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FREE CONSTRUCTIONS OF 2-STRUCTURES

JAROLIM BURES, Praha

(Received November 8, 1973)

Among the geometric structures generalizing affine and projective planes there
are also 2-structures introduced by H. KARZEL in [1]. A detailed classification of
these structures was presented by V. HAVEL in the mimeographed text [2]. Simul-
taneously, he rose the question if the 2-structures of all the types mentioned in [2]
exist. This paper contains construction of 2-structures of all such types using free
extensions of incidence structures.

My thanks go to V. Havel for his valuable advice and remarks.

1. PRELIMINARIES

Definition 1 ([1] p. 192). A regular incidence structure (2, Z,€) is called a 2-
structure if there is a decomposition ¥ = £, U ¥, U &, of the set of lines &
into disjoint non-empty sets, such that the following conditions are satisfied:

(1) VA,Be?, A+ B3lge¥ (Aeg A Beg);

(2 a)Vie{l,2} Vg,he L, (g=h v gnh=0);
b)VAe?, Vie{l,2} 31g,e L, (Aeg));

() Vie{l,2} Vge L, he £\ 2L, (g 0 h * 0).

Every affine plane is a 2-structure if we take for &£, and %, two distinct classes
of parallel lines and set £, = £\ (&, U Z,) Hence we conclude.

Theorem 1 ([1] p. 193). Every finite 2-structure is an affine plane.

Definition 2. A 2-structure (2, &, €) is called a weak affine plane if there is an
equivalence relation || on & called “parallelism” so that

@ g|h=g=hvgnh=0;

(5) VPe? Vge % 3'he ¥ (Peh A h|g).
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Definition 3 ([1] p. 198). Let M be a set, M > 2, G a subset of the group S,
of all permutations of M with the properties i

(6) Ya,a',b,b’eM, a+ b, a’ £b" 31y€G (a’ = a’ A b’ =b');
(7) ld e G.

The pair (M, G) is called a sharply doubly transitive set of permutations (with
identity).

Denote a 2-structure (2, &, €) with the base line e by (2, 2, €, e). Further,
denote the line from #; going through the point 4 by (4 — i) fori = 1, 2.

The relation between 2-structures with the base line and sharply doubly transitive
sets of permutations is expressed in the following theorem.

Theorem 2 ([1] p. 198). a) If (2, &, €, e) is a 2-structure with the base line e,
put M = £, and G = {j | g e.,S,”O} the set of all maps of M onto M defined by
¥ = (xng)>1)ne)=2).
Then (M, G) is a sharply doubly transitive set of permutations.

b) If (M, G) is a sharply doubly transitive set of permutations, put 7 = M x M,
H = {(x,x“’)]xeM,

<ay, = {(a,y)|ye M}, (ay, = {(x,a)|xe M},
Lo={|veG}, & ={a),|aeM}, &, ={{a),|aecM}.

Then (2, 2, €, I/<\i) is a 2-structure with the base line 1d (see Fig. 1).

(E4

Figure 1.

Theorem 3 ([3] p. 292). Let (M, G) be a sharply doubly transitive set of permu-
tations. The corresponding 2-structure is an affine plane if and only if

(8) Ya,beM VyeG a’ £ b 316eG [a® = b A (Vxe Mx? # x7)].
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Definition 4. A permutation n of M si called dispersive if it satisfies
VxeM (x" # x).

Denote by 2, the set of all dispersive permutations fro mS,, and for G = S,, put
G =GN Ry

If M is finite, then (6) = (8) and Theorem 3 implies Theorem 1. For the proof
see e.g. [2]. Generally (in the infinite case) the implication is not true.

A counter-example (by M. Hall). Denote by N the set of all non-negative
integers, and put N, = {0, 1, ..., k} for k € N. A partial permutation of N is defined
either as a permutation of N or as a bijection n from a finite subset D, < N onto
R, = N. We say that a partial permutation 7 has a height k if

N, D,nR,.
A finite set of partial permutations S = {y,, y,, ..., y,} is admissible of order k if

(9) there exists at most one y € S such that a” = ¢, b” = d for every a, b,c,d €N,
a=+b, c=+d.

(10) Va, b,c,deN, a+b, c*+d, a+b+c+d=<k IyeS (a’=cA
A b =d).
(11) Every y € S has the height k.

It is obvious that for fixed k we can construct many admissible sets of partial permu-
tations of order k.

To every admissible set S = {yl, o y,} of order k we can construct an admissible
set S of order k + 1 in two steps:

I. Denote by T the set of all elements (a, b,c,d)eN x N x N x N with the
properties

Wa*bc+da+b+c+d=k+1

(if) There exists no y € S such that a” = ¢ and b” = d. Arrange the elements of T
into the finite sequence:

(a1, by, c15dy), (a2, bay €2, d3)s s (s By Cois i)
and define partial permutations ¥4, -+, Yi+m DY
DYHi = {ai’ bl} ’ R}'H-i = {ci’ dl} ’ a?”" =Ci» b.{lﬂ = di .

We obtain the set of partial permutations S’ = {)'1, ceos Vi Vi g e ees y,+m} which
satisfies the conditions (9) and (10) but not (11).
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II. Assign every partial permutation y; € S’ a permutation J; € S which extends ;.
Now we construct successively the permutations Jy, ..., Yo+

Construction of §;: Let (N\D,) N Nyyy = {t;,..., t,}, 1y <t, <...<t, and
(NNR,)) " Niyy = {51, .., 84}, 54 <3 <...<s, We construct successively
9, 13, ..., t7 in such a way that at each step after the corresponding extension of y,
(9) is satisfied for the system S’ with the extended y, instead of the original y,.

Further, we choose successively v, ..., v, and set uf,‘ = s, in such a way that
after each step the condition (9) is fulfilled. For 7, we have:

Dfl = D)'x v {tla '-:’ tr} v {vl’ ooy vu} ’
Ry, =R, u{t}, .., 11"} U{s,...s,}, Fi=9 on D,.
This construction can be applied successively to the systems

S’Z = {VZ’ oo Ym+ s )71}7 (XX} S,'n+[ = {Ymd-b ?1, ceey )):n+l—1}

and after m + I steps we obtain the desired S.
To every admissible set S, of order k we can construct a sequence of admissible
sets { S+ 2o satisfying:

(i) order of Sy+; = k + i.
(i) There exists an injection I : Sy, = Sy 4 P € g such that I(y) is an extension
of y for every y.

The system { Sy, I} is an inductive system of sets and the inductive limit lim S, ; =
= S, exists. An element from S, is a permutation of N and the set S, satisfies
the conditions (9) and (10), i.e., S,, is a sharply doubly transitive set of permutations
of N.

Special examples. A. If we take S, = {y,, 75,73}, 7, = Id,
0 =1, 1=2, 22=0 (2r—1)*=2r, (2r)*=2r -1,

@r+12=2r, QrP=2r+1

so we have
Y1o¥2273€80, 0P =1, =1, yyi'e®, yi'eR.
B. We take S = {y,,7,}, 7, = Id,,
D, ={0,1,2}, 0" =1, 17=0, 2" =2

and complete the construction in the following way: To every permutation y we
add one fixed element, i.e. x € N with x” = x if there is no one left. There exists no
permutation y € S, satisfying w{l EXAR.

The examples A and B determine 2-structures which are not affine planes.

23



Remark. As we extend only finite partial permutations and we have only a finite
system of permutations we can always choose the elements of N in the step II so that
(9) and (10) are satisfied.

2. CONSTRUCTION OF 2-STRUCTURES

Definition 5. Let (M, G) be a sharply doubly transitive set of permutations. The
triple (a, b,7)e M x M x G is called admissible ([2] p. 7) if a” + b.
Denote by 9 the set of all admissible triples of (M, G). For (a, b, 7) € M define
the multiplicity N(a, b, y):
N(a, b, y) = 0 if there is no 6 € G such that a® = b, 76" € Zy;
N(a, b,7) = 1 if there is only one & € G such that @’ = b, 67" € Ry;
N(a, b, y) = 2 if there exist 8,9, € G, such that &, + &, a’ = b, 35 ' € Ry,
i=1,2.
We say that: (M, G) has the type (j) for j € {0, 1, 2} if every (a, b, 7) € M has the
multiplicity (j);
(M, G) has the type (i, j) if there exist (a, b, y) € M with the multi-
plicity i, (a’, b’,7') € M with the multiplicity j and one with the multiplicity k,
{i,j, k} = {0,1,2};
(M, G) has the type (0, 1, 2) if there exist triples with all multiplicities.
The notions of Definition 5 have a geometric meaning for the corresponding 2-
structure.
If (2, %,€) is the corresponding 2-structure, then the condition y6~'e #,,
means that the corresponding lines § and § have S have no intersection point.
Theorem 1 and Theorem 3 imply

Theorem 4. a) (M, G) has the type (1) if and only if the corresponding 2-structure
is an affine plane.
b) If M is a finite set, then (M, G) has always the type (1).

Similarly, for a 2-structure (2, £, €) = 4 we define a pair (P,[)e? x £ to
be admissible if P ¢ I.

We say that an admissible pair (P, I) has the multiplicity j (writing N(P, I) = j)
for j €{0, 1, 2} in the following cases:

NP, 1)=0<s"V,e#(Pel,=1nl =0),
NP, )=1Pf 3, e? (Pely, Alnl =90),
NP, ) =2sP31 ], Les, |, 1, Vie{l,2) (Pel,nlnl, =0).

A 2-structure # has the type (j) if every admissible pair has the multiplicity j, type
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(J, k) if there exists an admissible pair of the multiplicity j and an admissible pair
of the multiplicity k while no admissible pair has the multiplicity m. (Here {j, k, m} =

={0,1,2}.)

We say it has the type (0, 1, 2) if there exist admissible pairs with all multiplicities.

Theorem 5. a) (M, G) has the type o if and only if the corresponding 2-structure
has the same type.

(2 {(0), (1), (2), (0, 1), (0, 2). (1, 2). (0, 1, 2)}.)

b) If (2, &, €) is a 2-structure of the type O then every two distinct lines from &,
have an intersection point.

The proof is obvious.
The main result of this paper is

Theorem 6. There exist 2-structures of all types.

We shall construct 2-structures of all types except the type (1) (this type is that of
every affine plane). All 2-structures constructed in the sequel are not affine planes.
For better description of the construction we take two singular points o ¢ 2, f ¢ 2
and suppose that « lies exactly on all lines of #,, p lies exactly on the lines of £,
and there is no line containing both « and f.

Let K be an arbitrary set, #K = 2. Put

P =KxKui{ap}, £*=2102J02), 5°=(2° 2°¢),
#9 is formed by all subsets of 2° of the form
{(k,x)|xeK}u{a} VkeK,
29 is formed by all subsets of 2° of the form

{(x ) [ xeK} o {8}

and &9 will be defined in each case separately.

We proceed by induction constructing step by step the incidence structures .#° =
= (2, &', €) in the following ways.

Case . £ = 0 a) £ is obtained from £*~! by adding all lines joining the points
which have not been joined so far (i.e. new lines {4, B}, 4, B e 2'~! such that there
exists no line from #*~' going through A and B) with the exception of the line
joining o and f.

b) 2’ is obtained from 2~ ! by adding all intersection points of the pairs of lines
which have no intersection point in 2'~! (i.e. new distinct points {I, m}, I, me &£’
with Inm =0 in 271, we set {I, m} e, m.)
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CaseIl. ) =0, #K = 3

a) &' is obtained as in Ia.

b) 2'is obtained by adding to '~ ! all intersection points of lines going through «
or 8 with other lines.

Case III. For #K = 3, we fix an arbitrary point 4 e K x K.

a) £'is obtained as in Ia.

b) 2’ is obtained by adding to #'~! all intersection points of all lines going
through o or B with other lines, and all intersections of lines going through 4 with
other lines.

Case IV. For #K 2 3. Let 4 = {(k, k) | ke K} and let 4, be a subset of K x K

satisfying
(i) VkeK 3! x(k, x) e 4y,

(i) Vke K 3! y(y, k) e 4,,

(iii) 4 4, = 0.

Fix A€ 4, and put £g € {4, 4,}.

a) &, is obtained as in Ia.

b) 2! is obtained from 2~ ! by adding the intersection points of all lines from £*
with the lines going through « or f and the intersection points of all lines, with the
exception of 4,, going through A with the line 4.

Case V. For #K = 3. Choose 4, 4, and set £g = {4, 4,} asin IV.

a) Z'is obtained as in Ia.

b) P' is obtained from 2'~1 by adding the intersection points of all lines, with
the only exception of the intersection point of 4 with 4,.

Case VI For #K = 3. Choose 4 as in IV and take A4 ¢ 4. Set g = {4}.

a) &' is obtained as in Ia.

b) 2 is obtained from 2'~! by adding the intersection points of all lines from
#\{4} and further by adding the intersection points of 4 with the lines going
through a or S.

A modification of VI is obtained from VI if we substitute b) by b)':

b)" 2! is obtained from 2'~! by adding the following intersection points: Inter-
section points of any line with the lines going through « or 8, and intersection points
of the lines going through A with all lines from £\ {4}.

In all these cases we add intersection points only if the corresponding lines do not
intersect in 2-1 444 we set

g’iyog"‘{%ﬂ}, 3:&)1.?", & ={geZ|aeg}, £, ={gecZ|Beg}.
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Theorem 7. The incidence structures constructed in 1—VI are 2-structures which
are not affine planes.

They are of the following types: In the case I of the type (0), in the case II of
the type (2), in the case 111 of the type (0, 2), in the case IV of the type (0, 1), in
the case V of the type (1, 2) and in the case VI of the type (0, 1, 2)

Proof. From the part (a) of the constructions it follows that any two points can
be joined by a unique line and to each point of 2 there exists a unique line from Z,
and a unique line from %, going through the point. As a consequence of the part
b) we get that every line from Z; intersects every line from Z\ %, (i = 1, 2).

Distinct lines from £ or &, have no intersection point. Moreover, in the in-
dividual cases we have: ‘

I. Every pair of lines from £, has an intersection point, every admissible pair
has the multiplicity 0 and the 2-structure is of the type (0).

II. Let I, m € £, be arbitrary lines. Then there exists an index k so that I, m € £*).
If 1 does not intersect m at a point from 2*, then I does not intersect m.

If (A, 1) is an admissible pair, then there exists k such that 4 € ¥, I € £*. Let us
choose points A, A, € #**!, A4,, A,, A non-collinear, and A,, 4, ¢ (e.g., newly
added intersection points). Then A4, and A4, do not inersect I. The 2-structure
is of the type (2).

L. IfBe #,B + Aand | e &, is a line not going through 4, (B, I) is an admissible
pair, then (B, I) has the multiplicity 2 by virtue of II. If me %, is a line going
through A4 and B ¢ m an arbitrary point, then every line going through B intersects m.
Similarly if (4, ) is an admissible pair then every line going through A, intersects t.
The pairs {(4,1)| A¢1}, {B,m)|B¢m, Aem} are of the multiplicity 0, the
2-structure is thus of the type (0, 2).

IV. If Be 2, B + A and (B, ]) is an admissible pair then there exist at least two
lines going through B and not intersecting . The pair (B, I) has the multiplicity 2.
Similarly, the pair (4, I) for | & A has the multiplicity 2. The pair (4, 4) has the
multiplicity 1. The 2-structure is of the type (1, 2).

V. Through every point 4 €A there goes a unique line non-intersecting 4,,
namely 4. Similarly, through every point of 4, there goes a unique line non-inter-
secting 4, namely 4,. The admissible pairs {(4, 4,) l A€ 4}, {(B, 4), Be 4,} have
the multiplicity 1. The others have the multiplicity O (see I). The 2-structure has the
type (0, 1).

VL. Let (B, 4) be an admissible pair and Be 2% If A,, A, € #* are such that
B, A,, A, are non-collinear and BA,, BA, do not intersect 4 in 2* then the lines
BA,, BA, do not intersect 4 even in 2, and the pair (B, 4) has the multiplicity 2.
Choose now X € 4 and a line m non-intersecting 4. (Such a line surely exists; it is
e.g. the line joining points not lying on 4 in #%). Then there is a unique line going
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through X and non-intersecting m, namely 4. The pairs (X, 4) have the multiplicity 1.
If I is a line intersecting 4, then every line going through X intersects I and thus
(X, 1) has the multiplicity 0. The 2-structure is of the type (0, 1, 2).

VI'. Here we can proceed similarly as in VI. Admissible pairs (4, I), | & 4 has
the multiplicity 0, the admissible pair (4, 4) has the multiplicity 2. The admissible
pairs of the type (X, I) for Xed, Ael, and I n A = ) have the multiplicity 1, the
admissible pairs (B, ), A€ l, B¢ A have the multiplicity 0, the other admissible
pairs have the multiplicity 2. The 2-structure has the type (0, 1, 2).

Definition 6. A regular incidence structure (,0]’, £, e) provided with a decomposition
L =Ly & v, satisfying (2), (3) from Definition 1 is called a partial 2-
structure.

Remark. After a modification, the constructions I—VI can be applied to an
arbitrary partial 2-structure.

We arrive at various 2-structures also when studying some well-known algebraic
structures. This questions will be discussed in the last part of this paper.

Theorem 8. Let & = (Q, +,") be a proper reduced quasifield (i.e. there exist
a,b,ce Q, a + b such that the equation —a.x + b.x = ¢ has no solution).
The corresponding incidence structure is a 2-structure (namely, a weak affine
plane) which is not an affine plane.

Further, if & satisfies the condition

(12) b, c'e QN {0} Yme Q\{b'} 3xeQ (-m.x+ b .x=¢)

then the 2-structure has the type (1,2). If (12) is not satisfied the 2-structures has
the type (2).

Proof. The 2-structure 4 = (2, &, €) which corresponds to # has the form

P2=0x0Q, % ={{ax)|xeQlac}}, £, ={{(xa)|xeQ}|acq},
ZLo={(xy)|y=m.x+b|xeQ}, m+0, mbeQ.

The pair (P, 1), P =(0,0) and I = {(x, ax + c)| xe Q} has the multiplicity 2,
because there exist two lines I, = {(x,ax)|xeQ} and I, = {(x, bx)|xe Q}
non-intersecting ! and going through P.

If the condition (12) is satisfied, then the pair (P, q), P = (0,0) and q =
= {(x, mx + ¢)| x € Q} has the multiplicity 1, because every line g * q;, q, =

= {(x, mx) | x € @} which goes through P intersects g. There is no admissible pair
of the multiplicity 0.

If the condition (12) is not satisfied then no lines of the form
{(x, bx + c,)ler}, {(x, mx + c2)1er}
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have an intersection point. Every admissible pair has the multiplicity 2 and the
2-structure has the type (2).

If we define the relation || on % in such a way that the first class of equivalence
is the set .Z, the second is &, and for I, I, € £, of the form

Iy ={(x,rx+t1)ler}, 12={(X,Sx+t2)ler}

we set [, ” l, if r = s, we obtain the relation which has all the properties from
Definition 3.

Theorem 9. For a proper nonplanar nearfield # = (Q, +, *) (i.e., there exist t, s,
t % 1 such that the equation t.x = x + s has no solution) the condition (12) is
not satisfied. The corresponding 2-structure has the type 2.

Proof. Theorem 9 follows immediately from Theorem 8 and Theorem 3,2 of [6].

Let # = (Q, +, *) be a nonplanar quasifield, #(%) the corresponding 2-structure.
If we construct the sharply doubly transitive set of permutations (M, G) which
corresponds to (%) with the base line 4 = {(x, x) | xe Q} we obtain the per-
mutations from G in the form

yeG=>x"=m.x+b.

Then G is a permutation group and G- is a subgroup of G. G- is the set of all elements b
of the form
X=x+b, beQ.

Remark. There exists a non-planar nearfield (see e.g. [5, [6]) and a non-planar
quasifield (see [4]).
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