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In the last time, there have been achieved many results about submanifolds pos-
sessing a parallel normal vector field; see, p.ex., [1] and [2]. In what follows, I am
going to show a simple condition which ensures the existence of such a vector field
in the case of a surface of a 4-space.

Let M < E* be a surface of class C*. Let {U,} be its cover such that in each
domain U, there is a field of orthonormal frames {M; vy, v,, v3, vy} such that
vy, vy € T(M), vy, v, € N(M); N(M) be the normal bundle of M. The fundamental
equations of our surface are

(1) dM =  w'v, + o’v,,

dv, = 0v, + 0iv; + olv,,

dv, = —wiy, + wiv; + wiv,,

dvy, = —wdv, — wlv, + wiv,,

4 4 4,

dvy, = —wiv, — W30, — W3V3;
() do' = o’ A 0}, dol =i A ol; ol +0i=0;
(3) 0 =o0*=0.
From (3), we get (by means of exterior differentiation and the application of Cartan’s
lemma) the existence of functions ay, ..., by, «y, ..., B4, Ay, ..., Bs such that
(4) o' A} P A=0, o Ao+ o®Aol=0;
©) o} = a,0' + a,0%, o = a,0' + a;0?,

o} = byo! + b,w?, of=bw' + byw?;
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(6) {da; — 2a,0} — bywi} A ©' + {da, + (a, — a;) 0] = bywi} A @ =0,
{da, + (a, — a3) 0} — b0} A ' + {day + 2a,0] — bywi} A @ =0,
{db, — 2b,0} + a,0} A @' + {db, + (b, — b3) ©F + a,03} A 0> =0,

{dby + (by — by) 0} + a,03} A ©' + {dby + 2b,0] + aywi} A ©® =0;

(7) da, — 2a,0} — b,w} = 3,0" + 0,0?,
da, + (a, — a;) 07 — b,w§ = o' + 60°,
da; + 24,0} — byw; = ;0! + w0’
db, — 2b,w} + a,0% = o' + f07,
db, + (by — by) ©} + a,05 = pro" + fi0°,
db, + 2b,0} + a ;0% = fi0' + B0’ ;
®)
{do, — 3,07 — BL0f} A o' + {day + (2 — 203) 0f — Brwi} A 0? =
= (2a,K + bk) o' A @,
{doy + (2, = 203) 0} — Brw3} A ©' + {day + (22, — @) 0F — Bywi} A 0 =
= (a;K — a,K + bk) o' A 0,
{day + (20, — a) 0} — Biwi} A o' + {day + 3007 — o3} A 07 =
= (=2a,K + bsk) o' A &,
{dB, — 3,07 + 2,03} A @' + [dB, + (B — 2B;) ©F + w03} A 0? =
= (2b,K — ak) o' A @?,
{dB, + (B, — 2B3) wf + 0,03} A @' + {dBy + (2B, — Bs) ] + 03} A 0 =
= (b;K — b,)K — ayk) o' A &*,
{dBs + (2B, — Bs) 0] + 303} A @' + {dB, + 307 + w03} A 0? =

= (=2b,K — azk) o' A 0*;

©)

da, — 30,0} — Bos = 40" + (4, — a,K — 1b k) 0?,
doy + (2, — 203) @7 — Bwf = (A, + a,K + 3bk) o' + (A; + a,K — 3byk) 0,
doy + (20, — ) ©F — Pywi = (A3 + a3K + 1b,k) o' + (44 + a,K — 1bs3k) 0,
doy + 3030} — B0t = (Ay — a,K + 1bsk) o' + As0?,

dp, — 3,0} + 2,05 = Byo' + (B, — b,K + 1ak) 0?,
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dB, + (By — 2B;) oF + w03 = (B, + b,K — tak) o' + (By + b,K + a,k) 0?,
dps + (2B, — Bs) 0 + azw§ = (Bs + b3K — }a,k) o' + (B, + b,K + }task) 0?,
dB, + 3Bswi + a3 = (By — b,K — la;k) o' + Bso?,
where
(10) K =aay —aj + bby — b3, k=(a, —a;)b, — (b, — b3)a,,
ie.,
w} = —Ko' A 0?, dof = —ko' A 0.

(11) do? Ko! 2, doj ko' 2

Let {M; v}, v3, 03, v} be another field of frames over U,; let

* . . *
(12) v, =& C0sQ.0} —¢g sing.vy, v, =sing.v} + cosg.v},

* . : * *
U3 =&,C080 .03 — &y sing.th, vy =sinoc.vy + cosag.v};

g =el=1.

Write dM = Q}, dv} = QJv}; the corresponding functions be denoted by *.
From (1) and (1*),

(13) Q'=¢cosg.0" +sing.w?; Q= —g sing.w' + cosg.w?;
(14) Q=g 0] +do, Q% =¢,0% + do;

3 3 : 3 : 4
(15) Q= £¢E,C050C080.m; + &SN 9COSC.w; + & COsSpsin 0. w; +

+ sin gsin 0. 0},
Q3 = —g,g,sin 0cosa .} + &, 0S8 QCOs 0. w3 — & sin gsin 0. W] +
+ cos g sin a'.w;,
4 _ - 3 . . 3 4
Qf = —¢g6,cos0sin 6. w; — &, sin gsin 0. w; + & COS g COS T . WF +
+ sin g cos o . w3,
4_ . . 3 . 3 . 4
Q% = &&,sin gsin 0. ®; — &, cos gsin 6. w3 — &, sin gcoso. Wi +
3
+ cosgcoso. w,
and
(16) at = ¢ycoso.(cos’o.a, + g sin20.a, + sin?g.az) +

+ sino.(cos’g. by + & sin20.b, +sin’0.b;),
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Thus

(17)

a3y = ¢coso.(—%sin2.a, +¢cos2.a, + +sin20.a;) +

+sing.(—%sin2¢.b, + g cos20.b, + }sin2p. by),

a3y = ¢gcoso.(sin®g.a; —¢ sin2p.a, + cos’g.a;) +

+sing.(sin®@.b; — & sin2¢.b, + cos? . by),

b} = —e,sino.(cos’¢.a, + & sin20.a, + sin’g.a;) +

+ cosa.(cos’g. by + & sin2p.b, + sin?g.b;),

by = &,sino.(3sin20.a, — & cos20.a, — §sin2¢.a;) —

—coso.(}sin20.b; — &, cos20.b, — }sin2p.bs),

by = —e,sino.(sin®g.a, — & sin2¢.a, + cos’ . as) +

+ coso.(sin? . b, — & sin20.b, + cos’g.bs).

al +ay= e¢coso.(a; +az)+sin a.(b; + b;),

bY + b3

—¢,sin 0. (a; + as) + cos 6. (b, + by),

and we get from (7) and (17),

(18)

of +o5 = ¢ge,cos0coso. (o + az) + e;singcosa. (ay + ag) +
+ g cosgsing. (B, + B3) +singsine. (B, + Ba),

oy + o3 = —gg,singcosa. (@ + o) + &, cos @cos o . (o, + 0y) —
—g singsino. (B, + Ba) + cosesina. (B, + Ba),

BT + By = —gj5,cospsina. (o + o3) — gy singsino. (a; + o) +

+ g cosgcoso.(By + B3) + singcosa. (B, + Ba),

B3 + Bi = e&ysingsine. (4 + a3) — g;cososina. (o, + ) —

— g singcosa. (B, + B3) + cosgcoso. (B, + Bs).

From (10) and (11),

(19)

K* =K, k*=¢k.

The mean curvature vector being

(20)
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we have

(21) & =2¢&;

for the mean curvature

(22) H = £ = (a; + a3)* + (by + b3},
we get

(23) o

Let m € M be a fixed point. Introduce the linear maps

(24) Cy: T (M)~ T,(M), Ch:T,M)- N,M)
by
(25) Ch(v) = mh(v), Chv) = nh(v€) for ve T, (M),

% or nh being the orthogonal projection onto T,,(M) or N,,(M) resp. Because of

(26) d¢& = — {(a; + a3)(a,0" + a,0%) + (by + b;) (by0' + b0?)} v, —
= {(ay + a3) (a,0' + a;0%) + (b, + b3) (b0 + by0?)} v, +
+ {(oy + a3) ' + (03 + a4) 0} 03 +
+ {(Bl + ﬁs) o' + (ﬂz + ,34) wz} Uy s
we get
(27) C'(v;) = — {(a; + az)ay + (by + b3) by} v, —
—{(a, + a3)ay + (by + b3) by} vy,
C(v;) = — {(a, + az)a, + (by + b3) by} v, —
—{(ay + as)a; + (by + by) b3} v, ;
(28) CMvy) = (2 + a3) v3 + (By + B3) s,
CMvz) = (22 + ag) vs + (B2 + Ba) vs-
From (18),

ay +oa3 By + By
o + oy By + Ba

= &1&;

of +ai B3+ B
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Let us prove the following auxiliary results: (i) If C*(v) = 0 for each ve T(M)
and H + 0 on M, then k = 0. (ii) Let the normal bundle N(M) be trivial. Then
k = 0 if and only if there is, in N(M), a non-zero parallel vector field.

Indeed, suppose CY = 0, i.e.,

(30) ap toyg =0, +ag=p +Pf3=B,+B,=0.

Then (9) implies

(31) A+ Ay + a3K + 3bk =0, Ay + Ay — b, + b3)k =0,
Ay + Ay + 3(by + b))k =0, Ay + A5 +a,K —1bk =0,

B, + By + byK — la,k =0, B, + By + ¥a, +a3)k =0,
B, + B, — Y(a, + a3) k=0, By + Bs + K + ak =0;

from (31,3 6,7), we get (a, + a3) k = (b, + b3) k = 0and k = 0 because of H # 0.
Let v = xv; + yv, be a normal vector field. Then

(32) : dv = — (xw} + yoi)v, — (x03 + yo3)v, +
+ (dx — yol) vy + (dy + xo) ry

and v is parallel if and only if

(33) dx — yo3 =0, dy + xo3 =0.

The integrability conditions of (33) are x dw; = y dwj = 0, i.e., xk = yk = 0.

Suppose the space E* to be oriented and the moving frames to be positively
oriented. Then

(34) g6, = 1.

Further, suppose that the bundle N(M) is trivial and ¢ #+ 0 on M. The frames may
be chosen in such a way that v; and ¢ are linearly dependent, i.e., ’

(35) by + b;=0:
from (17,),

(36) sinc =0.
Introduce the form

(37) T =(a, + a;)* 0} :
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we get

(38) ™ = g,1

and

(39) dr = {20y + o3) (B2 + Ba) = 2(oz + oa) (B + B3) —
—(a;, + a3)* k} o' A 0.

From (7),

(40) t=(a, + ai) {(B, + B3) @' + (B, + Bs) 0} .

The integral formula

(41) J- (a; + a3) {(B; + Bs) @' + (B2 + B,) 0?} =J (2det CY — Hk) o' A o*
oM M
and (28) imply the following

Theorem. Let M < E* be a surface of class C*, and suppose: (i) the normal
bundle N(M) is trivial; (ii) H # 0 on M; (iii) on M, detC¥ = 0 and k < 0 or
det C¥ <0 and k 2 0 resp.; (iv) CNT,(M)) < &, for each point me oM. Then
k =0o0n M, i.e., M admits a parallel normal vector field.

Notice that H = const. implies det C¥ = 0. Indeed: from (7, ;), we get oy + a3 =
=0, +a, =0.
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