Czechoslovak Mathematical Journal

Stefan Porubsky
Natural exactly covering systems of congruences

Czechoslovak Mathematical Journal, Vol. 24 (1974), No. 4, 598-606

Persistent URL: http://dml.cz/dmlcz/101278

Terms of use:

© Institute of Mathematics AS CR, 1974

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101278
http://dml.cz

Czechoslovak Mathematical Journal, 24 (99) 1974, Praha

NATURAL EXACTLY COVERING SYSTEMS OF CONGRUENCES

STEFAN PORUBSKY, Bratislava

(Received October 1, 1973)

1. INTRODUCTION

Throughout this paper an ordered pair of integers (a, n) will denote the residual
class a(mod n). Moreover, we shall always suppose 0 < a < n in this notation.
A system of residual classes

(1) (ain), ieT

will be called exactly covering if every integer belongs exactly to one of these
classes.

Unless the contrary is stated we shall suppose T = {1, 2, ..., k}.

The exactly covering systems (abbreviated ECS) are investigated in many papers,
e.g. [1]—[5]- In [1] there is proved that every ECS contains at least two residual
classes with respect to the greatest modulus. This result provided the original impetus
to the study of ECS’s (1) with the following property 2(m): The system (1) contains
exactly m residual classes with respect to the greatest modulus while its all other
residual classes have distinct moduli.

We can suppose m > 1 in 2(m) according to the mentioned result of [1].

The characterization of ECS’s having property £(m) is not known in general,
nevertheless the following particular cases have been solved: m = 2 [3], m = 3 [4],
m = 4,5, and partly 7 [2]. Some of these results are collected in

Lemma 1. Let m = 2, 3,5 and let

Ny <My < oo < Mgy < Myoyg = o0 = N
in ECS (1). Then
n=2 for i=12..,k—m and n_p4, =...=n =m.2x" ™,

In this paper we shall define one subclass of ECS’s — the natural exactly covering
systems — and the equivalence between the mentioned problem and some diophantine
equations in case of natural exactly covering systems will be shown.
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2. DEFINITION OF NECS

Let 0 < a < b. An ab-system S, is a partially ordered system of residual classes
constructed in the following manner:

1. The system {(a, b)} is an ab-system.
2. Let €, be an ab-system.

i) Let (cy, d), ..., (¢, d) be distinct residual classes not belonging to &, and (e, f)
a maximal element of &, with Lt)(ci, d) = (e, f). Then &,, = S, U {(¢y, d), ...
.- (¢y, d)} is again an ab-systeni:.1

ii) If there exist distinct maximal elements (g, h), ..., (g,, h) in S, with
O (9: h) = (c, n) for some (c, n) not belonging to &, then S,, = S, U {(c, n)}
lls= ;lso an ab-system.

3. The ordering of S,, remains unchanged between any two elements of S, and the
newly added elements are incomparable in (i) and in both cases thery are (or it is)
greater than the corresponding maximal element (or elements) of S,.

It is straightforward to verify that the system ‘J.R(G,,,,) of all maximal elements of
any ab-system &,, disjointly covers the residual class (a, b). Thus the maximal
elements of any Ol-system form an ECS. The converse is also true.

/Y,Z} \(0,4) /(2,4)
/

/

MN04) K(14) 4(24) }(34) 0,2) §1,2)
N \
\. \ \
\
(01 (01

Fig. 1.

Lemma 2. Every ECS is formed by maximal elements of a suitable 01-system.
Proof. Let n be the Lc.m. [ny, ..., n,] of moduli of ECS (1). Let us put
Sy = {0, )} u {0, n),....(n — 1,n)},
e =iV u{(a,n)}, i=12..,k.
Then M(S§?) and ECS (1) coincide,
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It can happen that distinct 01-systems lead to identical ECS’s. For instance, the
01-systems given by their Hasse diagrams in Fig. 1 lead to the ECS {(1, 2), (0, 4),

(2,4)}.

An ab-system whose Hasse diagram is a (directed rooted) tree will be called
natural. Thus a natural exactly covering system (abbreviated NECS) is a system of
all maximal elements of a natural 01-system.

The introduced ordering of an ab-system &,, reduces to the converse ordering of
that with respect to set inclusion in case of natural &,,. Therefore in what follows
the ordering of natural ab-systems will not be mentioned.

Every Ol-system &, (not necessarily natural) can be transformed into an ab-
system S,,(Sy,) for every 0 < a < b in the following manner:

Cul(01) = {(@ + cb, bd) : (¢, d) € By}

with the obvious ordering. This transformation corresponds to the revaluation of
Hasse diagram of S;.

Let Sy, be a natural 01-system. Then the outdegree of the root of its Hasse diagram
is always greater than 1. For every vertex of a tree can be considered as a root of
certain maximal subtree of the given one, the existence of suitable natural 01-systems
S, ..., 8" D with

1

) o1 = {(0, 1)} UEJOG,-,,(GE,",’

can be easily verified, n = 2 being the outdegree of the root of Hasse diagram of S;.

It is easy to show that the g.c.d. of all moduli of a NECS equals at least the out-
degree of roots of the corresponding trees and therefore it is greater than 1. On this
account the ECS

(0, 6), (1, 10), (2, 15), (3, 30), (4, 30), (5, 30), (7, 30), (8, 30), (9, 30), (10, 30),
(13, 30), (14, 30), (15,30), (16, 30), (19, 30), (20, 30), (22, 30), (23, 30), (25, 30),
(26, 30), (27, 30), (28, 30), (29, 30)

cannot be natural. The ECS
(1,2), (0, 12), (8, 12), (2, 20), (6, 20), (10, 20), (18, 20),
(4, 30), (14, 60), (16, 60), (28, 60), (40, 60), (52, 60), (54, 60)
is an example of an ECS which is not natural though the g.c.d. of all its moduli is 2.
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Considering a NECS M(S,,) we shall always suppose S,; to be a natural 01-
system. If this 01-system S, is not essential for our consideration then we denote
its corresponding NECS by 9 only.

The first author who directed the attention to NECS’s was S. ZNAM in his un-
published paper [5].

3. MAIN THEOREMS

Henceforward we shall investigate the NECS’s only. In the following there turn
out impracticable to hold at previous designation of moduli of (1), i.e. T = {1, ..., k},
but we shall suppose T to be a suitable finite set.

The small Roman characters (except possibly x) will denote natural numbers,
the value 0 is admissible for ¢ and i only; even s with or without subscript will always
denote natural number > 1. The Greek character ¢ will denote 0 or 1.

For our purpose, it shows very important to know in how many ways a natural
number m can be written in the form

k i,
(3) m=ks—Y {68, + Y [01,,86, + --- +
=1 ir=1
Tijeie—2 Fifeie—1
+ > 1(5;',.‘.1',-15.",..:',-! + '21 OiyoiSivid) -1}
-1~ 1e=

with the following properties:

1. if t > 0 then s;, is a proper divisor of s for every i; while s; _; is a proper divisor
of s;, ;_, foreveryijandv =2,...,1

2. the numbers 9;,s;,, 0;,i,Si,ip --+» 0i,...1,5,..;i, Which are different from zero are
mutually distinct;
s
3ory=——=90;, i1=1,..,k,
S;,
Si
iy ! 0iiy, b=1,..,71;,
siliz
Siyuie=2 .
Pipigey = 552 — 04 o> B =1, 1,
S.

We say that the number m is expressed in the form %, (3) provided that m is
written in the form (3) and the above three conditions are satisfied.

601



Theorem 1. Let m be expressed in the form &%, (3) and & = 0 or 1. Then there
exists a NECS with property #(m) whose all moduli are given by the relations

(4) no = o(k + 9),

ni|=5i1(k+5)i’ il=]""’k’
N

i

N .
Nii, = 5,'1;2(’( + 5)% , 1y = 1, e Py

=06,k +9) - , ,=1,..,r
s

iy.nie ireie—1 2

ig..ie

Moy = Moy = ... = Ngpy = (k + ) s.

Remark. The vanishing moduli appear in the statement of Theorem 1 only
formally.

Proof. We give the proof by induction with respect to t. Let t = 0. Then m = ks
with s > 1. Let

S ={0, D} u{0,s),...s= 1,5}, i=01..,k—-1,

i.e., everyone of the corresponding NECS’s () is the complete residue system
modulo s. Besides, let

e = {(0.1)}.

Then the set M(S,,) of maximal elements of the natural 01-system

k+6-1 .
So1 = {(Oa 1)} v 90 6i(k+a)(6g1)

forms the required NECS.

Let our theorem hold for t — 1, we prove it for t. After a simple modification
we get

CI ) N k
m = Z {(i - 5l’1> sil - Z [éilizshiz + ..t Z 5i1...i,5i1...i,]} = Z mit ’
1

ip=1 Sil i2= ie=1 =1

where m;, denotes the expression in braces. It is evident that m,, is expressed in the
form #,_,(3) for every i; = 1,..., k. Then there exists a NECS M(S§; ") with
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property #(m;,) owing to induction hypothesis and the moduli of these systems are

given by
n;, = o0 (i S 5(:’1)) ,
Siy

s S\ s i
i, = O, (‘ = + 5(“)) L,y =1, 0,

i

s : s;
— _ (iy) i .
Miyie = Oiyi, (“ d; +0 > s =1, i,

it ig...ie

s .
— — = (i1)
Moy = .o = Moy, = (s (5,-1+5">s,-‘

i

for every i, = 1,..., k. Let us put 8" = §, in each of these relations. Then the
greatest moduli of all the systems MY(SY), M(SLY), ..., M(SK, ") are mutually

equal. Let
k+o-1

Sor = {(O, 1)} v _L_)O Gi(k+6)(e(()i1))

with %7 = {(0, 1)}. Then M(S,,) is the system satisfying the statement of our
theorem and the proof is complete.

The next theorem shows that Theorem 1 can be inverted. However, we shall still
need one notion to prove this fact. Let Sy, be a natural 01-system. Then we can define
the distance g(x,, x) between an arbitrary element x € G, and the root x, = (0, 1)
as the cardinality of the set {x, € Sy, : xo < x; < x}, i.e., 0(Xo, x) denotes the length
of arc from x, to x in Hasse diagram of S;.

Let M be a NECS. Let us put

h(M) = min {max {o(xy, x) : x € Sy, xo = (0, 1)},

where the minimum is taken over all natural systems S,, with M = M(S,,).
A positive integer h(M) determined in this way will be called the height of the
NECS M. For instance, if (M) = 1 then M is a complete residue system.

Theorem 2. Let M be a NECS having property P?(m). Then m is expressible
in the form %, (3) in such a way that all the moduli of M are given by the cor-
responding relations (4) with a suitable 5.

Proof. Asto é we prove, if h(M) > land k = 1in(3)thend = lin(4)and 5 = 0
or 1 otherwise.
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We shall proceed by induction with respect to the height h(9R) of the given
NECS M. Let (M) = 1. Then 9 is a complete residue system, say modulo s (s > 1).
In this case we get the statement of Theorem fort = 0, m = 15,6 = 0.

Let h(M) = 2 and let M = M(S,,) with such 01-system Sy, for which

max {g(xo. x) : x € Soy, xo = (0,1)} = 2.
We can easily verify that this S,, has the form from Fig. 2 and therefore

e ={01}uv{0b),..(b—-1b}, i=01,...,n-2,
&6 = {0, )}

for this Sy, in (2) with some b > 1. Hence it is sufficient to put 6 = 1, s = b,
k =n — 1, t = 0 to obtain the statement of theorem.

(0,bn) (n, bn) (bn n,bn) (1,bn)(1+n, bn) (1+bn-n,bn) (n-2,bn)(2n-2, bn) (bn-2,bn)

/
\ w // / /
Q /
, (n-2,n) (n-1,n)

(0,1)

Fig. 2.

Let M = M(S,,) be a NECS with h(M) = 3 and with an S, for which the height
of M is attained. Let S5, ..., S5~ be 01-systems from (2) for this 01-system S;.
Then at most one of them can be of the form {(0, 1)}. Let &2, ..., S5 '~ be all
of them which are not of this form with 6 = 0 or 1. Let k = n — §. If k = 1 then
& = 1 because n = 2 in (2). Each of NECS’s M; = M(SY), ..., M, = M(SH," ' 7?)
is of the same character as I, i.e, MM;, has property .@(mil) with some m;, (il =
= 1,..., k) for which m = Y m;,. The greatest moduli of all the systems 9i;, are
mutually equal and h(M;,) < h(M) for every iy = 1, ..., k. Therefore the number m,,
is expressible in the form

Tiy Fijoie—1

(6) m;, ri, Z [5.,.2 Sigiy o0 Z 5i1...i,3i1...i,) ]

ir=1 ie=1
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so that all moduli of NECS 9i;, are given by the relations

(7 ny, = 6,(ri, + %)
Si,
ni, = 6!'1!'1("51 + 6i1) — > k= 1’ > Tiys
i1iz
8 b i =1
ni i, = Bil...iz(ril + i1) s =L Ty
Si].'.ig
Roy = ... = nOmil = (rl'x + 61'1) Siy

with a suitable 6;, for every iy = 1,..., k. Since the greatest moduli of these all
NECS’s are equal, it is
(ry + 51) 51 = oo = (ric + &) 5 (=9).

We show now that s,, ..., s, are proper divisors of s.

If either r;, > 1 or h(M;) > 1 then always r;, + &, > 1 owing to the induction
assumption and therefore s;, is a proper divisor of s.

Let h(M;) =1 and r;, = 1 for some i; = 1,..., k. Since h(M;) = 1, the
NECS M;, is the complete residue system and therefore ¢ = 0 in (6) owing to the
first step of this proof. If s;, is a composite number then (6) can be rewritten so
that r;, > 1 and s;, > 1 without changing (7) because é;, = 0. Hence r;, + &;, > 1.
Let 5;, be a prime number. Then 9M;, is the complete residue system modulo prime
number s;,. On the other hand, 9 has property #(m), i.e., M contains exactly m
residual classes with respect to the same modulus while the moduli of the other
classes are distinct. Then the set of residual classes with respect to the greatest modulus
of all systems 9t;, (i1 =1,.., k) must be modulo this prime s;, and therefore each
of M, ’s is the complete residue system modulo s;,, because all the moduli of any
NECS (even of any ECS) are equal if its greatest modulus is a prime. But then h(9) <
< 2 which is a contradiction.

Hence sy, ..., s, are really proper divisors of s. Now we obtain the statement of
Theorem considering (2) and

Sy, =8—06;58,, i;=1..,k.

iy

4. NOTES
Every positive integer m is expressible as
(8) m=1.m2)—[1.(m2"" ) +...+1.m],

consequently every m > 1 can be expressed in the form % (3) with any ¢ = 0. But
this representation is unique for some m.

Theorem 3. For every t > 0 the integer 2 can be uniquely expressed in the form

Z (3). Namely k=1, s=2 for t=0
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and

k=1, s=2"*Y 6, =1, s, =2"""" for i=1,..,t if t=1.

i-times i-times

Proof. We prove the uniqueness by induction with respect to t. It is straight-
forward to show our theorem in case t = 0. Let the number 2 be expressed in the
form # (3). Using (5) we get

2=m; +my + ... +my

with all m;’s expressible in the form #,_(3). On the other hand we can easily prove
that m > 1if it is expressible in the form & (3), and therefore k = 1. Rewritting the
equation (3) in the form

1,i2..0ic—1

2=(s/sy— d,) s, - Y [01.iS1s oot D StinaiStuiid) -]
L .

i2= ie=1
we obtain
Sfsy =8y =1, s, =2, &, =1, s, =270 for i=23..,1¢

i-times i-times

owing to the induction hypothesis. Since s, is a proper divisor of s, §; = 1 and there-
fore s/s; = 2, s = 2'*! and the proof is complete.

Corollary. Let (1) be a NECS containing exactly one couple of residual classes
with respect to the greatest modulus while the moduli of its other residual classes
are distinct. Then (changing the indices if necessary)

n;=2 for i=1,..,t—2 and n,_, =n,=2""".

STEIN has proved in [3] that the ECS’s satisfying the assumptions of Corollary have
just this form and therefore the NECS’s exhaust all ECS’s in this case. Moreover,
the ECS’s included in the results of [2] and [4] can be shown to be natural, too.
Nevertheless, not every ECS with property 2(m) is natural as is shown by our
example of ECS which is not natural.

References

[1] Erdds, P.: Egy kongruenciarendszerekrdl szold problémarol. Mat. Lapok 3, 122—128 (1952).

[2] Porubsky, S.: Generalization of some results for exactly covering systems. Mat. ¢asopis 22,
208—214 (1972).

[3] Stein, S. K.: Unions of arithmetic sequences. Math. Ann. 134, 289—294 (1954).

[4] Zndm, S.: On exactly covering systems of arithmetic sequences. Math. Ann. 180, 227—232
(1969).

[5] Zndm, S.: On relations between exactly covering systems and rooted trees. Unpublished.

Author’s address: 886 25 Bratislava, ul. Obrancov mieru 41, CSSR (Matematicky ustav SAV).

606



		webmaster@dml.cz
	2020-07-02T23:43:32+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




