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ON MAPPINGS OF A MANIFOLD INTO A LIE GROUP

Avors Svic, Praha

(Received June 11, 1973)

In what follows I am concerned with the following problem: Let G be a Lie group,
g its Lie algebra, M a manifold and ¢ a g-valued 1-form over M; under what con-
ditions is there a mapping ¢ : M — G such that ¢ = ®,0, w being the Maurer-
Cartan form of G? I study just the formal aspects of this question using the cohomo-
logy language; see, p. ex., V. GUILLEMIN and S. STERNBERG, Deformation Theory
of Pseudogroup Structures (Memoirs of the AMS, No 64, 1966).

The paper has been written during my stay at the State University and the Peda-
gogical Institute at Vilnius, USSR.

Let g be a Lie algebra over £ and M a differentiable manifold of class C*. Denote
by a? (p = 0, 1, ...) the sheaf of g-valued p-forms on M, let A” = I'(a”, M) be the
Z-module of the sections of a? over M. Further, be given ¢ € A! satisfying

1) do(X,Y) = —[o(X), ¢(Y)]

for arbitrary vector fields X, Y on M. We are going to use the following definition of
the exterior differential: for w € a?, dw € a?*1 is given by

) do(Xq, o0 Xpir) = 2(-)F' XXy, oo Xy oot Xpiq) +
+ X (=) o([Xo X1 Xppoos Koy oo Xy o, X40)
i<j

Definition 1. The operator
(3) 0 =6:a" > a**?
be defined by
) 30(X sy o Xpyy) =

=do(Xy, o Xpir) + X(=1D)* [o(X), (X1, oos Ky ooy X1 1)] -
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Proposition 1. We have

©) ‘ 52=0.

Proof. Let w € a?, the form Q € qr+1 be defined by
(6) QX1 o Xpur) = (= 1)i+1 [@(X), @(Xps o0 Xy oot Xpe1)] -
Then

(7 dQX 1, oy Xpi2) = (=i [p(X1), dod(Xy, os Xy oo Xpia)] +
+ 3 (=) [do(X s X)), o(X g o0 Xy o Xy oo X )]

i<
and dw = dw + Q, i.e.,
(X1 .oy Xpig) = dQAXy, . X, ) + |
+ Y (=) (X)), do(Xy, ooy Kipoos Xpi2) + X1 oo Xy ooy Xpin)] =
=Y (=) [do(X. X)), o(Xy, ..o X o X n X i) +

l—|f Y (=) o(X), AX 1y ey Xpy ooy Xpi2)] =
= 5 (0 [0, 6] 00y Ris Ry Xy )] 4
_I_i;j(_l)ﬁjﬂ [(P(Xi)3 [q)(Xj), CO(Xn D SR Xj, e Xp+2)]] +

+‘Z.(_1)i+i [(p(Xj), [(p(Xi), co(Xl, D SR Xj, v Xp+2)]] =0.
<j
The details of the proof are omitted.

Proposition 2. (Poincaré lemma.) Let w € a? (p = 1) be defined in a neighborhood
U <= M of the point me M, and let 5w = 0. Then there is a neighborhood U, « U
of m and t€ a?~* defined on U, such that 6t = w on U,.

Proof. Write again 6w = dw + Q, Q being defined by (6) The proposition follows
from the Poincaré lemma for d if d2 = 0 is a consequence of dw + Q = 0. But this
follows from (7).

Thus we get

Theorem 1. Let &, < a® be the sheaf of the solutions of the equation

(8) ds=ds +[p,s] =0;
then
) 0Py a®satd ..

is the resolution of &,
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Definition 2. Denote by BI(M, g) (p = 1. 2, ...) the vector space of the forms of
the type 6o with w € A?™1; let Z2(M, g) (p =0, 1,...) be the vector space of the
forms ' € AP satisfying dw’ = 0. The cohomological groups be defined by

(10) HHM, g) = ZH(M, g)[B5(M, g) for p=1,2,...;
HYM, g) = ZYM, g).
Definition 3. The form w, € A! is called an infinitesimal deformation of ¢ if

;€ Zy(M, g). A deformation of ¢ is a mapping w, : J — A', where (i) J = Z is
a neighborhood of 0 € Z, (ii) w, = ¢, (iii) for each ¢ € J, we have

(11) do(X,Y) = —[o(X), o(Y)],

(iv) the mapping w, is analytic in .
The form w, may be written, in a suitable neighborhood J' = J of 0 € &, as

(12) w, =@ + ot +awt* +..., weA;

from (11), we get
p—1

(13) Sw (X,Y) = — Y [0(X), 0, (Y)] for p=1,2,-..
i=1

Thus, the form w; = (dw,/dt),=, is an infinitesimal deformation of ¢.

Proposition 3. Let the forms @y, ..., W1 € Al satisfy

(14) Sw,(X,Y) = —,ig[wi(X), w,-(Y)] for p=1,..,9—1.
Then the form »
(13 ¥, ¥) = 3 [0X). 0 (7]

is contained in ZL(M, g).

Proof. We have

SW(X,Y,Z) = X W,(Y,Z) — YP(X,Z) + ZP(X,Y) — ¥([X, Y], Z) +
+ ?([X, 2], Y) - 7, (Y, Z], X) + [o(X), P(Y. Z)] - [@(Y), (X, Z)] +
+ [0(2), ¥(X,Y)] =

{Zi{[X oY), 0,-(Z)] + [0dY). X 0,-(2)] = [Y 0(X), 0,-(Z)] ~
— [0dX), Yo, (2)] + [Z 0(X), 0, (V)] + [0X), Z 0, (Y)] -
= [o{[X, Y]), 0,-(2)] + [0A[X, Z]); 0~ (V)] = [o([Y, Z]), o,-{(X)] +
+ [o(X), [0AY), 0,-(2)]] = [o(Y), [0iX), 0, (Z)]] +
+ [0(2), [0X), 0, (]]} =
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=3 ([0, V), 0, (2)] = [d0X, Z), 0, (V)] + [d0{T, D) 0, ()] -

= [(¥), [0,-(2), o(X)]] — [@,-(2), [0(X), @,(¥)]] +
+ [0(X), [0,-(2), 0(V)]] + [@,-(2Z), [o(Y), (V)] -
- [0(X), [0,-{Y), ¢(Z)]] — [w4-(Y), [(2), 0i(X)]]} =
=i;{[5“’i(x ,Y), 0,-(Z)] = [b0dX, Z), 0,-(Y)] + [00(Y, Z), 0~ {X)]} =

T Ta Zl{[[wJ(X) 0;-(Y)], 0,-{Z)] = [[0/X), ;- (2)], 0, (Y)] +

i=1 j=

+ [[0AY), @:- (2)], 0, (X)]} = 0.

Definition 4. A series of the type (12) is called a formal deformation of ¢ if the
forms w, satisfy (13).

Proposition 4. Let ]ff,(M, g) = 0, and let , be an infinitesimal deformation of ¢.
Then there exists a formal deformation w, = @ + w;t + w,t* + ... of .

Proof. Suppose that we have already constructed the forms w,, ..., w,_4; we
have to prove the existence of w, satisfying éw, = —¥,. Because of ¥, e Zf,(M ,9)
and #4M, g) = 0, we have ¥, € B5(M, g) and the existence of the form o, follows.

Be given a Lie group G with the corresponding Lie algebra g. To make the cal-
culations more simple, suppose that G = GL (N, %) for a convenable N; this sup-
position does not restrict the generality of our considerations. Further,let ® : M — G
be a mapping such that

(16) ¢ =g 'dg;

of course, here I do suppose the existence of such a mapping. The precise meaning
of (16) is as follows: Let m e M, X € T, (M), then

(17) o(X) = ¢(m)~' . do,(X).
Because of ¢(X) = g~ ' . Xg, we have g ¢(X) = Xg and
Yg.0(X) +9.Yo(X) =YXg, ie, Yo(X)=g"".YXg — oY) o(X).

Thus the form (16) satisfies (1). This is also obvious from the fact that (16) is the
restriction of the Maurer-Cartan form.

Definition 5. The formal deformations (12) and
(18) T, =@ 4+ Tt + 1,00 .

of ¢ are said to be p-equivalent (p = 1, 2, ...) if there is a mapping h : M x J - G
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(with J = 2 a neighborhood of 0 € # and /i(m, 0) = e) and forms ¥4 1, ¥ps2,--- €
€ A' such that

(19) o, =hT o h + BT dyh Y P R,
d,, denoting the differential satisfying dyt = 0. The formal deformations of ¢ are
formally equivalent if they are p-equivalent for p = 1,2, ...

Proposition 5. Let @ : M — G be a mapping inducing the form ¢. Let #,(M, g) =

= 0, and let the formal deformations w,, 1, of @ satisfy o, — 1,€ Z;,(M, g). Then w,
and t, are formally equivalent.

Proof. Obviously, it is sufficient to prove the following assertion: Let

(20) O =@ + ot + ...+ O+ 0, P+

L]

Ty

¢+ ot o T, P L

be formal deformations of ¢ with dw,.; = 61,4, and #LM,g) = 0; then o,
and t, are (p + 1)-equivalent. On M, choose a coordinate neighborhood U with the
local coordinates u' (i = 1, ..., dim M). On U, we have

(21) % = hx;, oh _ hx
ou' ot

with %;, % : U x 2 — g. The integrability conditions of (21) are

ox; 6% Ox; 0%;
22 — - = [%;, %], = T, %]
( ) ot Bu [ ] oul  ou' [ ]

From h(u, 0) = e, we get »;(u, 0) = 0. Let us write, in U,

(23) o, = Au, t)du’, 7, = Bu, t)du’;
we have
q '3:3
(24) g Ai(u’ 0) = g B,(u, 0) for q=0,...,p.
' ot ot

Consider the mappings h : M x J — G such that
(25) r h(g“ D_0 for a=1,-0p, i
ta

x(u, 0) _
ot

>

=0 for «a=0,...,p—1.
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Further, consider the equation
(26) h(u, 1) Af(u, t) = Byu, t) h(u, t) + »,(u, 1).

We get

"i‘ (p + 1) P 'h(u, 1) 0"Au, 1)
a=0

o otpatt ot

_ ”il p + 1\ " **'By(u, t) o*h(u, 1) N " L (u, 1)
=0\ o o=t ot or*l

i.e., taking regard of (24) and (25),

"+ 1 h(u, 0) " 4(u, 0)
(27) i Ay(u, 0) + —pri
"B (1, 0 " h(u, 0) 87 Lu(u, 0
= —“—-.El ) +B,-(u, 0) E—l ) + -Sl ).
ot? : at? ot?

From (21,) and (22,), we obtain

Pt Z”: ( ) h e"
3

a1 or o
oy, Pty 5 " 0P
2 ¢
ot o o a:o< )[ or ’511’*1]

P 'h(u, 0)  0%(u,0) 07" xfu,0) 07" x(u, 0)
a1 orr o+l P out

Q

and

The equation (27) may be rewritten as

pt1 4 pt1lp p+1 Ap.,
(28) 1 4(u, 0) 0 By(u, 0) _ 0 %t(u, 0) a0, 0"x(u, 0) ’
ottt orrtt ou' or? or?

ie.,
(29) Opi1 — Tpey = 0v.(p + 1)!
valid now over all of M; here,

(30) p = 7w, 0)
ot?

From 6(w,;; — 1,4+,) = 0and # (M, g) = 0 there follows the existence of a v € A°
satisfying (29); obviously, there is a mapping h : M x J — G satisfying h(u, 0) = e,
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(25) and (30). By means of this mapping, we substitute r, by a formally equivalent
deformation

(31) =0 kOt 0 P Tt

using (26). Clearly, éw, = dt.
Now, it is easy to see the validity of the following

Theorem 2. Let & : M — G be a mapping inducing the form ¢, and let # (M, g)=
= 0. Then J?;,(M, g) is the parameter space of the set of formally non-equivalent
formal deformations of . If #YM, g) = 0, then each formal deformation of ¢ is
formally equivalent to ¢, ¢ being considered as the formal deformation 1, = ¢

of itself.

Author’s address: 118 00 Praha 1, Malostranské nam. 25, CSSR (Matematicko-fyzikalni fakulta
UK).
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