo, Y= Uy, (Y, Yy)euy, —idy,})° v
U (U{Y| Yedfo, Y= U, (Y, Yo) ¢ g, — idase}) -

We have ¢ € G(4; u) and therefore, according to section 2, u 4, is an ordering on A/o.
From this, from the inclusions ¢ = 7 < ¢ and from the definition of the relation ¢4
it follows, that g, is an equivalence on 4. According to (23) the system

oA =pe{Y|Ye Aloy, Y= Ug}
has two elements and, by the definition of g,
(26) Aloy = (Afo — {Ug}) v o .

We get, that g, is covered by o in (E(A); <) (see the characterization of the relation
—{(g(4);=)» Page 281in the first part of lemma 34). We denote the two-clement system &/
by & = {Y;, Y,} and we choose the indices so that in case (24) ¥, < Y; and in case
(25) Y, = Y,.

We shall show, that (Y,, Y;) ¢ @, by contradiction. Let us suppose, that (Y5, Y;) €.
Then there exist y, € Y, and y, € Y; with (y,, ;) € u. Since ¢ € E(A), there exist
Y{, Y; € Afg, for which y, € Y{ and y, € Y;. Then

(Y5, Y) e n (Ale) < uyy, -

From inclusion ¢ E g, it follows that Y; < Y;, Y; € Y,. According to the definition
of 05, (Y{, Y,) € uyy, in case (24) because Y, < Y. Further, (Y;, Y{) € u,,, and there-
fore (Y3, Yp) € uy, So in case (24) it is Y; < Y, but this is a contradiction, because
also Y; < Y,. This proves that, assuming (24), the relation (Y, ;) € @ is excluded.
Let (25) hold. Then Y, < Y,. We have Y; € ¥, and therefore, according to the
definition of ¢y, (Y7, Yo) € uyy, — idy, Also (Y3, Y{)€uyy, and we get (¥, Yo)e
€ Uy, — id 4, According to the definition of ¢y, ¥ < Y; and this is in a contradic-
tion to the fact that Y, < Y,.
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We have verified that the relation (Y, Yl) € 1 does not hold in any case.
Thus the inclusion

dy,canse’c {(Yx» Yl)7 (Yz- Yz)’ (Y1, Y,)}

holds. From this inclusion it follows that u, = & N /7 is an ordering on . There-
fore, according to section 2, we have

0, nUL =Y UY;eGUyu).

Also o, n U? = U? for every U € (4e; — {Uo}) and so ¢ n U’ e G(U; u). According
to section 40, we have ¢, € G(4; u). We have shown before that ¢ S ¢; —{(g(4y;)0
and therefore g, € d,(0).

Finally, we prove that ¢; ¢ d,(t). From the definition of ¢; and from (23) we get
Zo Y, # 0 + Z, N Y,, because in case (24) we have

Y, = U{Y|Yedfo, YE Usg, (Y, Yo) € iy}

Y, = U{Y| Ye dlo, Y S Uy, (Y, Yo) ¢ ae) »
and in case (25) we have

Y, = U{Y| YeAdfo, Y= Uy, (Y, Yo)€uyy, —idy,) ,

Y, = U{Y| Yedfo, Y= U, (Y. Yo) ¢ gy, — idyp)

If we choose re Zy n Yy, se Z, 0 Y, then we get (r,s)e t — ¢,. So the inclusion
T < ¢, does not hold and therefore ¢, ¢ d ().

We have derived that d,(¢) # d,(t). We have shown at the beginning of this proof
that d,(t) = d,(e). Thus the proper inclusion d,(t) < d,(e) is proved and the proof
is concluded.

43. Lemma. Let (X; <) and (Y; X) be complete lettices and let mappings
®:X > Y and § : Y X define a Galois’ correspondence between (X; <) and
(Y; é) Then the following statements hold.

a) Yo : X - X is a closure operator on (X; <) and ¢y : Y — Y is a closure
operator on (Y; X).

b)ForREXandSEY,

¢(sup R) = inf @(R), y(supS) = inf Y(S).
;2 (¥;=) (x;2)

X;2)
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¢) Let x < y imply that ¢(y) < ¢(x) for all x, y e X. Then:

(o) Every element of X is yo-closed.
(B) The mapping ¢ : X — ¢(X) is an antitonic isomorphism from (X; <)
onto (¢(X); X). In particular ¢ : X — Y is an injection. The partial mapping

V| o(X)) : o(X) > X

is an isotonic isomorphism from (@(X); Z) onto (X; £) and the mappings
@, ¥ | o(X) are mutually inverse.

Proofs of these statements can be found in the literature. E.g. the statement a) is
proved [4], theorem 11.1.2 (page 241 of the Russian translation), the statement
¢/(e) is proved in [4], theorem 11.1.4 (page 242 of the Russian translation) and the
statement c/(B) is proved in [3], section VI. 11.1 (page 290—291 of the Czech trans-
lation; by (o) it is Y ¢(X) = X). The statement b) is also well-known and it is given,
in a special case e.g. in [2] (page 61 of the Russian translation).

44. Theorem. Let o € G(A; u). Then the mappings
d,: >,0) »expd,, Y, expd, > >, 0)

define a Galois’ correspondence between the complete lattices O, o); E) and
(exp 4,; ). The following statements hold:

a) The mapping d,: », 6) — exp 4, is an injection.

b) Every element from ), ¢ is ,d, — closed*).

¢) Mappings d, and , | d,(>, o)) are mutually inverse and the complete lattices
(s 03 €), (d,(>, 0)); 2) are isomorphic.

d)If0+X < ), 0)and sup X # o, then

(G(4;u);S)

sup X = N N{d,(e)|eeX}.

(G(4;u);<S)

Proof. (G(4; u); <) is a complete lattice and ), o) is a principal ideal in this
lattice; therefore (), 6); <) is a complete lattice. For Y, Zeexp 4,, Y < Z holds

U, (Z)= inf Z< inf Y=y, Y)
0,0);<) :0>;S)

(see (21")). From this and from section 42 it follows that the mappings d,, ¥/, define
a Galois’ correspondence between the complete lattices (D, o); <) and (exp 4,, <).

*) That means that for all g € ), 6, ¢ = ¥, d,(0).
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The statements a), b), c) are direct consequences of sections 42 and 43. We shall
verify the statement d). According to section 43/b,

(27) d( sup X)= inf d,(X)=N{d,(0)]|ceX}
(,0);S) (expdq; S)

as X is non-empty, we have d,(X) = 0. From the hypothesis that sup X # o,
(G(45u);)

X = ),0)itfollows,that sup X < oand therefore,accordingtoa),c), d,( sup X) +
(G(4;u);S) 0,0>,%)
+ 0 (by hypotheses sup X = sup X). As a consequence of (27) we get

2,00;S) (G(45u);S)

Nd,(X) + 0. Accordmg to b), (21) and [5], section 20, it follows from (27) that

sup X = w( sup_ X) V(N (X)) =Wip§_c)(nd,(x»= N Nd,(X).

(G(4;u);<)

45. Remarks. a) The statement 44/b is a basic generalization of lemma 28 in [5].
According to section 44/b and [5] section 20, the following statement hold:

If 0,0 € G(4; u) and if ¢ < o, then ¢ = Nd (o).

(That means that in the complete lattice (), o); <) there exist sufficiently many
dual atoms, which are above Q.)

b) The statement 44/d exhibits one possible form of a supremum in (G(4; u); <);
this question has not played any important role in [5] (see also section 24). We
have A% € G(4; u); if we choose o = A in section 44) d we get:

Let X < G(A;u). If X = O then sup X =id,. If X + 0 and if T is an upper

(G(43u);€)
bound of X in (G(4; u); <), v + A°, then

sup X = N{x |«
(G(4;u);S)

is a dual atom, which is an upper bound of X in (G(4; u); =)} .
(4,42 is the set of all dual atoms in (G(4; u); <). Evidently,

{x|xed4, YoeX(o € %)} = Nda(X).

From this and from section 44/d the statement follows).

¢) Let & be at least three-element finite chain. Then, e.g. by section 44/a, there
exists no poset (4; u), for which the lattices & and (G(4; u); <) are isomorphic.
If we consider that G(A4; u) is a principal filter in (F(A4; u); <), determined by id 4
and that the set of all atoms in (F(A4; u); <) has the same cardinal number as 4 (see
section 34/c) evidently % is not isomorphic to (F(4; u); <) either. Yet & is an alge-
braic lattice (see section 35, where another counterexample is exhibited).
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46. Remark. Let us recall the following notation (see [5], section 54). «, fi € E(A)
and o« = f, then we define

(X, Y)epla<p Vxe X Vye Y((x,y) e p)

for A + 0 and for all X, Y e Afx. According to section 3, Blx = 0/0 = {(0, 0)}
for 4 = 0.

Leto, f,7e E(A). Then the following statements hold; the proof is left to reader.

a) If « = B, then P|ae E(Afx).

b) If « = B and « < y then Bla = yfaiff B < .

¢) For 6 € E(Afx) there exist exactly one equivalence &' € E(4) with « < &' and
such that § = &'[o. (If we define for any x, y € 4 the relation &’ by (x, y) € 6" iff there
exist X, Ye Afa for which xe X, ye Y and (X, Y)eé, then o« = &', §' € E(A) and
&'[o = &; the unicity of such &’ follows from proposition b).)

The mapping

S & (o€ E(Afx))

is an isomorphism from the complete lattice (E(4/a); <) onto the complete lattice
(<o, {(gayieys S)- (See [2] chap. I, section 3.)

47. Lemma. Let o€ G(A;u) and te E(Afo). Then te G(Afo; uy,)*) iff there
exists ' € (o, { with t = 7'[o; such ' is unique (for a given ). The mapping

Tt (teG(Afe; uyy,))

is an isomorphism from the complete lattice (G(Afo; uy,,); =) onto the complete
lattice (g, (; ).

Proof. For 4 = 0 the statement trivial (we have ¢ = 0, Ao = {0}, E(4)o) =
= G(4e; uge) = (0, 0)}}, 7 = {(0,0)}, ' = 0 and (o, ( = {0}). Suppose A =+ 0.

Let 7€ G(A/o; uyy,). We have G(4/o; uy,,) S E(AJo) and therefore, according to
section 46/c, there exists a unique 7’ € <@, {(r1);<) With 7 = 7’/o. We shall show that
©" € G(A; u). The relation X € A/7" holds iff there exists Z € (4/¢)/t, for which X[¢ =
= Z. Let n = 1 be a natural number and let

X;edlr, (XiXiv)eu, (X,Xo)eu,

hold for all i = 0,...,n — 1 and j = 1, ..., n. Then for all j there exist x;, xje X;
such that (x;, x},,) € u, (x,, x;) € u for all i. There also exist Y;, Y] € X /o, for which
the relations x; € Y;, x} e Y/ hold. Then (Y, Y/, )eu, (¥, Y;) e for all i. There-
fore,

(Xilo, Xisr[o) € (uare)' > (Xufo, Xofo) € ()

*¥) We have ¢ € G(4; u) and therefore (4/0; uy,) is a poset; so G(A/o; ua/,) is defined. Let us
recall that (e, { always denotes the interval in (G(4; u); <).
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because from (Y;, Y/, )€ u it follows that
(Vs Yin)ed 0 (Afe)’ < uy,.
We have
ve G(dfe; uae), (Xjl0)e((4f0)f),
and therefore, according to section 2, X/o = X;,,/e¢ for all i. So Xy = ... = X,
and therefore, according to section 2, ' € G(A4; u). There follows 7’ € <o, <.

Suppose, conversely, that " € (g, {. Then, according to section 46/a, T = r’/g
is an equivalence on A/Q. Let n = 1 be an integer and let the relations

Zie(AlQ)t, (X Zivr) € (ware) s (X Zo) € (are)
hold for all j = 0,...,nand i = 0,...,n — 1. Then for all j there exist X;, X;e %
such that for all i (X, Xi41)€ g, (X, Xo)€ 1y, According to [5], section 17,
is U4, = U, and so relations

(xis x;+1) €Uy, (x,,, xé)) €u,
hold for every x; € X; and xj e X (see [5], section 16; or section 1 of the present
paper, page 259). By the above, (x;, x}) € T and, via [5] section 13, it follows from
the inclusion ¢ < 7’ that u, < u,.. Hence
(xia x;+1) €Uy (x;-l»l’ Xi+1) et < Uy
and, from the fact that the quasiordering u.. is transitive on 4, we get that (x, xj) €
€ u,. for all x, € X, and for all x; € X;. We have
xoeUZoe A, x;eUZ;e Al

and for all x e UZ, and for all y e UZ'; we get (x, y) € u,. (see [5] section 15). There-
fore (UZo, UZ)) € uy,. Analogously, we derive the relation (UZ;, U%o) € e
Since, by hypotheses, 7’ € G(4; u), we get UZ, = UZ; for all indices j (see lemma 2).
This implies Zy = Z; = ... = Z,; therefore, by lemma 2, T € G(4/¢; uyy,). *)

We have derived that the mapping

Tt (te G(Afo; uy,))

is a bijection from G(A4/¢; u,,,) onto {¢, {. According to section 46/b, this mapping
is an isomorphism from the complete lattice (G(A/o; u,,); <) onto the complete
lattice (<o, (; <)

*) This part of the proof also shows, that the relational structure

((A])[(z[@); (waso)car)i(z'10)

is a poset for ¢, t” € G(4; 1), ¢ = t’. This fact has been claimed in [5], section 55.
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48. Corollary. Let ¢,0€ G(A;u), ¢ S o and let Xe Alo. Then for t4e
€ G(X/o, ux,,) there exists exactly one element 1y e ({0 nX2<(G(X'u)-E) with Ty =
= Txjenx2). The mapping

b 1y (tx € G(X/o; uxy,))

is an isomorphism from the complete lattice (G(X[o; ux;,); <) onto the complete
lattice (<o N X%, {gxsme); S)-

Proof. We have (¢ N X?) € G(X; u) and uy;nx2) = (# 0 X%)y,,nx2, (see theorem
6 and lemma 5). If in lemma 47 we substitute the set 4 for the set X, and the equi-
valence ¢ for the equivalence ¢ N X?, then the proof follows.

49. Remark. Let I be a set and let (X;; u;) be posets for all i e I. Then we denote
the cardinal product of the family ((X;, u;))ir by [] (X u;). Let us recall that the
iel

base set of the poset [ (X;; u;) is usual cartesian product [] X; and the ordering
iel iel

of u on [] X; is defined as follows:
iel
(x,ye 1—1 X;) = ((x, ) € u <pe Vi e I((x(i), ¥(i)) € u;)) -

The proof of the following statement follows directly from the definition of the
cardinal product;

a) Let (X u;))ier and ((Yi; v;))ier be families of posets and let ¢;:X; > Y,
be an isotonic isomorphism from (X u;) onto (Y;; v;) for every i€l. Let us define
a mapping ¢ : [[ X; > [] Y; as follows: -

iel iel

(reTTX) = (o(x) () =or 9(x(1) -

Then ¢:[[X; > [] Y: is an isotonic isomorphism from the cardinal product
iel iel
[1(X:; u;) onto the cardinal product [](Y; v,).
iel iel
(The existence of an isomorphism follows also from the fact that the cardinal
product is a product in the usual category Ord of posets, which is uniquely deter-
mined, up to isomorphism.) Let us mention that the cardinal product of a family

of lattices is the complete direct product of this family.

50. Lemma. Let 9,0 € G(A; u) and let ¢ < o. Let us define a mapping
. v H {en Xz’ <(G(X;u);§) - <@, 6)

Xed/o
as follows

(28) (e [T <o n X% {gwmse)) = (1) =pe U{H(X) | X € 4/c}).

XeAla

Then Y is an isotonic isorriorphism Jrom ] (<QﬁX2, {(Gxmy: €9 E) onto
(Ke. 0); <) Xedle
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Proof. Let us denote C =p; [ <0 N X%, {(6xuy;e) We shall show first, that

XeAlo

(28) defines a mapping ¥ : C — {g, o) correctly. Let te C. Then 7(X) e E(X) for
every X € Afo. The system Afo is disjoint and therefore Y(z) = U{t(X)| X € 4/o}
is an equivalence on 4. We have ¢ n X? < 1(X) < X? for all X € A[o and hence
0=U{enX?*|Xedlo} = U{(X)| X e Alo} =
=y(t) s U{X’|Xedloc} =0.
So Y(7) € <05 6)(ruy;c)- Moreover (X)e G(X; u) for all X € Ao, because 7(X)e
€ <o N X%, {(G(xsu):<)- Hence

Y1) n X? = 1(X)e G(X; u) .

According to section 40, Y(t)e G(4; u), because Y(r) S € G(4;u) and y(x)
satisfies (18') in section 40.

We have derived that y(t) € <0, 6D gy;e) N G(4; u) = <o, 6), for te C. There-
fore Y : C — (g, 6). We shall show that the mapping y : C — {g, g) is a surjection.
Letae {o,0). Then X’ npo <= X’ nac X’ noforall Xe Ao and via theorem 6
we get

xnX’edon X’ {6xmie) -

Let us define a mapping

a* Ao - U{<e n X%, {(Gxmy:e) |,X € Ala}
as follows:
(X e Alo) = (@¥(X) =pran X7).

Evidently, o* € C and, by its definition,
Y(e*) = U{e*(X) | X e 4fo} = Ufa n X? | X e Afo} = a.
We have derived, that y : C — (g, ¢) is a surjection. Let us denote

(Csv) =DfXH (e 0 X%, {oxapiers S) -

€Afa

We shall show, that ¥ : C — (g, ¢) is an isotonic isomorphism from the cardinal
product (C, v) onto (g, 6>; =). We have

(Tx, 72) ceveVXe A/a’('cl(X) c IZ(X)) < 1/1(11) =
= U{n(X) [ X e 4o} = U{z(X) | X € 4]0} = Y(r,)

for 74, 7, € C. (The second equivalence is a consequence of the fact, that A/o is a parti-
tion of 4 and that the unions {7,(X) | X € Afo} k = 1,2, are disjoint; that means
that 7,(X) n 1(Y) = 0 for X, Ye Afo with X + Y.)
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51. Theorem. Let @, 0 € G(4; u) and let 9 < o.- Then the complete lattice

<

(Ko, o; <) is isomorphic to the cardinal product ] (G(X/e; ux,); ).
Xed/o

Proof. According to sections 48 and 49/a, the cardinal products

IT (G(X[o; uxy); <)»  TT (e 0 X% {sixampieys S)

Xedlo XeA/a

are isomorphic. Therefore, the proof follows directly from lemma 50.

52. Remark. Theorem 51 guarantees the existence of a certain isomorphism. With
the help of sections 48, 49/a and 50 this isomorphism can be constructed.

53. Corollary. Let o € G(A; u). Then the complete lattice (), o; <) is isomorphic
to the cardinal product [] (G(X;u); <).

Xed/o

Proof. Let X € Afo. Then
Xfids = X[(idy n X°) = X[idy = {{x} | xe X}
and, by the definition of i (see section 1) the following holds for all x, y € X:
(x,y)eu<=({x}, {y}) e n(X]idy).
Therefore the relation &  (X[idy) is transitive and so
Ugjia, = Uxjia, = U 0 (X[idy) .

It follows that the mapping x > {x} (x € X) is an isotonic isomorphism from (X; u)
onto (X/idy; uyjia,). From section 20 we get that the lattices (G(X;u); <) and
(G(X[idy; uxjiay); S) are isomorphisms too. Since (id,, o) = >, o), we get, via
theorem 51,

(>,0); =) and xl;[/ (G(X[id 5 uyjia,); S)
are isomorphic and also

[T (6(X[id; uxpa; =) and ] (G(X;u); =
Xed/o XeAdlo

are isomorphic.

54. Remark. Concluding this section, we shall notice the algebraic character of
intervals in the lattices (F(4; u); <) and (G(4; u); <). This question is solved by
means of the following statement a: (we suppose, that this statement is already known)

a) Let & = (L; £) be an algebraic lattice. Then each interval ({a, b)y; <)
is the algebraic lattice, for a,be L, a £ b.
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Proof follows from the fact, that the set
K =pc{a v k| k is a compact element in &, k < b}

is evidently the set of compact elements in the complete lattice (<a, b); <) and for

every x € {a, b) there exists K, < K that x = sup K,.
(abd;<

b) Intervals in (F(A; u); <) and (G(4; u); <) are algebraic lattices.

Proof follows from a) and from theorems 33 and 30.
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