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ON COVERINGS OF ALMOST DEDEKIND DOMAINS
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(Received July 15, 1974)

In [3] the so-called Mycielski's problem concerning the minimal bound of the
number of arithmetic sequences in exactly covering systems of arithmetic sequences
is presented. An ingenious solution of this problem has been given by ZNAM in [6].
In [5] this problem is extended to principal ideals domains (PID). The primary
purpose of this paper is to present the generalization of this problem to covering
systems on almost Dedekind domains. Another generalization of Mycielski’s problem
can be found in [2].

1. PRELIMINARIES

1.0. Throughout this paper all rings under consideration are commutative integral
domains with identity. ““ < denotes the set-theoretic inclusion, ““=” proper inclusion
and |A| is the cardinal of 4. Recall that an ideal A of a ring R with A = R is called
genuine. A non-zero genuine ideal is called proper.

1.1. Lemma. For any two ideals A, B of a ring R and a, b € R, the residue classes
a + A, b + B intersect if and only if A + B contains the principal ideal (a - b).

1.2. Definition. An integral domain R with identity is said to be almost Dedekind
if, given any maximal ideal M of R, the localization R, is a Dedekind domain.

1.3. Lemma [1; 29.4]. Let R be an integral domain with identity which is not
a field. The following statements about R are equivalent:
a) R is almost Dedekind.

b) R is one-dimensional and primary ideals of R are prime powers.

1.4. Let R be a ring with identity and {M,},_, the set of its maximal ideals. Then,
given an ideal 4 of R we have

A= n Aeaca ,

Aed
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where e, and ¢, denote extension and contraction with respect to the ring of quotients
Ry, [1; 3.10]. On the other hand, if R is a one-dimensional integral domain then
every proper prime ideal P, is either a minimal prime ideal of A or A4 is not a subset
of P,. In the former case A°*°* is the isolated P,;-primary component of A4, i.e. it is
the unique minimal P,-primary ideal containing A. The latter case yields 4°*** = R.
Therefore, if R is an almost Dedekind domain then 1.3.b gives

A=NP*Y, n(4)=20.

Aed
The exponents n,(A) are uniquely determined because in the almost Dedekind
domains we have a B" = (0) for every genuine ideal B [1; 29.5]. The exponents n;
just introduced han\;othe following properties:
a) A < B if and only if ny(A) = ny(B) for every Ae A.
b) n,(4 + B) = min {n,(A), n,(B)}.
c) ny(A n B) = max {n;(A), ny(B)}.

Since e, and c;, preserve the inclusion, part a) is evident. Now, b) is a consequence
of a) and the fact that the isolated P,-primary component is the minimal P,-primary
ideal containing the given ideal. As to c), it follows from (A N B)*** = A®* n B***,

1.5. Lemma. For any three ideals A, B, C of a ring R with C= B< A+ C
the residue-class rings (A 0 B)|(A n C) and B[C are isomorphic.
Proof. Define the homomorphism f:
f:AnB-B|C, x>x+C.

The mapping f is onto if and only if the residue class x + C meets the set A n B
for every x € B, that is, if and only if x + C and A intersect for every x € B, i.e. if
and only if B = A+ C. But then (4 n B)/ker f and B|C are isomorphic and our
lemma follows.

1.6. Definitions. Let f be a function defined on a ring R. A function f is said to be
periodic if there is a non-zero ideal 4 in R such that

x —yeA implies f(x)=f(y).

If the role of the ideal A is essential in our consideration we say that f is periodic
over A. Further, f is said to be A-periodic if f is periodic over A and there is no ideal
B o A such that f is periodic over B.

1.7. Lemma. A function f periodic over an ideal A is B-periodic for a uniquely
determined ideal B 2 A.
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Proof. A standard application of Zorn’s lemma to the system & of the ideals
over which f is periodic gives that & contains at least one maximal ideal. On the
other hand, & is closed under the sum of ideals and therefore & contains only one
maximal element and the conclusion of Lemma follows.

1.8. Lemma. Let A, B be two genuine ideals in an almost Dedekind domain which
have no genuine prime overideal in common. Then A and B are comaximal.

Proof. Two ideals are comaximal if their radicals are comaximal. Since the radical
r(A) of any A4 equals the intersection of the minimal prime ideals of 4, and 4 and B
have no common genuine prime overideal, r(4) and r(B) are intersections of disjoint
sets of prime ideals. Then we have '

n,(r(A) + r(B)) = min {n,(r(A)), n;(r(B))} =0,

r(A)+ r(B)=NP; =R.
led

that is

2. COVERING SYSTEMS

2.0. Definitions. Let A; be proper ideals in a ring R, a;€ R for i el. A system of
residue classes

(l) a,'+A,~, iel

is said to be covering (on R) if
U(a; + 4) =R.

iel
Covering system (1) is called exactly covering (on R) if the covering is disjoint, that
is if
i+ j implies (a;+ A)n(a; + 4,)=0.
Covering system (1) is called reduced if none of its residue classes can be removed
without violating the covering property of (1), i.e. if

U(ai + A,) (e R
i*j
for every jel.

2.1. Let (1) be a system of residue classes (not necessarily covering) in a ring R.
Define the function m(x) in the following manner:

m(x) = |{iel :xea; + A}| for xeR.

The function m(x) will be called covering function of system (1). It can happen that
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the function m is periodic. Then m is A*-periodic for a uniquely determined ideal A*.
This ideal A* will be called the ideal of periodicity of system (1).

The concept of the ideal of periodicity generalizes that of the period of a system
of congruences defined in [4].

If the covering function of system (1) is not periodic then () 4; = (0). On the
iel
other hand, (N 4; is non-zero if I is a finite set.
iel
The covering function of a covering system need not be periodic in general as is
shown by the following example on the ring of integers

1L+((2), 0+ (p),

where p runs over all rational primes.

3. COVERING OF ALMOST DEDEKIND DOMAINS

3.0. Henceforth we shall suppose R to be an almost Dedekind domain and {P,},.4
to be the set of all its distinct proper prime ideals.

3.1. Let (1) be a reduced covering system on R possessing a periodic covering
function m and let A* be its ideal of periodicity. Fix an arbitrary i, € I. Without loss
of generality we may suppose m(a;,) = 1. Then

) (a; + A)n(a;, + A4;;n A*) =0
for every i # iy in I. Put
ny (A, n A*) =a, for led,
i.e., P§* is the isolated P,-primary component of A, n A*. If
nyA;,) =B, for ied
then 1.4.b yields B, < «, for each 4 € A. Finally put

Q,=NPFPy
v¥E 1
ved

for each A € A.

3.2. Lemma. Let A€ A and let 0 £ y < a; be an integer with
©) (@i + QP (a; + 4) +0
foriel and i # io. Then ny(4;) > y.
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Proof. 1.1 and (3) imply
(a;, — @) S Q, " P} + 4,.
On the other hand, (2) yields
(a;, —a) € 0,0 PP + 4.

If 0= ny(4) <y (<w) then ny(Q, 0 P+ A) = ny(4,) = ny(Q, 0 P + A4,).
Moreover, we have n,(Q; 0 P} + A;) = min {n(Q, n P}), n,(4,)} for v + A But
n(Q; n P}) = n(Q,) because of 1.4.c, i.e. Q, N P, + 4; = Q; N P¥ + A; which
is in contradiction with the above inclusions.

3.3. According to 1.3.b,

P,>P,>P;>..>pw!

is the set of P,-primary ideals lying over P3* in R for each 1 € A.

Let Y, ;5 denote a fixed set of the representatives of all distinct non-zero residue

classes of the residue-class ring (Q; N P3)/(Q, n P5*'), where & is a non-negative
integer and Ze A (P) = R). Thus if y,;€Y,; then y, ;€ Q, N P; but y, ¢

¢0,n P
3.4. Lemma. No pair of elements of the form
iy T Vi,

with y, s ranging over Y, s for § =0, 1,...,a, — 1 and % € A belongs to the same
residue class of the system

a; + Ay, iF iy, i€l
Proof. Distinguish the following two cases:
- @, + yis€a; + A,
a, + X, €a; + Aj,
where j # iy, 6 = 6" and y, ;€ Y, 5 X, 5 € Y5 BY subtraction we get
Vis — Xp 50 =m, M €A;.

Lemma 3.2 gives ny(4,) > &', ie. A p4 < P, thus me Py and also
m e PY. On the other hand, since x, 4 € Q; N P and x; 5 ¢ Q, n P3 ', it follows
X5 € Py and x5 ¢ P+ Similarly, y; ;€ P2 and y; ;¢ P;"

Let & < &' Then y, ¢ P2 and therefore V15 — Xz, ¢ P3. This contradicts the
facts that m = yis — ;cm, and me Py

In
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. 0+ 1
Let § = &' Since y;5 + Pi' "+ Xi5 + Pi*1 (x, “and y,, are distinct elements

from Y, ,), it follows that yais '_.x;_.af P3+1 Byt n(A;) 26 + 1, that is me
e P40 < P5*! and the contradiction is evident.
II. aiy + V35 Gaj+Aj,

a;, + Xv“;:qu + Aj
with j % i and 4 % v. Again
Q) Vis— Xy =m, meAd;.

Similarly as in the previous case m € P < P%'. Since x, 5 € P> and x, 5. ¢ P2 "1,
we have x, ;- ¢ P}, On the other hand, y, ;€ 0, < P} whenever v # 1. If P¥" <
< P™49) then we immediately get a contradiction with (4). In case P4 < p»
both m and y, ; are in P%. But x, 5 ¢ P3*" and therefore x, 5 ¢ P* (8’ < a, — 1),
again a contradiction.

35.1f xe Y, ; for § =0,1,..., B, — 1 then x ¢ P{* and therefore x ¢ 4,, i.e.
none of the elements of the set
(5) a, + Y, =1{a, + x:xeY,;}

with Ae Aand 6 = 0,1, ..., 8, — 1 belongs to the class a;, + A;,. But it is evident
that the elements of (5) with § > B, belong to a;, + A;,. This fact will be of impor-
tance in our further results and therefore we define

mi(x) =|{iel —ij:xea; + A}| for xeR.
For instance, if A* = A, or A* = R then m(x) = m,(x) for all elements x in sets
(5)with 6 = 0,1,...,p, — 1, L€ A.

3.6. Theorem. Suppose R is an almost Dedekind domain and {P,}, . is the set
of all proper prime ideals in R. Let (l) be a reduced covering system on R posses-
sing a periodic covering function m. Given any iy €l choose a;, in such a way
that m(a;)) = 1. Then

© 21435 5 mifa, + ),

eA’ 6=0 xeYa,s

where A" = {1 € A : a; + 0} while the other symbols are defined as in the preceding
paragraphs.

The proof follows immediately from 3.4 and 3.5.

3.7. Corollary. Under the hypotheses of 3.6 it holds
it S/ pd+1
) iz 1+3 T e - 1.
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Proof. Because m;(x) = 1 for xea; + Y, , with 6 =0,1,...,8, — 1, LA,
we have

Y miai, +x) 2 (@0 PHN(Q 0PI~ 1.

xeY¥a,6

Using 1.8 and 1.5 we get
|(Q,1 N Pi)/(QA N Pi“)' = [Pi/Pi“l :

3.8. Now we specialize down to the case of some Dedekind domains. In this case
the ideal A4;, can be written in the form A, = [] P}*, where only a finite number

leA

of f’s is non-zero. Since R is Noetherian, every P, is finitely generated. Moreover
suppose that every P, with 1 € A’ is the direct sum of principal ideals

Po=(b)®...® (b;,,) -

Then we have
v(4,8)

P=T8 .

where ¢; = Hbj‘f with e; ; 2 0 and Ze = 9§, while v(%, §) = <t1‘ +§ B 1) is the

number of combmatlons of t, elements taken 0 at a time, when repetitions are
allowed.

If the elements x; range indepently over a fixed set of representatives of the re-
sidue-class ring R/P, then the elements of the form

v(4,8)

Z XiC;
i=1

with ¢;’s as above, form a set of all representatives of the residue-class ring P‘ijpi‘f 1
Thus

PP = v(2,8) . |R[P)

1z 1 +2 yZO [(" o= ).|R/Pi| - 1]

in this case. In particular, if R is a PID then

and therefore

[ =1 +1;IBA(|R/P,1| —1).

In the case of the ring of integers this inequality was proved in [7].



Since the modification of all obtained results is obvious if some of the appearing
cardinals are infinite, it does not seem necessary to append explicitly their formal
rewritting.

3.9. Consider the following reduced covering systcm on the ring of integers
0+(2), 0+@3), 1+#), 5+(), 7+ (12

in order to show that the estimates (6) and (7) are different in general. The estimate
(6) yields different results depending on the choice of representatives in Y, 5 and on
the choice of a;, for which m(a;) = 1. In the system above we have 4* = (12) =
= (2)*.(3). Consider the class 0 + (2). If Y, , = {9}, Y, = {6}, Y,,, = {4, 8}
and a;, = 8 or 2, then the right-hand side of (6) is 4 or 3, respectively. On the other
hand, the right-hand side of (7) is 2 in this case.

3.10. Let us turn to exactly covering systems. In this case A* = R and m(x) = 1
for every x € R, and therefore the right-hand sides of (6) and (7) yield the same result.
In the case of PID’s and the ring of integers, this common estimate was proved for
exactly covering systems in [5] and [6], respectively. In these papers this estimate is
shown to be the best possible. We show that the estimate (6) or (7) is the best possible
for exactly covering systems also in our case. More preciscly, we show (similarly as
in[5] and [6]) that any residue class a;, + A, is contained in such an exactly covering
system for which the bound (7) is attained.

To this purpose, suppose that A’ is well-ordered. Using the transfinite induction we
can construct a decreasing chain of ideals consisting of the subchains

NPy =AY 5AD AP, 2 AP AP} > ... 2 AP " PP
v<i
for every A € A’, where A*” = R for the first element A’ of A’. This chain terminates

in NPP*=NPP=A, If Dy o D, are two adjacent terms in this chain then
ieA’ Aed

after replacing each D, by the non-zero residue classes x + D, of D,/D, we get

an exactly covering system on R from this chain. But then the translation x - x + a;,

gives the required exactly covering system because
(A9 o PYJ(A® 0 P = P3RS |
according to 1.5 and 1.8.

3.11. Problem. Does an analogue of Theorem 3.6 hold also for reduced covering
systems not possessing a periodic covering function?
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