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THE SPLITTING LENGTH OF MIXED ABELIAN GROUPS
OF RANK ONE

LapisLAv Bican, Praha
(Received April 24, 1975)

IRWIN, KHABBAZ and RAYNA [5] have studied the splitting properties of the tensor
product of mixed abelian groups. They defined the splitting length of a mixed group G
as the infimum of the set of all positive integers n such that the n-th tensor power G"
of G splits and they constructed a mixed group of rank one having the splitting
length n for every positive integer n. The purpose of this paper is to characterize the
mixed abelian groups of rank one having the splitting length n.

By the word ““group” we shall always mean an additively written abelian group.
As in [1], we use the notions “‘characteristic” and “type” in the broad meaning,
i.e. we deal with these notions in mixed groups. The symbols h$(g), %(g) and £%(g)
denote respectively the p-height, the characteristic and the type of the element g in
the group G.  will denote the set of all primes. If Tis a torsion group, then T, is the
p-primary component of Tand similarly if #" < = then T, is defined by T,, = )4 T,

pen’
For a mixed group G with a torsion part T we denote by G the factor-group G/T
and for g € G, g is the element g + T of G. Other notation used will be essentially
the same as in [3].

Let 7’ < nand let G be a mixed group with T,, = 0. If S is a subset of G then {S}7.
denotes the n'-pure closure of S in G, the existence of which is easily seen. It was
proved in [1] that a mixed group G of rank one splits if and only if it satisfies the
following conditions (x), (B):

We say that a mixed group G with a torsion part T satisfies Condition (oc) if to any
g € G = Tthere exists an integer m such that t%(mg) = %(g).

Similarly, a mixed group G with a torsion part T satisfies Condition (B) if to any
g € G = Tthere exists an integer m = 0 such that for any prime p with hf(g) = o0,
mg has a p-sequence (1 e. there exist elements h” = mg, P, ... such that ph®), =
=h"n=01,..). ‘

Lemma 1. Let p be a prime, G a mixed group and let a;e G - T, i=0,1,.
be such elements that pia; = psi_la, Li=1,2,..,5 =0.1If Z(r —s;) has

non-negative partial sums and z (r - s) = oo then a, has a p-sequence.
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Proof. The fact that lim inf { Z (r; = s:)} = oo enables us to define an increasing

sequence {k;}7, of positive mtegers in the following way: Put ko = 1, yo = 0 and
if ko, ky, ..., k; are deﬁned then let k;.( be the greatest integer such that y;,, =

kjs1—1

= Z (r; — s;) = inf {Z(r —5), n 2k} > yj Forevery ki <m<kj,j=
=(;,:1], we have_'}ri ('r‘ si) —Z(r si) — Z (ri = s)) Z ;41— 7v,>0 s0
that i (ri — s;) + ;,:kl— (7j+1 — yj) 2 s,. Now a p-sequence of a, can be defined
asfo]lltz)l;;S' a, = p"ay, p”_‘al, - p"—y‘al = pha,, p* T ay, ..., p T g, =

=@j+1—r))

r 1 ri .
_—_—pkzakz,. 7p Ja pkj ay kj ’P a';:pk"+lakj+p~'--

Lemma 2. Let p be a prime, G a mixed group and a € G =~ T such that hf,,;(p’a) =
= o0. Then the element p'(a ® ... ® a) has a p-sequence in G" for every n = 2.

Proof. If | = 0 then taking the elements a,e G with p*a, = a = p* 'a,_,,
k=1,2..,a0=a, we get pP"" a,®...Qa)=p"""(a-, ... ® a1)
k = 1,2, .... If 1 >0 then the elements a,e G with p**Dq, = pMa,_ |, k =
=1,2,...,ay = a have the property p**""*"* Vg ® ... ® ;) = pa,-( @ ...

.®a,_1), k=1,2,..., and Lemma 1 completes the proof.

Definition 1. Let a be an element of a mixed group G and let p a prime. Define
the p-height sequence of a in G as the double sequence {k;, l,-}?';o of elements of N U
U {0, oo} inductively as follows: Put k; = ko = I, = 0 and I, = h{(a). If k; [
are defined and either hi(p*'a) =1, = o0, or I; < oo and hJ(p***a) =1, + k
for all ke N then put k;,{ = k; and [, = I;. If [; < oo and there are k e N with
hS(p***a) > I, + k then let k;,, be the smallest positive integer for which
hy(P“rta) = Ly > L+ kv g — ki

Lemma 3. Let G be a mixed group of rank one with a p-primary torsion part T
and let G be p-divisible. Further, let {k;, I;}iZo be the p-height sequence of an
element ageG ~ T, I, + o, pla; = pag, i=1,2,.... If a;, iy ..., a; €

L+ % 1—k;+k; -1,
e{ag, ay, ...}, j = max {iy, i,, ..., i,} then p = ’ (4;®...® a)) =
=phitlie, ®...® a;).

—ks

Proof. We have pYa; = p*a, = p*~*i*'i-a;_ and the assertion follows easily.

Lemma 4. Let p be a prime and G a mixed group with a p-primary torsion
part T. Further, let age G = T be such that h$(a@,) = co and let {k, 1;}2o be its
p-height sequence with 1, + oo, i =1,2,.... If p'a; = p“a, then there .exists

o0
a subgroup U =Y, {t,-} pure in T generated by the elements p'+t~ i kieithkig
i=2

—a,i=12 ..
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Proof. Put Uy =0, t; = 0 and proceed by induction. Suppose that we have
constructed the elements ¢4, t,, ..., t; such that

(1) Ui={ti}+{t}+...+{t}, T=U,+ T

and the elements

() tp=plTlimtTht g g L =120

satisfy

3) [t;| = || = pY*%7%1 and {11, 1, ..., 6} = U,.
First, by the definition of the p-height sequence we have

(4) L+ kit —ki>Li>lLi i +ki—kioy, i=12,...

and

%) WP~ Mag) =, ki S =14k < kigy .
Now for fj,, = p'+* HiTkistkig. a4, we have

(6) fisr =X+ tiy, xeU;, tieT .

If p't;. = 0 for some j < I; + k;,; — k; then we can suppose that j = I; and we
have p’t;,; = p'tiy; = 0 by (3) and (4) and consequently p'i*'~!i—ki+1tki +
= pla; = p’""**a, which contradicts (5). Thus (3) holds for j = i + 1.

Further, if h3(pt;+() =Jj + s, s > 0 for some j < I; + k;;{ — k; then we can
clearly assume j = 1I; and we have plit'TliTkinitkitig o pit = pla; =
= p'~!*kiq,, which contradicts (5). Thus {t;,}, being pure in T, is a direct sum-
mand of T’ and the assertion follows easily.

i1 =

Lemma 5. Let the hypotheses of Lemma 4 hold and let S be a basic subgroup
of T containing U as a direct summand, S =U + V. If H = {S, a,, a,, }S_,,
then HAT=Sand H=V { {ag, ay,...} 5.,

Proof. If g e{ao, ay,...}¢., N T then for a suitable integer m with (m, p) =
it is mg = ZA a;. Multiplying by p™ we get (Zl p""~!**) a, e T which yields
=0
Zl,p’" Lk = 0. However, by (4), for every i =0,1,...,n — 1 we have I, —

i=0

—lyyy —ky+ kg <1l,—1;, — k, + k;and so 4, = p"“"‘ 1kntkn-127 and mg =
n—1

= Jy(pn I Tketherig — a,_() + Y wa;€ U by induction, since the case n = 0
i=0

is trivial. Now the assertions follow without difficulties.

Lemma 6. Let p be a prime and G a mixed group with a p-primary torsion part T.
Further, let age G = T be such that h%(a,) = oo and let {k;, 1} be its p-height
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. L ki P—
sequence with I,_, < o0, I, = oo for some meN. If pia,=p“ag, i =1,2,...
....,m — 1 then there are elements a,, 41> --- in G = T and a direct decomposi-

m
tion T=U4+V of T such that U =Y {1} = {p-r*hmkm-1gq —q, |,
i=2

Lisi—-li—kisy+ki . _ In—1+km—km-1
plivi—hizkivitkiq g i=1,2,...,m—2} and {p Auiivt = Ay in
i=01,..} =V

Proof. Put s = I,,_, + k,, — k,,—. Since p*"a, is of infinite p-height, we can
choose elements al,,;, i =0, 1,... such that p**a; .. = p“"a,. Repeating the
arguments of the proof of Lemma 4 one proves easily the existence of U generated
by the elements ¢; from (2), j=2,...m—1 and t,, = p'a,, — a,,_, such that
T=U 4 Vand pU =0. Now papsivi = duii = Upii T Umiis Ui €U, 0, €
eV,i=0,1,.... Setting

’
(7) Auvi = Amyi + U+ i

we get psam+i+l — Au+i€ V,i= 0’ I,... and psam — Ay = t:n Owing to psU = 0.

Lemma 7. Let G be of rank one and let the hypotheses of Lemma 6 be satisfied.
If H={V, ay, apy1,-..}5-, where a, . ; are the elements (7) then G = U + H.

!
Proof. To prove U n H = 0, it clearly suffices to show that mg =3 2, . .a,.,: €
1 ) i=1
€ T,(m, P) = 1 implies g € V. But p'***mg = (> I i) ag yields Imit =
i=1 I-1
= pS}":n+1’ hence mg = )'l/n+l(psam+l - am+l-l) + Z”iam+i and the induction
can be applied. =1
Let g € G be arbitrary. Then ¢f = 0d, for some integers ¢, o with (g, 6) = L.
Suppose that ¢ = p*¢’, (¢, p) = 1. There exist integers [, i such that , = p**'g, .
Hence ¢'g = p'sa,,; + t and consequently ¢o'x = p'oa,.; and o'y = a, ., for
some x, y € H, since T is p-primary and (¢’, p'o) = 1. Thus g = p'oy + u + ve
eU+ H,ueU, veV.

Lemma 8. Let p be a prime and G a mixed group of rank one with a p-primary
torsion part T and G p-reduced. Let {k;, 1;}7~, be the p-height sequence of an ele-
ment ay € G = T such that l,, — k,, = | = hy(do) > l,—y — kn,_y for some integer
m. If p'a; = p*ay, i = 1,2,.... m then G decomposes into G = U + V 4 {a, )¢,

where U + V= Tand U = Y, {t;} = {p" ' ""tki-ig, —q, [ i=2,.., m}.
i=2
Proof. The decomposition T = U + V can be proved by the methods used in the
proof of Lemma 4. Further, p™a, = p*™a, yields p"™ *wa, = p'a, = a, and

h%(@,) = 0. So if g€ G is arbitrary then ¢j = 0a,, (2,0) =1, (¢,p) =1 and
ge T+ {a,}s., similarly as in the proof of the preceding lemma. Now the assertion
follows easily.
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Lemma 9. Let the hypotheses of Lemma 4, (Lemma 6 and Lemma 8 respectively)
be satisfied and let t;, i =2,3,... (i = 2,3, ..., m, respectively) be the elements (2).
Then h§(p(t; ® ... ® 1)) = hy(p*(t: ® ... ® 1,)) = o for every a < I,y + k; — k;_4
(t; is the element given by (6)).

Proof. It follows from the proof of Lemma 4 that the elements ¢; and t; ® ... ® ¢;
are of the same order. Assuming that p***x = p*(t; ® ... ® t;), s > 0, xe U} we
obtain 0 # pli-*tHTRioTi(fl @ L @ ) = plimtMiTRi-iTIFSe = 0, due to
pli-ttRiTlisig . = 0. The rest is easy.

Lemma 10. Under the hypotheses of the preceding lemma the element x; =
= pthitti-imkitkioNG, @ ... ® a;) — (a;-y ® ... ® a;—y) is of the order
p'i=t k=i (i < m if the hypotheses of Lemmas 6 and 8 are assumed).

Proof. If p*is the order of x; then « < I;,_{ + k; — k;_; by Lemma 3. Suppose
that the strict inequality holds and put f=1,— 1,y — ki + ki, +a <],
B > o. Then p(a;—; ® ... ® a;—y) = p((p’ %a; — 1) ® ... @ (p*%a; — 1)) =
=plu + (=1 p(t;®...® 1), ueG" and consequently p°x; = p"# V¥ x
x(@;®...®a;) — pPu — (—1)" p(t; ® ... ® t}) = 0. Hence h(p"(t; ® ... ® t})) >
> o which contradicts Lemma 9.

Lemma 11. Let 0 > A -5B5C 50, 05K5LY M0 be pure exact
sequences with A, K p-primary and C, M p-divisible. Then

()0>A®K->BQ®L—>C®M -0 is exact,
(i) 0 > A" - B" - C" - 0 is exact
for every positive integer n.

Proof. By [4], Theorem 60.4 we have the commutative diagram

0 0 0
0— > AKX BK S c@K —>0
1402 1p®4 1c®2
0 AQL=2% BeL Y coL — 0
14®n 15@u 1c®n
0 AM M BoM2 coM—— 0
0 0 0
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and (i) follows easily since A ® M = C ® K = 0. Further, (ii) follows from (i) by
induction.

Lemma 12. Let G be a mixed group of rank one with a p-primary torsion part T
and G p-divisible. Further, let {k;, 1;}{Z, be the p-height sequence of an element
ageG = T such that 1;+0, i=1,2,.... If plia; = pk‘ao, i=1,2,..., H=
={S, ay, ay, ...}<., is the group from Lemma 5 and B :H — G is the canonical
embedding then B": H" — G" is an isomorphism for every n = 2.

Proof. Consider the commutative diagram with canonical maps

0 S H " H|S 0
-l
0 ‘.6 T 0

y is monic by Lemma 5. Let g € G be arbitrary. Then ¢g = oa, for some integers o, &
with (g, o) = 1. Suppose that ¢ = p*¢’, (¢’, p) = 1, @y = p**'a; (such I and i exist
since I, — k, > I,_y — k,_, by (4)). Therefore ¢'g = p'oa; and o'g = p'oa; + t,
te T. But Tis p-primary and (¢’, p) = 1, so that t = ¢'t". Thus ¢’x = p'oa;and o'y =
= a; for some x,yeG, since (J',p'oc) =1. Then yeH and g = ploy + 1. It
follows now that y is an isomorphism, for y(p'oy + S) =ploy + T=g + T.
Especially, H[S is p-divisible. Lemma 11 now yields the following commutative
diagram

0— 5" o s (H]Sy —— 0

A

0 ™ s ¢ s (6T ——0,

where y" is an isomorphism. Moreover, " is an isomorphism again by Lemma 11,
since S is a basic subgroup of T. Consequently, f" is an isomorphism by “Five
Lemma”.

Lemma 13. Let U;, i = 0, 1, ... be p-reduced torsion-free groups of rank one of
the same type 7, U =Y ,U; and let a,eU;, i =0,1,... be such elements that
i=o
hyi(a) =0, i=1,2,.... If V={pla;, —ag, lix, 21, i =1,2, }¢., then no
non-zero element of U[V has a p-sequence.
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Proof. Throughout this proof let # denote the canonical image of u in ujv.

Suppose first, that {h;} 2, is a p-sequence of p'd,. It is easily seen that mh; = Z MVa,
for a suitable integer m with (m, p) = 1 and so =

1 1
(8) P Ala; = mpag = ¥ uipa; — ag), i +0, u =0,

i=0

j=k+1,..,1.

We can clearly assume that mh; —Zlm o j=1,2,..,1 + 1. Then
1 i=0

Z( ,15”1) Afl))a zu(1+1)(pl.a _ ao) J =1, 2 Ik and hence

i=0
©) iy’ — mp’ = Zu“’,
pAY =P, =121,
PATHD 0 = gD = 1,2, = L2
Now for every i=1,2,....k we have p" “,1(’ D plipliplt D 4 00) =
=p?u"Y + p TP + AY) = L= Z p*hiTIplt T consequently

p| u{", which contradicts (9) and (m, p) = 1 in the case r = 0. If r > 0 then (8)
yields iy = p"~'a, and the assertion follows by induction.

The general case reduces to the above one, for UV is of rank one and every two
non-zero elements of such a group have a non-zero common multiple.

Lemma 14. Let U;, U and a; be the same as in the preceding lemma, V =
= {p'a, — ag, p"a; — pay, Ly =1, 1 21y, i =1,2,...}7.,. Then no non-zero
element of U[V has a p-sequence.

Proof. Consider the endomorphism ¢ of U induced by ¢(a,) = p""*“a, = aj,
¢(ag) = p'ay, ¢(a;) = a;, i = 2,3,.... It is easy to see that ¢ induces an epimor-
phism @:U[V - U’'[V’ where U' =Im¢ and V' = {p"a, — p"a}}’., Now it
suffices to use Lemma 13.

Lemma 15. Let U;, U and a; be the same as in Lemma 13, V = {p"a; — p*~'a,_,,
i=1,2..,8 =0}.., Then hi"(ag + V) =r =max { Y (r; — s;)) + sy, n =

. i=1

=01,..., k} provided one of the following conditions holds:

k+1

(i) Z(r,- - si) =0 foralln=12,...,k and Z(r,- —5;) <0,
i=1 i=1

(i) Y(ri—s)=0foralln=1,2,...andr,=s;,=s,i=k+1,....
i1
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Proof. Considering the equality p™*'Y Aa; — = Zu(l’ a, = P"'aiog)s
i=0

m>k+1, (q’p)=1 we get pr+1}. —q=—pn, pr+1A /#,P = Wiyt P%,
i=1,2,...,m — 1. Now the assumption

1+'2,§1(r.-—s.')
(10) p | M+ 1
1+‘f)§:(ri-s;) )
leads to a contradiction, since then p '~ [ o oy pt ™7 | 2y P | 11
k+1 k

However, if (i) holds, then Y. (r; — s)) = ¥ (r; — 5;) + Feas — S+t < 0 yields
i=1 i=1

k
Sk+1 — Trt1 > _Zl(ri - Si)
=

and the equality g, = p" """ D4, — p® Ty, implies (10). Tf (ii) is
1 +mi1(r.~‘s.‘) 1+"TE_ Z(ri’Si)

satisfied, p'*'7,, = p™p, gives p ' |y, hence p T [#more Conm-

tinuing this process we obtain (10), again.

Lemma 16. Let U;, U, a;, V be lhe same as in preceding lemma. If ap = ag + V
has a p sequence then the series Z (r; — s:) has all its partial sums non-negative

andZ(; —5;) = . )

Proof The partial sums are non-negative by Lemma 15. Suppose that lim inf .

n— oo

A z (ri—s )} = o < oo and select an mcreasmg sequence {k;} 7~ o of integers such

that ko =0, Z(; s))=o,j=1,2,...and Z(r —5;) =2 afor m = ky. Further,

m—1

denote f§; = max{Z(r,. —s5;) + r,,,, kiy <m g ki},j=12,....

Now, take the group K = ZdK,, K,; = U,, the elements b; € K; such that

kl +1
™(ay) < ™(bj41), J = o, 1, ... and set L= {p"b, — by, pP*' 7", ,; —
. 3 ﬂj—fm—’:‘z:_:(ri—sﬂ

— p"7, j = 1,2,...}K,. The correspondences a, + by, a,, > p b;,
k;_y < m < k; induce a homomorphism ¢ : U — K. Now ¢(p™*'a,,,{ — p*a,,) =
=0 for k;_y <m < k; and (p(p”‘iJ"lakj+1 - ps"fakj) = p""“h‘“bﬁrI - p”f_“bje
€L, j=1,2,...,and ¢(p"a, — ap) = p’*b; — by. Thus ¢ induces a homomorphism
@ :U|V—>K|L, §(ag + V) = by + L= by. If p; are bounded then the sequence
{kj}jf’:() can be obviously chosen in such a way that f, = f; = ... and Lemma 15
yields a contradiction. If f; are not bounded then it is easily seen that the sequence
{k;}$=o can be chosen so that §;,; > f;. However, L = {p"'b, — b, Pt —
— "%, j =1,2,...}%., and Lemma 12 yields a contradiction.

m=k,-+1
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Definition 2. Let p be a prime and n an integer, n > 1. We say that an element a of
a mixed group G has the (p, n)-property if for its p-height sequence {k; I;}{,
the sequence {(n — 1)(I; — k;) — k;1{}20 has non-negative elements and
lim{(n — 1)(I; — k;) — kiyq} = nh,‘f(a) — lim [;, where we put c0 — m = oo for

1= 00

every me N U {0, oo}.

Theorem. The following properties are equivalent for a mixed group G of torsion-
free rank one:

(i) G does not split and n > 1 is the smallest integer such that every element
a € G ~ T has a non-zero multiple ma which has the (p, n)-property for every
prime p,

(ii) G does not split and n > 1 is the smallest integer such that G = T contains
an element a which has the (p, n)-property for every prime p,

(iii) G has the splitting length n > 1.

Proof. (i) implies (ii) trivially.

(i) implies (iii). Suppose that a € G = T has the (p, n)-property for every prime p.
Let p be a prime and {k;, [;}{, the p-height sequence of a. Put a, = a, p"a; =

=7y, bi=a; Q.. Qa, ri=1L+n— 1)l = Li-y — ki + ki—y), 5; = 1; +
+ kipy — kiyi=1,2,.... Assume that hf(ﬁ) = | < oo. With respect to Definition 1

there is an integer ¢ such that k, = k;4+q = ..., I, = l;11 = .... It follows from the
proof of Lemma 3 that
(1) Pibi=p by, i=1,2..,1.

Further,

M\.

(12)

(ri—s)=(@m—-1( — k)= kjiq and
1

I

t—1
Z(ri - si) +r, = n(l, - k,)
i=1

j
By hypothesis, Y (r; —s;) 2 0 forallj =1,2,....t — 1 and hence
i=1

t—1
T (ri—si+r
i=1

(13) by = p'tby = p by =...=p b,
so that ‘
(14) © o RS(bo) Z n(l — ki) -
On the other hand, lim {(n — 1) (Ii = ki) = kigq} = (n=1)(— k)~ k =

=nl — 1, so that I =1, — k,. Thus hf,"(bo) 2nl= h‘,?"(Eo) 2 h,?"(bo) by (14)
and [4], § 60 Ex. 9(a).
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. Now we are going to show that b, has a p-sequence for every prime p with h%(@) =
= co. First, let I, = oo for some t. Then p'-*** F-1q,_ = p*a, is of infinite
p-height and p'*-***7*-1p _ has a p-sequence by Lemma 6. However, b, =
= plemimke-np, _1 by (13) and (12) and (n — 1)(l,.y — k,—y) — k, 2 0 yields
l—y + k, — k,—y < n(l,_ — k,—,), which shows that b, has a p-sequence.

Finally, if [, < oo for all t € N then Lemma 11 yields the relations (11) between b,,
t =0,1,... and the (p, n)-property of a together with (12) and Lemma 5 imply the
existence of a p-sequence of b,,.

Thus G" satisfies Conditions (o), (B) and G” splits by [1], Theorem 2.

To complete the proof of Theorem it suffices to show that if G”" splits then every
element ae G = T has a non-zero multiple having the (p, n)-property for every
prime p.

(iii) implies (i). Assume that G" splits and let a’ € G = T be arbitrary. Due to [1],
Lemmas 1—4 and Theorem 2 a’ has a non-zero multiple a = ma’ such that for the
element g = a ® ... ® a, 1%(g) = 1°"(7) and g has a p-sequence for every prime p
such that G is p-divisible. ]

Let p be a prime. If G £ G|T,., — 0 is the canonical projection then it follows
from [4], Corollary 60.3 that Ker " < T(G") and we can suppose that T is p-
primary.

Let G be p-divisible, let {k;, I;};Z, be the p-height sequence of a and assume that
I; <o foralli=1,2..., p'a; = p*ay = a. It follwos from Lemmas 10 and 5
that we can suppose that G = {ay, ay, ...} ,. Using Lemmas 3, 10 and factorizing G

¥ KU —1) '
by {p" (;®..®4a)— (0, ®...®4a;), iy,..,0p, JEN, j =
> max {i, ..., i,} > min{iy,...,i,}} we obviously obtain a group isomorphic
to U/V where U, V are of the form from Lemma 15 with r; = [; + (n — 1) (/; —
— Loy — ki + ki—y), s;=1; + k;yy — k;. Now (12) and Lemma 16 show that
a has the (p, n)-property.

Let G be p-divisible, let {k;, I;}{~, the p-height sequence of a such that [,,_; < oo
and I, = . By Lemma 7, G decomposes into G = U 4 H. Multiplying t; =
= plithimihitkioag g i=2,..,m—1,bypi " M-rand 1, = p'a, — a,_,,
s =l 1+ ky = ky_q, by PRl we get a = p**ma, — 1, where =

= 2 p'i~' k11l Moreover, it follows from the proof of Lemma 6 (see (6) in the
i=2

proof of Lemma 4) that ; = t; + Z)("t and consequently t = Zp‘ R 4
+ Z plimthmD) 1, —Zp" ki Yoty (o p) = 1. Now g-—a®...®a=

j=i+1
=(p* "4, ® ... ® p* ""‘a,,,) +...+(-1y(t®..®1) and hence 1 ® ...
. ® t = 0since ® preserves direct sums and g is of infinite p-height. Consequently,
p""- TR ® .. ® 1) =0, i=2,..,m, so that n(li_y — k;_) = 1,_, +
+k; —ki_y, t; ® ... ®t; having the order plittkiTkiot Thus (n — D(lioy —
—ki_y)—k;z0 and a has the (p, n)-property.
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Finally, let G be p-reduced. It is easy to see that G satisfies Conditions (a), (B)
and it therefore splits (see also [5], Theorem 2.2), G = T+ H. Then a =t + h,
teT, heH,|i| = p* Further, hy(h) = hS(a) = 1yields hS(p*a) = hS(p*h) = k + 1.
Thus if {k;, I;}{Z, is the p-height sequence of a then there are j such that I; — k; = I.
Let m be the smallest such integer. By Lemma 8, G decomposes into G = U +
+ V4 {a,}¢.,. As in the preceding part, a = p" *ma, —t, t =Y pli-i TR =

m i=2
=Y p'"t"*-1qt,, (s p) = 1. However, from Lemma 9 one easily derives (similarly

i=2

as above) that p"i~'TF Vg1t @ ... ® 1) =0, i=2,....,m. So (n— 1) (l;_, —
— ki—y) —k; 20, i=2,..,m. Further, I, — k, > I,y — k,—; yields 0=
S -y — k1) = kp < (n = 1) (I,, — k) — k,, = nl — 1, since k,, = ky1,
= .., l,=1l,.y = .... Thus a has the (p, n)-property and the proof of Theorem
is complete.

Il

Example. In [5] it.was shown that the groups A, generated by the elements
ay, ay, ... with respect to the relations p©®~Vig; = p®~2ig, have the splitting
length o. Clearly, (n—1)(l; — k) —kiyy =(n—=1)i—-(c—-2)(i+1)=
=(n— 0+ 1)i — (6 — 2) and a, has the (p, n)-property if and only if n = ¢.
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