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ON COMMUTATIVE SEMIGROUPS WHICH ARE
UNIONS OF A FINITE NUMBER OF PRINCIPAL IDEALS

M. SATYANARAYANA, Bowling Green

(Received January 24, 1975)

The class of semigroups under the title includes the finitely generated commutative
semigroups and noetherian commutative semigroups. We develop here some proper-
ties of noetherian semigroups related to its prime ideal structure. It is shown that
archimedean semigroups which are unions of a finite number of principal ideals are
noetherian semigroups and they are exactly unions of two principal ideals. We
describe completely their ideal structure. One of the surprising results in this paper
is that finitely generated archimedean semigroups without idempotents can have
at most two generators and they cannot admit a ring structure. We shall prove also
an analogue of Hilbert’s basis theorem for semigroups.

Throughout this paper all semigroups under consideration are commutative
An 1dea] A in a semigroup S is said to be finitely generated if A = U (x;ux;S) =

= UxS' It is called a principal ideal or is principally gene;ated if A= xS
i=1

for some x € S. S can be trated as an ideal and every ideal different from S is called
proper. A semigroup S is called a noetherian semigroup if every ascending chain
of ideals terminates at a finite stage or equivalently every ideal is finitely generated.
S is called finitely generated if there exist x, x5, ..., X, in S such that every element
is a product of powers of x;’s. An ideal A4 is primary (prime) if xye A and x ¢ A4
then for some integer n y"€ A (y € A). For any ideal A4 in a semigroup S, /4 =
= {xe S :x"e A for some integer n}. If 4 is a primary ideal, then \/A4 is a prime
ideal. An ideal 4 is called S-primary if \,/A = S. It can be shown that every ideal in
a noetherian semigroup is an intersection of finite number of primary ideals. The
semigroup S = {xi},-e,v with max multiplication is a noetherian semigroup and S is
a principal ideal. But S is not a finitely generated semigroup. So one will be interested
in knowing which noetherian semigroups are finitely generated. The results in sections
1 and 2 supplement the works of LEVIN [5], MCALISTER and CAROLL [6], and
PETRICH [7]. Some of the properties of noetherian semigfoups may be found in [9]
and [10]. We follow the notation and terminology of A. H. CLIFFORD and G. B.
PRESTON [ 1], for all concepts not defined in this paper.
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1. NOETHERIAN SEMIGROUPS

Lemma 1.1. Let H be the collection of all ideals in a semigroup S, which are not
principal (finitely generated). If H =+ 0, then there exists a prime ideal which is
not principal (finitely generated).

Proof. We shall prove the theorem when no ideal in H is principal. Similar proof
can be given for finitely generated case. Let {4,} be a chain of ideals in H. If U4, =
= xS', then A4, = xS' for some o, which is not true. So (4, € H. Then by the
application of Zorn’s lemma to H (partially ordered by the inclusion relation)
a maximal element P in H is guaranteed. Now the proof is completed by showing
that P is a prime ideal. Suppose that P is not a prime ideal. Then there exist a, b ¢ P
and ab € P. By maximality of P, P u bS' = xS', which implies x € P or x € bS".
If x € P, then P = xS!, which is not true. So, if x € bS!, then P < bS!. Since abe P
and a ¢ P, P : bS" = {t: bS't = P} is an ideal containing P properly. Again by the
maximality of P, P : bS' = yS'. Now we assert P = byS"', which is evidently a con-
tradiction. Clearly byS' = P. Now if te P, te bS' and so t = br, since t + b.
But br e P, so that re P : bS' = yS'. Thus t € byS! and hence P < byS'.

An immediate consequence of 1.1 is

Corollary 1.2. If every prime ideal including S is principal (finitely generated)
in a semigroup S, then every ideal in S is principal (ﬁnitely generated).

Theorem 1.3. Let S be a semigroup, which is a union of a finite number of principal
ideals. If every proper prime ideal is principal, then the following are true:

a) every ideal is an intersection of a principal ideal and an S-primary ideal.
b) If S = S? then every proper ideal is principal.

Proof. We shall prove firstly that every primary ideal Q such that \/Q # S is
a principal ideal. By hypothesis the proper prime ideal P = ,/Q is of the form aS'
for some a € S. This implies that there exists a natural number r such that a" e Q.
Therefore P = a’S' = Q. In the case when Q is contained in every power of P we
have Q = P" = a'S'. On the other hand let there exist a natural number m
such that Q = P™and Q & P"*'. Since P™ is a principal ideal, Q = P™4 for some
ideal 4, and Q & P™*! implies that A & P. Since Q is P-primary we must have that
P™ = Q so that Q = P™ and hence Q is principal. Now by 1.2 S is noetherian and
so any arbitrary ideal 4 is of the form Q, N Q, N ... N Q,, where Q;’s are primary
ideals such that P, = ./Q; +./Q; = P; for i # j. We may assume P; # S for
i=1,2,...,mand P;=S for m+1=<i=<n Clearly /(Quisn...00,)=S
and hence Q.1 N ... n Q,is a S-primary ideal. Now we claim that Q; n Q, N ...
e.n Q= 0.0, ... Q,, which proves that Q; n Q, n... n Q,, is a principal ideal
since every one of Q,,..., Q, is a principal ideal. This establishes (a). For this
order these P;’s 1 < i < m so that we can assume without loss of generality that P,
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is maximal in {P;}}, P, maximal in {P;}% and so forth. This means no P; < P; for
i+ j. Now assume for r<m @, nQ,n...nQ, = 0Q,0,... 0, Then Q, n
NQ,n .. Qi =(0,00:0...00)N Q. =aS' N Q,,, for some a €S,
since every one of Qy, Q,, ..., Q, is principal. Let x = ay € Q,,. By the choice
of P’s a¢ P, since aeP,,; implies /(aS') = /(Q;n 0,0 ...n Q) =P N
NP,n...n P andthus P; & P,  fori < r + 1, which is not true. Hence y € Q,
since Q,4; is a primary ideal such that \/Q,;; = P,. Thus aS' n Q,,, < aS".
Q,+1, which implies aS* N Q,.; = aS'Q,, . Therefore by induction, Q; N Q, N ...
... Q= 0,0, ... Q,. The proof of this part (a) is adopted from [4].

To prove (b), it suffices to show there are no proper S-primary ideals by virtue
of (a). We can write S = U x;S", where x; ¢ x;S" for i # j. Then the condition

i=1
S = S% implies that x; € x2S* for every i and so x;S! = ¢;S' where e; is an idem-
potent. Thus S = | ¢;S. Now, if A4 is a proper ideal such that \/4 = S, then ¢j'e 4
i=1

for some n;, so that A = S, which is not true.

Lemma 1.4. Let S be a semigroup in which S + S? and every maximal ideal is
principal. Then S has at most two maximal ideals and for any proper prime
ideal P, either P is a principal ideal or P = xP for some x € S.

Proof. Let a e S\ S?. Then S\ a is a maximal ideal and so by hypothesis S\ a =
= bS'. Clearly b % a. Let be S®. Thus S\a = S% If M = ¢S! is any maximal
ideal and if ce S%2, then M < S?and M = S? = S\ a. Nowif c¢ S thenc¢ S\ a,
so that ¢ = a. Thus M = aS'. Hence in the case when b € S?, S can have at most
two maximal ideals, namely, S\a and aS'. Let b¢ S? Then S = a U bS! =
=aubu S? We claim that S\a and S\ b are the only two maximal ideals.
If M = ¢S' is a maximal ideal, then consider the case when ¢ ¢ S2. This implies ¢ = a
or b, sothat M = S\ a or S\ b. The case that ¢ € S? is inadmissible, since otherwise
M = S?, which implies that the maximal ideal S? is contained properly in the
maximal ideal S\ a.

To prove the second part consider any proper prime ideal P. If a ¢ P, then P <
< S\a = bS'. This implies that P = bS' if be P and P = bP if b ¢ P since P
is a prime ideal. Let ae P. If be P also, then P = S. If b¢ P, then P = S\ b.
In the first part we have proved S\ b is a maximal ideal and so S\ b = xS* for
some x. Then as before P = xS* or P = xP.

Theorem 1.5. Let every maximal ideal in a semigroup S be principal. If S + S?
and () x"S = 0 for every x € S, then S is a union of two principal ideals and every
n=1 :

ideal is an intersection of a principal ideal and an S-primary ideal.

Proof. By 1.4, every proper prime ideal is principal. If a € S\ S?, then by hypo-
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thesis, the maximal ideal S\ a is of the form bS' for some b in S. Therefore S =
= a u bS!' = aS' U bS'. Now the conclusion is evident from 1.3.

Theorem 1.6. Let S be a noetherian semigroup such that S = U x;S'. Suppose
i=1

a ¢ x,aS" for all a in S, which is not a product of powers of x;’s. Then S is finitely
generated. In particular if S is a noetherian cancellative semigroup without
identity, then S is finitely generated.

Proof. Suppose there exists an element a such that a is not a product of x;’s.
Then a = x;s;, where a # s; and s; is not a product of powers of x;’s. Hence
s, = x;8,.1f s, € 5;S or s, = 54, then we have s; € x;5,S", which is not true by hypo-
thesis. Thus s;S' is properly contained in s,S'. Proceeding in this manner, we have
a non-terminating chain of ideals, s;S' = s5,S" = .... This is impossible by the
noetherian condition. The second assertion follows now immediately by noting
that in cancellative semigroups the condition a = ab implies that b is an identity.

Proposition 1.7. Let S be a semigroup which is a union of finite numbers of ideals.
Then S contains idempotents if S = S2. If S is cancellative, then S contains an
identity if and only if S = S2.

Proof LetS—UxS‘ with x; ¢ x; U x;S for i % j. Since § = S?, UxS‘

= U (x U x;x;5S) wh1ch implies x; = x? or x; = x2s for every i. Thus S contams

1dempotents. If S is cancellative, S can have at most one idempotent, which is the
identity itself. Hence the second part is evident.

2. ARCHIMEDEAN SEMIGROUPS

We begin with a well-known result [7; 148].

Lemma 2.1. A semigroup S is archimedean if and only if S has no prime ideals
except S.

Theorem 2.2. If S is an archimedean semigroup, then every proper ideal is prin-
cipal and S is a union of at most two principal ideals if either one of the following
conditions is satisfied

i) S is a union of a finite number of principal ideals.
ii) S contains a maximal ideal which is finitely generated.

Proof. Assume (i). Let S = U x;S". If H is the collection of all proper ideals
i=1

which are not principal and if {4,} is a chain of ideals in H, then S % 4, since
otherwise x;€ A; and so all x;€ 4; where j = max {l,,2,,...,i,}. Thus 4; = S,
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which is impossible. If 4 = aS’, then there exists 4; containing a. Hence 4; = aS!,
which is not true. Thus (J4,€ H. Then by Zorn’s lemma there exists a maximal
element P e H. As in lemma 1.1, P can be shown to be a prime ideal, which contra-

dicts 2.1. Thus every proper ideal is principal. Let S = U x,S' with x; ¢ x;S for
i=1

i=j. 1fn>28 % x;S" U x,S'. Hence from the first part x;S' U x,S" is a princi-
pal ideal and so x;S' < x,S' or x,S' < x,;S'. This contradicts the choice of x;s.
Thus n < 2. In the second case if S contains a maximal ideal M which is finitely
generated, then S = M U a U aS, a ¢ M. So S is a union of finite number of principal
ideals. Hence this conclusion follows from (i).

Combining 2.2 and 1.6, we have

Theorem 2.3. Let S be an archimedean semigroup with S = U x;S'. Suppose

i=1
a ¢ x;aS" for all a in S, which is not a product of powers of x;’s. Then S is finitely
generated.
A semigroup S is said to be rational if, for each a, b € S, there exist natural
numbers m, n such that a™ = b".

Theorem 2.4. Let S be an archimedean semigroup without idempotents. Then S
is finitely generated if and only if S is finitely generated as an ideal. In this case S
is a rational semigroup with at most two generators.

Proof. By virtue of 2.3, the ‘if and only if” condition is evident from the fact that
a =+ ab for any a and b in an archimedean semigroup without idempotents [6; 136].
From 2.3 follows also S has at most two generators. A result of Levin [5; 370] then
asserts that S is a rational semigroup.

Theorem 2.5. Let S = xS' be a semigroup in which () x"S = 0. Then S is an
infinite cyclic semigroup generated by x. et

Proof. Suppose there exists an y in S, which is not a power of x. Then y = xs; =

= x?s, = .... Therefore y € N x"S = 0.
n=1

Theorem 2.6. Let S be a noetherian cancellative semigroup with no idempotents,
in which every maximal ideal is principal. Then

i) S is finitely generated archimedean semigroup with at most two generators if S
has no proper prime ideals.

ii) If S has proper prime ideals, then every proper ideal is an intersection of a prin-
pal ideal and a S-primary ideal.

Proof. If S has no proper prime ideals, then S is archimedean by 2.1. Then (i)
is evident from 2.4. Suppose that S has proper prime ideals. By showing that every
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proper prime ideal is principal, we obtain the desired result by virtue of 1.2 and 1.3.

If P is a proper prime ideal and if P is not a maximal ideal, then by noetherian

condition P = xS!, where xS! is maximal ideal. If P % xS, then x ¢ P, which

implies P = xP. Since S is noetherian, P = U x;S'. We may assume that x;e
n n i=1

ex; U x;S' for i # j. Now U x;S" = U xx;S". This implies that x; = xx; or x; =
i=1 i=1

= xx;s. Then, by the cancellative property x or xs is an idempotent, which is a contra-

diction. Thus P = xS'.

Many of McAlister’s results in [6], for finitely generated semigroups do also hold
good for semigroups which are unions of a finite number of principal ideals. We
shall briefly mention these results.

Theorem 2.7. Let S be an archimedean semigroup, finitely generated as an ideal.
Then :

i) Kernel of S = als",
ii) S has idempot:n_ts if and only if, aS" =i= 0.
iii) S is a group if and only if S* = Sj
Proof. Assume that S =‘{"J a;S', where a; ¢ a;S"' for i + j. Let xe R S". By the
archimedean property there cl;(ilsts an integer N such that a? = xy, for i '; 11, 2, ..., .

Since x € () 8", for sufficiently large n we can have x = az. Then the same proof

n=1
as in Theorem 4.1 of [6], proves (i). The rest can be proved as in the corollaries 1
and 2 of 4.1 in [6].

Theorem 2.8. Let S be an archimedean semigroup with an idempotent. Then S
is a union of finite number of principal ideals if and only if S[Ker S is a finite
nilpotent semigroup, where Ker S is the kernel of S.

Proof. Let S = U x,S". If S + Ker S and if x,, x,, ..., x,, ¢ Ker S, then S/Ker S
i=1

is generated, as an ideal, by the corresponding images of x, X,, ..., x,,. Clearly the
images of xy, ..., x,, are nilpotent. Therefore S/Ker S is a finite nilpotent semigroup.
Conversely if S/Ker S contains a finite number of elements yy, ..., y,, then S =

=eSut;S'U...utS! where e is the unique idempotent in S and t;’s are the
inverse images of y;’s under the canonical mapping S + S/Ker S. Now the result is
true if S = Ker S.

Some of the results so far proved enable us now to assert that some classes of
semigroups do not admit ring structure. By combining the results in 1.3, 1.5 and 2.2
of this paper with corollary 1.2 and theorem 1.5 of [8], we have
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Theorem 2.9. Let S° be a semigroup S without an identity but adjoined with 0.
Then S° cannot admit any ring structure in the following cases:

i) S = S% S is a union of finite number of principal ideals and every proper
prime ideal is principal,

ii) S = S?; every maximal ideal in S is principal and () x"S = 0, for every x € S,

n=1
ili) S is an archimedean semigroup which is a union of finite number of principal
ideals.

iv) S is an archimedean semigroup containing a finitely generated maximal ideal.

3. AN ANALOGUE OF HILBERT BASIS THEOREM

Given a noetherian ring, one can construct a larger noetherian ring containing the
previous one as a subring. This is the essence of Hilbert’s basis theorem. In [3] we
can find Bourne’s proof on an analogue of Hilbert’s basis theorem for finitely
generated free commutative semigroups. In this section we shall prove a close
analogue of Hilbert’s basis theorem for semigroups. This is suggested by the fol-
lowing example of a semigroup T = {xq, X,, } with max. multiplication. If S =
= {x,, X3, ...} then T = x,S'. T contains S and every ideal in T and S are finitely
generated (in fact principal).

Theorem 3.1. Let S be a subsemigroup of a semigroup T and T = xS' for some x
in T. Then T is noetherian if S is noetherian.

Proof. Let A’ be a proper ideal of T. Set A = {a € S : xa € A'}, then A is an ideal

in S and hence 4 is of the form | a;S!, a;eS. Set d; = xa;, i =1,2,..., m. Let
m i=1

B = U d;S'. We claim A’ = B, since, if ye A’ and y # x, then y = xs. Clearly
i=1

se A and hence s = a; or a;sq, s; € S. Therefore y = xa; or xa;s,;, which implies

that y = d; or d;s;. Hence A" < B. If y € B, then y = d; or d;s, so that y = xa;

or xa;s. Therefore xa; or xa;s € A" since a; or a;s € A. Hence B = A’. Since A’ is an

ideal in T and d; € A’, we have

UdT' ' c 4 =UdS' = UdT".
i=1 i=1 i=1

m
Hence A’ = U d,T".
e

i

n
Theorem 3.2. Let S be a subsemigroup of a semigroup T. Suppose T = U x;S;
i=1
xx;€x;S or x;8 for i & j and S < x;S for every i. Then T is noetherian, if S is
noetherian.

Proof. We prove the theorem by induction on the number of generators of T,
i.e., the number of x;s. By 3.1 for n = 1 the result is evident. Suppose that the
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theorem is true for all T with the number of generators <n — 1. Let A’ be an ideal

inT Set A ={aeS:xaeA}. Aisanidealin S and hence 4 = U a,;S*, a;€ S.
n i=1

Letd; = xja;fori=1,2,...m.If T, = Ux;Sand L, = A" n T, then T is a sub-

i=2
semigroup of T'containing Ssmce x;x; € x;S or x;S. Ly isclearly anideal in T;. Then by

induction hypothesis, L, = U b;T{. We claim first A’ = B U L, where B = U dsS'.

i=1 i=1
If xe B, then x = d; or d;s, se S. Thus x = x,a; or x;a;s. Hence x € A’. Clearly
L < A" and hence BUL; < A’. Let xe A". If xe T;, then xe A’ n T= L,. If
x ¢ Ty, then x = x5, s€ S. Now x;s€ A" implies by definition of 4, se 4. So
s = a;t or a;, where t€ S. Thus x = x,a; or x,a;t i.e., x = d; or d;t, i.e., x€B.
Hence A’ = BuU L, and so

~ Uds u bTi = Ud;S' U (b; U bx,S).
i=1

i=1

Since d;, b;e A" and A’ is an ideal in T,

UdT’UbT‘CA’CUdSIU(b U bx;S),

i=1 i=1 i=1

which is a subset of U d,T! U b;T'. Thus A’ is finitely generated.

i=1 i=1
References

[1] Bourne, S. G.: Ideal theory in a commutative semigroup, Dissertation, John Hopkins
University (1949).
[2] Clifford, A. H., and G. B. Preston: The algebraic theory of semigroups, Volume I, Amer.
Math. Soc. (1961).
[3] Clifford, A. H., and G. B. Preston: The algebraic theory of semigroups, Volume II, Amer.
Math. Soc. (1967).
[4] Gilmer, R.: Commutative rings in which each prime ideal is principal, Math. Ann., Vol.
183 (1969), 151—158.
[5] Levin, R. G.: On commutative nonpotent archimedean semigroups, Pacific Jour., Vol. 27
(1968), 365—371.
[6] McAlister, D. B., and L. O’Carroll: Finitely generated commutative semigroups, Glasgow
Math. Jour., Vol. 71 (1970), 134—151.
[71 Petrich, Mario: On the structure of a class of commutative semigroups, Czech. Math.
Jour., Vol. 14 (89) (1964), 147—153.
[8]1 Satyanarayana, M.: On semigroups admitting ring structure, Semigroup Forum, Vol. 3
(1971), 43— 50.
[9]1 Satyanarayana, M.: Principal right ideal semigroups, Jour. Lond. Math. Soc. (2), 3 (1971),
549—553. '
[10] Satyanarayana, M.: Semigroups with ascending chain condition, Jour. Lond. Math. Soc.
), 5 (1972), 11—14.
[11] Zariski, O., and P. Samuel: Commutative algebra, Volume I, Van Nostrand Company,
Inc. (1958).

Author’s address: Bowling Green State University, Bowling Green, Ohio 43403, U.S.A.

68



		webmaster@dml.cz
	2020-07-03T00:46:10+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




