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W-ISOMORPHISMS OF DISTRIBUTIVE LATTICES

JAN JAakuUBIK, Kosice

(Received December 28, 1974)

The notion of weak isomorphism was introduced by A. Goerz and E. MARCZEWSKI
([2], [6], [7])- Weak isomorphisms and weak automorphisms of universal algebras
and of special types of algebraic structures were investigated by J. Dupex and E.
PLoNKA [1], T. TRAczYK [10], R. SENFT [8] and J. SicHLER [9]. In this note a gener-
alization of the notion of weak automorphism (called W-isomorphism) will be dealt
with.

Let A = (M; F) be an algebra with the underlying set M and with the set F
of fundamental operations. The operations ¢} on A of the form €)(xy, ..., X,) = X,
are called trivial. The smallest family of operations in 4 containing all trivial and
fundamental operations, and closed with respect to superposition is called the family
of algebraic operations and denoted by «(A4). By o,(4) we denote the family of all
algebraic n-ary operations. Let n, m = 0 be integers and let fe oz,,+,,,(A). Let
ay, ..., a, € M. The n-ary operation f(xy, ..., X,, @y, ..., a,) will be called a poly-
nomial in 4 and the family of all polynomials in A will be denoted by B(A).

Let be given two algebras 4, = (M,; Fy) and A, = (M,; F,) and let ¢ be a one-
to-one mapping of the set M, onto M,. For each n-ary operation f € F, we define
an n-ary operation f* on the set M, by putting

FHenone) = 0@ er) o 07es)

for each n-tuple (cy, ..., ¢,) of elements of M,. Analogously, for each n-ary operation
g € F, there exists a uniquely defined n-ary operation g* on M, such that

1) g*(dys - dy) = 07 (g(o(dy), --- 9(dn)))

for each n-tuple (dy, ..., d,) of elements of M,.

The mapping ¢ is called a weak isomorphism of A, onto A, if for each f € F, and
each g € F, the operation f* belongs to (4,) and the operation g* belongs to (4, ).
(Cf. Goerz [2].)
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The mapping ¢ will be called a W-isomorphism of A, onto A, if for each fe F,
and each g € F, the operation f* belongs to f(4,) and the operation g* belongs to
B(4).

In this note we shall investigate W-isomorphisms of a distributive lattice L, =
= (M A, v) onto a lattice L, =(M,, n, ). Denote g,(x;,x;) = x; O x,,
ga(x1s X2) = x; U x,.

Let us remark that if ¢ is a weak isomorphism of L, onto L, then, because of
distributivity of L, the operation gf(xl,xz) — being algebraic in L, — must be a join
of some of the expressions

Xi, X2, X1 A Xg,

hence either g7(x;, x;) = x; v x5 or g3(x;, X;) = x; A X,. Therefore ¢ is either
an isomorphism or a dual isomorphism.

In what follows we assume (unless otherwise stated) that L; = (M,; A, V) is
a distributive lattice, L, = (M,; N, L) s a lattice and that ¢ is a one-to-one mapping
of M, onto M,. Further we suppose that g7 and g3 belong to (L,).

It will be shown that L, is distributive and that, if L, is not bounded, then ¢ is
either an isomorphism or a dual isomorphism. There are lattices P and Q such that L,
is isomorphic to the direct product P x Q and L, is isomorphic to P x Q', where Q’
is a lattice dual to Q. Moreover, if L, is bounded, then g} and g3 necessarily have
a very special form; namely, there exist elements u, v € M, such that u is a comple-
ment of v in L,, and for each pair d,, d, € M, we have

91(d, dy) = (dy A dy Av) v ((dy v dy) A u),
g3(dy, dy) = ((dy v dy) Av) v (dy A dy A ).

For analogous results concerning Boolean algebras cf. TRaczyk [10] and Goerz [3].

Let us define the operations N and U on M, by putting

(2) xny:g’;(x’y)v xu_v=g;(x,y)

for each pair of elements x, y e M,. Then according to (1), L} = (M; n, ) is
a lattice and ¢ is an isomorphism of L% onto L,. The partial order in L; or L} will
be denoted by < or =<, respectively.

From the fact that both g} and g% belong to B(L,) it follows immediately:

(*) If R is a congruence relation on the lattice L,, then R is also a congruence
relation on LY.

For any congruence relation R on L; and any c € M; we denote by c(R) the class
of R containing the element c. The set ¢(R) is a sublattice in both lattices L, and Lf.
If we view this set as a sublattice of L, or L}, then we denote it respectively by ¢(R, L)
or ¢(R, L}). The symbols R® and R' denote respectively the least and the greatest
congruence relation on L,.
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The following result has been proved in [5]:

(A) Let L, = (M;; A, v, <) and L} = (M,; n, u, X) be any pait of lattices
that are defined on the same underlying set M,. Assume that if R is a congruence
relation on the lattice L,, then R is also a congruence relation on L. Further assume
that the lattice L, is distributive. Then the following assertions hold:

(o) The lattice LY is distributive.

(B) For x, ye M put xR,y (xR,y) if x A y <x v y (respectively, x A y =
= x v y). Then R, and R, are permutable congruence relations on L;, R; A R, =
=R° R, v R, = R,

(Y) Let coe M. Then co(Ry, L,) coincides with the lattice co(R,, L}), and
co(Ry, Ly) is dual to the lattice co(R,, LY)-

(3) For each z € M, let us denote by y,(z) or y/,(z) the unique element contained
respectively in co(R;) N z(R;) or in ¢o(R,) N z(R,). Then the mapping

¥(z) = (41(2), ¥2(2))

is an isomorphism of the lattice L, onto the direct product co(Ry, L,) x co(R;, L,).
At the same time,  is an isomorphism of L} onto ¢o(Ry, L) X co(R,, L)

In what follows we shall use the same notation as in (A) with L} = L%. According
to () and (A), the assertions (o) —(8) are valid for lattices L,, L}. Since L, is iso-
morphic with L}, by putting P = co(R,, L,), Q = ¢o(R,, L,) we obtain

Theorem 1. Let L, be a distributive lattice and let L, be a lattice W-isomor phic
to L. Then L, is distributive and there are lattices P, Q such that L, is isomorphic
to P x Q and L, is isomorphic to P x Q', where Q' is a lattice dual to Q.

As above, let ¢, be a fixed element of M,.
Lemma 1. Suppose that co(R;) = {co} (or co(R;) = {co}). Then ¢ is a dual
isomorphism (respectively, an isomorphism).

Proof. Let co(R,) = {co}. Then by (B), co(R,) = M, and hence co(R,, L;) = L,
co(R2, LY) = L. Therefore according to (y), the lattice LY is dual to L,. Since ¢ is an
isomorphism of L% onto L,, we obtain that ¢ is a dual isomorphism of L, onto L,.
The other assertion can be verified analogously.

Lemma 2. Suppose that co{R;) + {co} #+ co(R,). Then the lattice co(R,, L,)
possesses a greatest element.

Proof. Because L, is distributive, the polynomial gT(x, y) can be written as a join
of some of the expressions

abax, cAy, dAXAY, LV, XAy,

where a, b, c, d are fixed elements of the set M.
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If Xo, Yo € co(R,) Or Xo, Yo € ¢o(R,), then according to (2) and (y) we have

(3)  gi(x0, ¥o) = Xo 0 Yo = Xo A yo (respectively, g1(xo, o) = Xo V ¥o)-

It

(a) Suppose that g5(x,¥) = x v y v D, where D is either empty or D is a join

of some of the expressions

aabAXx, cAny, dAXAY, XAYy.
Then

4 gi(x,y)=avxvy or gixy) =xvy.
Choose X, ¥o € co(Ry), Xo * ¥o. According to (3) and (4) we have
XoAYo=aV XgV yo OF Xo A Jo=XoV Vo-

Thus x, = yo, Which is a contradiction. Hence without loss of generality we may
assume that g7(x, y) is a join of some of the expressions

aabAx, cAny, dAXAYy, X,XAY.

(b) Suppose that g%(x, y) = x v D, where D is a join of some of the expressions
a,bax,cny,dAx Ay x Ay Then

(%) gi(x,y)=xvav(cnay) or gix,y)=xv(cnAy)

(the relations g7(x, ¥) = x, g7(x, ¥) = x v a being obviously impossible).

Put Y,(a) = a,, ¥,(c) = ¢; = y, and choose x, € co(R,), Xo * yo. Then (because
¥1(z) = z for each z € ¢o(R,)) from (5) we obtain

(6) gT(xo’ .Vo) =Xo V a4, Vv (51 A .Vo) =Xo V ag Vv y,,
or gT(XOv )"o) =Xo V Jo-

From (6) and (3) we conclude, analogously as in (a), that x, = y,, which is a con-
tradiction. Therefore g¥(x, y) is a join of some of the expressions

abax, cAy, dAXAYy, XAY.

(c) Suppose that the lattice co(R,, L;) has no greatest element. Then there are
distinct elements Xo, ¥ € co(R;) such that

(7) Xo A Yo > Ya(a) v a(b) v Yy(c) v Yo(d) = aq .
The element g7(xo, ¥o) is a join of some of the elements

lpz(a)’ ‘l’z(b) A Xo, 'ﬁz(") A Yo, l/’z(d) AN Xo A Yos Xo A Vo
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(because Y,(z) = z for each z € ¢o(R2))- Hence by (7),
(®) g1 (%o, Yo) £ Xo A Yo
From (8) and from (3) we get x, V Yo < Xp A Yo, thus xo = yo, Which is a contra-

diction. Therefore the lattice co(R2s L,) possesses a greatest element.

Lemma 3. Let co(R,) # {co} # ¢o(R;). Then the lattice co(Ry, L) has a greatest
element.

The proof is analogous to that of Lemma 2 with the distinction that we consider
the polynomial g3(x, y) instead of g3(x, y).

Lemma 4. Let co(R,) + {co} + co(R,). Then both lattices ¢o(Ry, Ly) and co(R, Ly)
have least elements.

The proofs are dual to the proofs of Lemma 2 and Lemma 3.
A lattice will be called bounded if it has a least as well as a greatest element.

Lemma 5. Let co(R,) #+ {co} # co(R,). Then both lattices L, and L, are bounded.

Proof. The assertion for L, follows from Lemmas 2, 3, 4 and from (8) Similarly,
from Lemmas 2, 3, 4, from (y) and (3) we obtain that L} has a least and a greatest
element; because L, is isomorphic to L%, the same holds for L,.

Theorem 2. Let L, be a distributive lattice and let ¢ be a W-isomorphism of L,
onto a lattice L,. Suppose that either L, or L, is not bounded. Then ¢ is either an
isomorphism or a dual isomorphism.

This follows from Lemma 5 and Lemma 1.

Now let us consider the case when the lattice L, is bounded.

Lemma 6. Let L, = (My; A, V) be a bounded distributive lattice. Let u, ve M,
such that u is a complement of v. Define on M| binary operations N, U by the rules

9) xny=(xary av)v((xvVvy Aau),

I

(10) xuy=((xvy)av)v (xAy Au).

Then (i) L = (M,; n V) is a distributive lattice with the least element u and the
greatest element v; (ii) for each x, ye My,

9) xAy= (xnynb)u((xuy) na),

I

(10 xvy=(xuvynbu(xnyna)

is valid, where a and b are respectively the least and the greatest element of L,.
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Proof. Let a and b be respectively the least and the greatest element of L;. Denote
X,={xeM;:a<x=u}, X,={xeM,:a<x=Zv}.
Since u A v = a, u v v = b and since L, is distributive, the mapping

Y(x) =(x A u,x A D)

is an isomorphism of the lattice L, onto the direct product of lattices (X, A, v),
(X2, A, v), and for any x, € X, x, € X, we have

ll/—l((xlv XZ)) =Xy V X;.

Thus, in particular, ¥ is a one-to-one mapping of the set M, onto the set X; x X,.
Let us define binary operations N, U on X, and on X, in such a way that (X, n, U)
is a lattice dual to (X, A, v), and (X,, N, U) coincides with (X,, A, v). Then it
follows from (9) and (10) that y is an isomorphism of the algebra (M,, N, U) onto
the direct product (X, N, U) x (X,, N, U). Therefore (M, N, U) is a distributive
lattice.

Two lattices P and Q defined on the same underlying set M will be said to fulfil
the condition (D) if there exist lattices 4,, 4, (defined respectively on the set A4,
and A,) and a mapping Y of M onto A4, x A, such that  is an isomorphism of P
onto 4; x A, and, at the same time, ¥ is an isomorphism of Q onto AT x A,,
where A7 is the lattice dual to 4. .

We have verified that the lattices (M, A, v) and (M,, n, U) fulfil the condition
(D). Because both these lattices are distributive, according to [4] they fulfil also the
condition (E), namely, there exist elements ¢ and ¢’ in M, such that ¢’ is a complement
of tin (M, N, L) and the relations

xAy=(xny)u(ynt) u(t nx),
xvy=(xnylu(ynt)u(t nx).
hold for each pair x, y € M. Since (M, N, L) is distributive, we have
xoy)yu(ynu@tnx)=[xny)n(tut)]ulxuvy)nt] =
=[xny)ntJulxny)nt]u[xuy)ad=[(xuy)ni]uxnynt].

Hence
xAay=[xuy)nt]u[xnynt].

Analogously we can verify that
xvy=[xayntlu[(xuy)nt].
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In particular,
xat =[xut)nr]ulxntnt] =1,

xvit=[xnt'nt]jul(xur)nt] ="

for each x € M,. Hence 1 = a, t' = b. Thus (9') and (10) hold.

Theorem 3. Let L, = (Ml; A, v) be a bounded distributive lattice. Let u,ve M,
such that u is a complement of v. Let M, be a set with two binary operations A
and v, and let ¢ be a one-to-one mapping of M, onto M, such that for each pair
x’, y'e M, we have

(9" o' (xny)= (xAryarv)v((xvy au),
(107 e '(xXuy)=(xvy)av)yv(xAayau),

where x = ¢~ '(x'), y = ¢7'('). Then L, = (My; n, V) is a lattice and ¢ is
a W-isomorphism of L, onto L,.

Proof. From the assertion (i) of Lemma 6 and from (9"), (10) it follows that L,
is a distributive lattice. For any x, ye M, denote hy(x,y) = x A y, hy(x,y) =
=xvy ox)=x, o(y)=), g.(x,y)=x"ny, g,(x',y)=x"uy. Then
(using the same notation as in the introduction) we infer from (9”) that

gl y)=(xAryrv)v((xvy au),

hence g¥ € B(L,). Analogously, from (10”) we obtain g3 € B(L,). Further we have
Wi, ) = ele™(x) A @71()) = olx A y).

Denote x N y = g3(x, y), x U y = g3(x, y). The assertion (ii) of Lemma 6 (cf. (9))
implies
(', y)=o((x nynb)u((xvy)na)).

The mapping ¢ is obviously an isomorphism with respect to both operations N and U;
thus
R, y)=x oy ab)u((xvy)nad).

Hence h% e B(L,). Similarly we can verify that h% e B(L,). Therefore ¢ is a W-iso-
morphism of L, onto L,.

We shall show that if L, is a bounded distributive lattice, then each W-siomorphism
of L, onto a lattice L, has the form described in Thm. 3.

The following statement was established in [5].

(B) Let L, and LI be as in (A). Suppose that a and b are respectively the least
and the greatest element of L,. Put u = a n b, v = a U b. Then u and v are respec-
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tively the least and the greatest element in L}, u is a complement of v and for each
pair x, y € M, the relations (9) and (10) are valid.

In view of (x), the statement of Thm. (B) holds for the pair of lattices L, and
L =L%.

Theorem 4. Let L, = (M,; A, v) be a distributive lattice and let ¢ be a W-
isomorphism of L, onto a lattice L, = (M,; n, V). Let a and b be respectively
the least and the greatest element of L,. Then

(i) L, is bounded (the least and the greatest element of L, will be denoted by u,
and v,, respectively, and we put ¢~ '(u,) = u, ¢~ '(v;) = v);

(ii) if x5, y2€ M5 and x = 97 (x,), y = ¢~ (y,), then

(11) 20y, =0((x Ay av)v((x vy au),
(12) xuy,=0((x vy)av)v(xayau);
(iii) uAv=a, uvov=bhb,

Proof. Let u, v be as in (B). Because ¢ is an isomorphism of L} onto L,, ¢(u) and
¢(v) are respectively the least and the greatest element of L,. The assertions (ii) and
(iii) are immediate consequences of (B).

Remark. The relations (11) and (12) are clearly equivalent with the relations
gl ) =(xaryau) v ((x vy v,
Gxy)=(@(xvy)ruvixarya).

If u = a, then v = b and hence from (11) and (12) we obtain

X0y, =0(x AY), XUy =0(xVy);

thus ¢ is an isomorphism of L, onto L,. If u = b, then v = a, and by (11) and (12),
X0y, =0(x vy, XUy, =0(x Ay,

and hence ¢ is a dual isomorphism of L, onto L,. Therefore we have

Corollary 1. Let L,, L,, a, b,u, v be as in Thm. 4. If u = a (or u = b), then ¢

is an isomorphism (a dual isomorphism, respectively).

For an analogous result concerning Boolean algebras cf. TRaACzyk [10].
Since L, is distributive and v is a complement of u, the element v is uniquely deter-
mined by u. Thus from Thm. 4 we conclude

Corollary 2. Let L,, L,, a, b, u, be as in Thm. 4. Then L, is determined up to
an isomorphism by L, and by the element u = ¢~ '(u,).
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