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DIFFERENTIAL INEQUALITIES FOR A NONLINEAR PARTIAL
DIFFERENTIAL EQUATION OF THE FOURTH ORDER

VERA RADOCHOVA, Brno

(Received July 9, 1973)

In this paper, some results for the solution and the upper and lower functions of
the nonlinear partial differential equation

(1) uxxtl = .f(t’ X, u$ uxxa “tr)

are derived by means of the methods of differential inequalities [ 1], [2].
If we define:
Pu = u,, — f(t: X, Uy Uys utt)
and
D={(tx):0sx=<L O0OZt=<T},

then we can prove the following

Theorem 1. Assume that

1) v, we C[D, R]; the partial derivatives Vg Ve Usts Wxerr Waxs Wee €Xist and are
continuous in D.

2) feC[D x R R]; for (t,x)e D the function f(t,x,u, p,q) is nondecreasing
in u, p, q and fulfils the inequality Pv < Pw.

3) For 0 < x £ L, 0 £t £ T the functions v, w satisfy the inequalities

2) u(t, 0) < w(1,0), v,(t,0) < wy(1,0),
Un(t’ O) < th(t’ O) s v,,x(t, 0) < thx(t’ 0) s
(0, x) < w(0, x), 00, x) < w(0, x),

0,0, x) < w(0, x), Uexr(0, X) < W0, X) .

Then we have in D:

(3) o(t, x) < w(t, x), vt x) < welt X)), v,;(t, x) < wy(t, x) .



Proof. Assume that the contrary is true. Let y, be the greatest lower bound of
the numbers y = ¢ + x such that for the points (1, x), ¢ + x < y, all the three
inequalities (3) are satisfied.

For (1, xo), o + Xo = Yo the inequality v,, < w,,, for instance, is not true, so
that

(4) Uxx(tO) xo) = Wxx(’()a xo) ,

(5) vilto, X0) < wulto, X0),  v(to, Xo) = W(t, Xo) .
Since t, > 0, we have for h > 0

(6) Verlto — B, x0) < wylto — h, xo) -

From (4) and (6) we obtain )
) Verel(tos X0) = Wexi(fos Xo) -

From (4), (5) and from the assumption 2) it follows that

(8) Dxxtt(to’ XO) < wxxn(t()’ xO) .

Since for 0 < t < 1, we have v, (1, xo) < Wei(t, Xo), Vi, X0) < Welt, Xo), 0, Xo) <
< w(t, xo) and

vxxn(t, Xo) - f[t, Xos U(ts Xo), Uxx(t, xo), U,t(t, XO)] <
< W.xxtt(ta XO) - f[tﬁ Xos W(t, XO)’ wxx(ta xO)r W"(t, xO)] 5
it follows that
(9) vxxtt(t’ xO) < Wxxn(tr xO)

for 0 <t < t.
Because v,,,, and w,,, are continuous in D, we obtain from (8) and (9)

to to
f beent Xo) d < f Walfs x0) di |
0 0
so that, with regard to the assumption 3), we have

vxxt(tO: xO) < Wxxt(to’ xO) >

which is a contradiction with (7). Hence v,,(to, Xo) = w,,(to, X,) cannot hold.

It is clear that if we suppose that v,(o, Xo) = W,(to, Xo) holds instead of (4), an
argument similar to the foregoing one leads to a contradiction.

Since v, and w,, are continuous in D and the inequality v,, < w,, holds, we have

with regard to the assumption 3),
u(t,x) < w(t,x) if (t,x)eD. R

Hence, the inequalities (3) are true.
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Definition 1. Consider the differential equation (1) and functions @o(x), ¢,(x) €
€ C[I,, R], ¥o(t), ¥1(1) e C}[I,, R], where I; = {x:0=<x =L}, I, ={t:0=
<t < T}. Let u(t, x) e C[D, R] and let its derivatives sy Usxs Uy, be continuous
in D.

Let
(10) Upre = St X, U, Uy, uyy)
(11) u(0, x) = @o(x), uf0,x) = ¢@,(x) if xel,
(12) u(t,0) = yYo(t), ut,0) =y,(t) if tel,,
where

(Po(o) = ‘/’0(0) > (Pl(o) = ‘/’6(0) s 902)(0) = l101(0) > (PIJ(O) = ‘Vl(o) .

Then the function u(t, x) is called a solution of the problem (10), (11), (12).
If the function u(t, x) fulfils in D the inequalities

(13) uxxt! > f(t’ x’ u’ u.xx’ utt) b
u(0, x) > @o(x), u 0, x) > @y(x), u(t,0) > Yo(t), ut,0) > yy(1),

then it is said to be an upper function of the problem (10), (11), (12).
If the function u(t, x) fulfils in D the inequalities

(14) Uy < f(t, X, Uy Uxxs utr) s
u(0, x) < @o(x), u(0,x) < @y(x), u(t,0) < yo(t), ult,0) < yy(t),

it is said to be a lower function of the problem (10), (11), (12).
Applying the foregoing Theorem 1, we obtain for the upper and lower functions the
following

Theorem 2. Let u(t, x) be a solution, v(t, x) a lower function and w(t, x) an upper
Sunction of the problem (10), (11), (12). Let the function f of the differential
equation (10) fulfil the assumptions of Theorem 1 and let

00, X) < 1, (0, x) < W0, X) , 000, X) < U0, X) < W,ri(0, X) ,
v, 0) < uy(t,0) < wi(t,0),  vinlt, 0) < up (1, 0) < w1, 0).
Then in the domain D we have the inequalities
(15) o(t, x) < u(t, x) < w(t, x),
Uerlt, X) < (1, x) < w1, x) 5 08, X) < w2, x) < wy(t, x) .

We can derive some estimates for the solution of the problem (10), (11), (12) in
terms of the upper functions.



Theorem 3. Assume that
1) fe C[D x R3 R] and for (t,x)e D it is
(16) |7t x, u, p, q)| < 9(t, x, |ul, |p|, |a]) »
where g € C[D x R, R,] is nondecreasing in u, p, q if (t, x)€ D.
2) h(t,x)e C[D, R.] is an upper function of the problem
(17) Zxxtt = g(ta X, Z, Zxx’ Ztt) E)
(18) [oo(x)] = 2(0, x), |ou(x)] = z(0,x) if xely,
[Wo(t)] = 2(t,0), |¥i()| = 2z, 0) if tel,,
where h,(t, x) > 0, h,(t, x) > 0 if (t,x)e D.
Let
(19) lgog(x), < h(0, x), l(p'{(x)l < he(0, x)
Vo) < hu(t,0),  [Wi(D)] < huslt, 0)
if tel,, xel,.
Then the solution u(t, x) of the problem (10),'(11), (12) satisfies in D:
(20) ,u(t, ‘()I < h(t, x), qux(t, x)l < holt, x), [u,,(t, x)| < h(t, x).

Proof. The proof is analogous to that of Theorem 1.

Suppose that the inequalities (20) hold for the points (¢, x), t + x < y,, but for
(to» Xo)» to + Xo = ¥o the inequality |u,,| < h,,, for instance, is not true, so that

(21) 'uxx(tO’ xO)l = hxx(tO’ xO) .
It holds

to Mty
f St X0, u(t, xo), (. Xo), up(t, x0)] dt dt; | +

0JO0

|t(t0r X0)| <

+ Iu.xx(o’ XO)I + tOluxxt(O’ X0)| .
Then the assumptions 1 and 2 imply that
,uxx(to, x0)| < B0, X) + o B0, x) +

to [ty
+ f f 0Tt %o [u(ts xo)|s et Xo)|. [t x)[]
0J0

The ineqalities [u,(t, Xo)| £ hi(t, Xo)s |tee(ts Xo)| = helt, xo), |u(t, xo)| = h(t, xo),
which hold for 0 < t < ¢, together with the monotonicity of g in u, p, g imply

[tx(f05 X0)| < heal(05 X) + 1o heei(0, x) +

torty
+ j J glt, xo, h(t, x0), hy(t, X0), hul(t, xo)] dt dt,
0JO
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and because the function h(t, x) is an upper function of (17), (18), it is

luxx(tm xO)l < hxx(to» xo) >

which is a contradiction with (21). Similarly we obtain that also |u,,(t, x)l < h,(t, x)
holds for all (¢, x) € D.

For arbitrary (fy, xo) € D it is

|u(to, xo0)| < J

0

X0

J‘ Iluxx(to, x)| dx dx; + [u(to, 0)] + xo|u(tos 0) -
0

From |uxx

< h,, and from the assumption 2 it follows that

Iu(to, xo)l < j j' hy(to, x) dx dxy + h(to, 0) + xo h.(to, 0)
oJo
which implies the inequality

|u(t0, xo)l < h(to, xo) R

so that the assertion of Theorem 3 is true.
Consider now the inequality

(22) |uxxlt - f(t5 X, u’ uxx) utt)‘ é 6(t7 X) >
where fe C[D x R* R], §(t,x)e C[D, R, ].

Definition 2. A function u(t, x) € C[ D, R] possessing continuous partial derivatives
Usnres Usys Uy if (£, X) € D, and satisfying in D the differential inequality (22) is called

a d-approximate solution of the differential equation (10).

By means of the following theorem we can estimate the difference between a solu-
tion of the problem (10), (11), (12) and a d-approximate solution.

Theorem 4. Assume that

1) u(t, x) is a solution of the problem (10), (11), (12) and o(t, x) is a d-approximate
solution.

2) Let fe C[D x R R] and let for (t, x) € D
(23) |f(t) X, U, p, Q) - f(ta X5 a, pa Q)I é g(t, X5 lu - ﬁ', |P - ﬁi, |q - q') 4
where g € C[D x R%, R] is in D d nondecreasing function in u, p, q.

3) Let h(t, x) e C[D, R.] be an upper function of the problem
(24) Zoxrr = G(t, X, 2, Zyps Z4) + O(1, %),
2(0, x) = |oo(x)] 20, x) = |@4(x)| if xely,
2(t,0) = [Wo(r)], zt,0) = |ys()| if tel,,
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where hy, > 0, h,y > 0 if (1, x)€ D, h [0, x) > 0 if x €Iy, hy(t,0) > 0 if tel,,
8(t,x)e C[D, R, ].

4) Let
(25) vax(O, x) — (/JG(x)I < h(0, x), lvxx,(O, x) — (p’l’(x)l < (0, %),
(1, 0) = Y5(D)] < hu(t,0),  |ora(t 0) — Wi()] < huus(2, 0)
fOSx<LO0<t<T
Then we have in D
(26) ]v(t, x) — u(t, x)| < h(t, x),
ety X) = et )| < bt )5 Joa(ts x) — gt x)| < ho(t, ) -

The proof of this theorem is analogous to that of Theorem 3.

Note 1. Let o(t, x) be a d-approximate solution of the differential equation
(10) fulfilling the initial conditions (11), (12) and let u(t, x) be a solution of the prob-
lem (10), (11), (12). Let the assumption 2 of Theorem 4 hold. Let h(t, x) € C[D, R, |
be an upper function of the problem

Zxxtt = g(ty X, Zs z.\:\'7 ZH) + 6(t7 x) >
2(0, x) = z,(0, x) = z(t,0) = z,(t,0) = 0,
where (1, x)e C[D, R,], and h, >0, h, >0 if (,x)e D, h. 0, x) >0,

hy(t, 0) > 0. Then in D the relations (26) hold.
This assertion is an easy consequence of the foregoing Theorem 4.

Note 2. Let the function fe C[D x R?, R] be Lipschitz-continuous in D, so that
|/(t, x, u, p, q) — f(t, x, @, p, g)| < M(lu —ii| + |p — | + |qa — d])-

For 0 <u <o, 0<p< o, 0<gq< o the function g(t, x,u, p, q) = M(u +
+ p + g) is nondecreasing in u, p, q if (, x) € D. Let u(t, x) be a solution and (%, x)
a d-approximate solution of the equation (10) fulfilling (11), (12), so that §(t, x) =
= 5eMU* 9 where § > 0 is a constant and M > 0 is the Lipschitz constant. Let
M* —2M® = M > 0, 4 2 5(M* — 2M® — M).

Then we have in D

(27) [u(l, x) — o1, x)l < AMEED |
Since h(t, x) = AeM* is an upper function of the problem

Zote = M(z + 250 + z,) + M09
2(0, x) = z,(0, x) = z(1,0) = z,(1,0) = 0 .



if x el,, tel,, the relation (27) is a consequence of the foregoing Note | because
all the assumptions of this note are fulfilled.

It is evident that Theorem 4 can be used for numerical estimation of errors when
solwing the problem (10), (11), (12).
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