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0. Consider the space ¢ with the complex coordinates (x, y) and let ¥ be the layer
of real hypersurfaces given by

(0.1) i(y—y9)+(x—-xP=r, rek.

Each hypersurface of ¥ has a non-degenerate Levi form at each its point. The Lie

group

0.2) X=ax+f, Y=2iB — P)x + ie(ex — &) x* + adly + 73
«p,ye?;

of the biholomorphic mappings of > preserves V, the hypersurface (0.1) with the
parameter r being transformed into the hypersurface (0. 1) with the parameter

;1 .
(03) r=—{r+ii -7 -(-B7%.
od
Obviously, dimgz G = 6. We are going to prove the following

Theorem. Let V be a layer of real hypersurfaces in €* such that each hypersurface
of V has a non-degenerate Levi form. Let G be a Lie group of biholomorphic trans-
formations of €% which is transitive on 4% and preserves the layer V. Then 4 <
< dim G £ 6. In the case dim G = 6 there are, in %2, holomorphic coordinates
(x, y) such that G is given by (0.2) and V by (0.1).

1. Be given a differentiable manifold M?" and an almost complex structure J
over it; all manifolds and maps are supposed to be of class C*. The torsion of J is
defined as the vector 2-form [J, J] given by
(1.1) HJ, J](u, v) = [Ju, Jv] = J[Ju,v] — J[u, Jv] — [u,v].
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On M?", let us choose vector fields v,, Un+a5 @ < 1, ..., n; such that

(1.2)

and write

(1.3)

For

(1.4)

we obtain

(1.5)

Jvzzvn+¢9 JU,,+¢_ T, ; oc=1,...,n;

—_ 7 n+
[v"’ Uﬂ] - a“pvy + a‘lﬂ ?U"+7 s
— g7 +
[Ua, v""‘ﬂ] - aav""'ﬂvy + a:,n?;-ﬁvn-#y )

— a7 +
[Un+a: Dn+B] = Gp+an+ply + a:+:,n+ﬁvn+7 .

— n+a —
U= X0y —X Uptas U= yava - yn+avn+u’

'%[J, J] (u, U) =
= (@ samep — @i+ ATNL, — altn Y.
. {(xayﬁ _ xn+.zyn+ﬂ) v, + (x"y"*ﬁ + xn+ayﬁ) Un+y} +
+ (a:;y - a::—z,n"‘ﬂ + a‘z,n+ﬁ - az,n+a) .

AGEYE 4+ Xy vy = (P — ety Y

The condition [J, J] = 0 is thus equivalent to

(1.6)

The following result is classic: Be given a manifold M?", the almost complex struc-
ture J over M>"be given by means of the vector fields v,, v, , and (1.2); the structure J

k4 Y n+y n+
an+a,n+ﬁ - aaﬂ + aﬂ,"*‘ﬂ - aﬂ,n};a = 05

n+y nty ? —a’ — .
aaﬁ - an+u.n+ﬂ + aa,n-i—ﬂ aﬂ,n+a =0 s o ﬁ, Yy = 1, R (N

is complex if and only if (1.6).

2. Consider a manifold M*, a complex structure J over M*, and let V be a layer of
hypersurfaces in M*. At each point m € M*, let us choose vectors v,, ..., v, € T,(M*)
such that: (i) v,, v,, v, are tangent to the hypersurface of Vgoing through m, (ii) Jo,
= v;, Jv, = v,. (iii) the vector fields vy, ..., v, are of class C®. The vector fields
Wi, ..., Wy satisfying (i)—(iii) as well, there are real-valued functions «, B, y, @, &

on M* such that

(2.1)
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vy = aw; — Pfws, Uy = YWy + ew, — Ows,

vy = Pwy + aws, vy = 0wy +yws + owe;s (* + B2 o 0.



The complex structure J together with the layer ¥ induce a G-structure B; on M%;
the group G being the set of non-singular matrices of the type

(2.2) «a 0 = 0
?y ¢ =6 0
g 0 « 0
6 0 Y @
Let us write
(23) [v1, v2] = a0, + a0, + azvy,

[v1, va] = byv; + by, + bavs,
[v1, va] = c1v; + €05 + €305 + Cavy,
[v2, v3] = dyvy + dayv, + d3v;,
[v2, va] = ejv; + €05 + €303 + e4v4,
['-’3, ”4] = fi1v; + fov; + f305 +f4_U4 ;
the conditions (1.6) reduce to
(2.4 fi—a+c3—ds=0, f,—a,+c4=0, az—fs+c¢;—d; =0,
fa—c+dy=0.
Analoguously, let us write

(2.5) [Wi, wo] = A;wy + Ayw, + Asws,

[ws, wa] = Fyw; + Faw, + Fyws + Fawy,
(2.6) Fy— A, +C3—Dy3=0, Fy— A, +C,=0,
Ay —F4+C, —D, =0, Fy—C,+D,=0.
From (2.3,), (2.5,) and (2.1), we get ;
[0 03] = [ow; — Bws, Bwy + aws] = ()wy + ()ws + (& + B*) Bow, =
= (wy + ()ws + byow,, B

ie.,
(2.7) (o + B*) B, = ¢b, .

It is easy to see that b, + 0 because of the non-degeneracy of the Levi forms of the
hypersurfaces of V. Thus we are in the position to choose the frames (v, ..., v,) of
the G-structure Bg in such a way that 2 : '

(2.8) by =1; - e
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from B, = b, = 1, we get
(2.9) o =0o + p*.
Further,
[v1, va] = [aw; — Bws, dwy + yws + ow,] =
= (')Wl + (')WS + (')W4 + (“7’ + fo + apC, — ﬁ(PFz) wy
= ()we + ()ws + (*)ws + 20w,
[v3, 4] = [Bwy + aws, dwy + yw; + ow,] =
= (Jwy + (w3 + (Iws + (By — ad + BoC, + apF,) w,
= ()we + (Jws + ()ws + faow,,

Il

Il

1.e.,

(2.10) ay + Bé + apC, — BoF, = ¢c,,
By — ad + foC; + agF, = ¢f, .

The frames of B; may be chosen in such a way that (2.8) and

(2.11) ¢, =f,=0,

and we get

(2.12) y=0=0.
Further, '

[029 U4] = [(PWZ’ ¢W4] =
= OW,0 . Wy — OWs0 . Wy + O*(Eyw; + E;w, + Eywy + Egwy) =
= ey(awy — Bws) + e;0w, + ex(Bw; + aws) + eqows,

ie.,

(2.13) ¢©’E, = ae, + Pes, ¢>E; = —fe; + e
and

(2.14) ©*(Eywy + E3w;) = e,v; + e30;.

The direction of the vector e,v; + esv; is thus invariant. Suppose that e;v; +
+ esv; #+ 0. The frames (vy, ..., v4) € Bg may be chosen in such a way that

(2.15) e, =1, e3=0.
This means
(2.16) a=1, Bp=0, o=1,

and the induced structure Bg is reduced to the {e}-structure By,. Denote by G(V) the
group of biholomorphic transformations of %2 preserving V. Obviously, G(V)
preserves the induced G-structure Bg and the reduced structure By,. In our case
dim G(V) £ 4.

100



If dim G(V) > 4, we should have

(2.17) eg=e=0,
ie.,
(2.18) [vy, v2] = ayv; + a0, + azv;,

[vi, 03] = bioy + v, + byvs,
[vy, v4] = ¢yvy + c303 + ayv,,

[Uz, U3] = dlul + d202 + d3v3 N

[029 U4] = e,0, + euv,,
[v3,v4] = fivg +f3v; — dyvy,
(2.19) fl—a1+C3—d3=0, a3—‘f3+cl"‘d1=0;

the admissible transformations of the frames are given by
(2.20) v, = aw; — Bws, U, = EW,,
v3 = Bwy +awsy, vy =@ws; ¢ =’ + 2.
From the Jacobi identities
(2.21) [os (v vl + [v) [ve v:]] + [ [0 011 =05 isj, k=1,2,3,4;
it follows - ‘
(2.22)  vydy — vyby + v3ay + (dy + by) ag + (ds — ay) by — (bs + ay)d, =0,
vydy + v3a; + (dy + by)a, + dy — a; — (b + a,)d, =0,
v,ds — v3by + v3a3 + (dy + by)as + (d; — a)) by — (b + a,)d; =0,
—vy¢; + v4a; + (e2 + ¢y) ay + (e, — ay) ¢; — czdy — asf; =0,
viey + 04a; + (€3 + ¢4) @y — c3d, — 2a,e, = 0,
—0y65 + 0403 + (2 + ¢1) as + (e, — ay) ¢3 — c3ds — asf; =0,
vieqg — V40, + (s — ay) a, — 2a,e, + asd, =0,
v.f1 —vsep +vsar + (f5 4+ ¢)) by — (dy + a) ¢y — (a, + a3) f; =0,
V48, +f3 + ¢y —ase, =0,
Uif3 = v3Cs + 0483 + (f3 + ;) by — (dy + ay) c3 — (ay + a3) f3 =0,
—vidy — v3a; — (dy + a,) a, + (a, + a3)d, — a,e, =0,
vaft + vady — fra + (f5 + e)) dy — (es +. ds)fy — dic; =0,
—v3e; + vady — fi1a; + (f5 + e,)d, — 2dye, = 0,
Vafs + vady — fias + (f5 + e)dy — (e + d3)f3 —dic; =0,
—02d; — v3e, — 2dye, + (eq + d3)d, — dya, = 0.
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From (2.18), the analoguous equations for [w;, w;] and from (2.20), we get
(2.23) —ow,a + apA, + poD; = aa, + Pas,
owy0. — oAy + apDy = —pd; + ody,
ow B + apAs + D3 = —Pa; + aas,
ow,p — oA, + 9Dy = ad;y + Pds,
—owua + 0pCy — BoFy = oac; + fes,
—owax + BoCsy + apF; = —ff; + ofs,
owsp + a9Cy — BoF3 = —fc; + acs,
—owuf + BeCy + apF; = of; + Bf;,
(2.29) w9 — pwsp + apd; + foD, = ¢a,,
—pw o — awsp — BoA, + apD, = ¢d,,
(2:25) wap + QE; =e,, —wup + @QE; = e,
(2.26) aw;,f — Pwyf — Pw,a — awza + @B, = ab, + Bbs,
ow,a — Pfwia + fw,f + awsf + ¢B; = —fb, + abs .
From (2.23, ;) + (2.23; 4) and (2.235 ) + (2.23, 5), We get
(2.27) ap(A4; + D3) + Bop(Dy — A3) = a(a, + d3) — B(d; — a3),
‘W’(Dl - As) - B(P(Al + Ds) = “(dl - a3) + ﬂ(al + ds) >
(2.28) ap(Cy — F3) — Bo(Fy + C3) = ac; = f3) + B(fy + ¢c3)»
“(P(Fl + Cs) + B‘P(Cl - F3) = c‘(f1 + 03) - B(CI “fa) .
The equations (2.28) are the consequence of (2.27) because of (2.19). From (2.27),
(2.29) @{(41 + D3)* + (Dy — A3)°} = (a; + d3)* + (d; — a3)*.

Suppose

(2.30) (ay + d3)* + (d; — a3)* £ 0.
Thus we may choose the frames of Bg in such a way that
(2.31) : (a; + d3)* + (dy —a3)* =1,
ie.,

(232) p=0a>+p*=1.

We have dim G(V) < 5 because the system (2.23)—(2.26) is, in the best case, coms
pletely integrable.
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Suppose
(2.33) dy=—a;, d; =aj;
from (2.19), we obtain
(2.34) fi=—c5y fy=c;.
From (2.23, 5) + (2.25,) and (2.235 ;) + (2.25,),
(2.35) @(24; + E)) =2a, + ey, @(E; —2C,) = e; — 2¢, .

Again, 2a, + e, + 0 or e, — 2¢; # 0 implies dim G(V) < 5.

3. Finally, suppose (2.18) with
(3.1) dy=—a,, di=as, fi=—c3, fy=c¢1, €4=—2a,, e, =2¢.
The equations (2.25) reduce to
(3.2) w0 = 204, — 2a,, wup = 2¢0C; — 2¢, .

Consider the system

(3.3) W = —2a;, wap = —2¢.
Then wyaw,¢ = —2w,a,, w,w,@ = —2w,c,, and we get
[wa, wa] @ = —2wycy + 2waa; = 2¢,w,0 — 2a,w0 = —4cia, + 4a,c; =0

by means of (2.18;). The integrability condition of the system (3.3) is wyc; — waya; =
=0, ie., vy,¢; — v4a; = 0. This equation being satisfied because of (2.22,,), the
system (3.3) is completely integrable. It follows the possibility to choose the frames
of Bg such that 4; = C; = 0. Let us suppose

(3.4) a; = ¢ = 0
and
(3.5) w0 = wu0 =0.

From (2.23; ),
(3:6) oWoB + apA; = aay, @w,f + apCy = ac; .
Consider the system

(3.7) v =caay, v =oacy.
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From (3.5) and (3.7), v,0 = —pas, v,a = —fc,, from (3.7) and (2.185), vv,8 =
< —Pascs + av,cs, V40,8 = —Pesaz + av,as. The integrability condition of (3.7)
0 = [v,, v4] B = a(vyc5 — v4a3) is now satisfied because of (2.224). The system (3.7)
being integrable, we are in the position to choose the frames in such a way that 45 =
= C3 = 0. Suppose

(3.8) az=c3;=0
and, consequently, ‘
(3.9 woo = W, = waa = w,f=0.

The condition dim G(V) > 5 for a layer V implies the existence of sections
(v, ---» vg) Of Bg such that

(3.10) [v1, v2] = ayv,, v 03] = dav,,
[Ul, 1)3] = blvl + Uy + b303 s [v29 04] = 0’
28 04] = G304, [v3, va] =dsv,.

The equations (2.22) reduce to

(3.11) v,by = v,b3 =0, 0,8, =040, =0, v,d, =v,d, =0,

vyd, + v3a, =0, a,d, + ayb; — byd, =0.
The equations (2.24) may be written as ,
(3.12)  v,@ + apA, + PeD, = @a,, —vs¢ — PeA, + apD, = ¢d,,
the equation (2.26) as
(3.13)  v,B — vy + @B, = ab; + by, v;a + v3f + @By = —fb; + ab;.
The integrability condition of (3.12) is ‘
(3.19) a,d, = pA,D,.

The condition a,d, # 0 implies dim G(V) < 5. Suppose

(3.15) a, =0,

the case d, = 0 being symmetric. Because of (3.11), the system v, ¢ = 0, v = —¢d,
is integrable, and we may choose the frames of B in such a way that

(3.16) a,=d, =0

which implies
(3.17) 019 =30 =0.
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Then av,o + Pv,f = awza + Pv;f = 0, and we get
(3.18) v,o = afB; — B*By — Bby, v = B*B, + afB; — Bb,
from (3.13). The integrability condition of (3.18) is
(3-19) v1bs — vsby — b} — b} = ¢(w,B; — w3B, — B? — B3).

The condition v;b; — v3b; — b3 — b3 & 0 implies dim G(V) < 5. Let us suppose

(3.20) viby —v3by — b2 — b2 =0.

The system vyoe = —Bby, v30 = — b, being integrable, there are sections (vy, ..., v,)
satisfying

(3.21) by =by =0,

and we have
(3.22) v =10, =vy0=0=0.

4. The condition dim G(V) > 5 implies dim G(V) = 6 and the existence of a section
(vy, -.., vg) Of Bg such that

(4.1) [v, 03] = vy, [v1,05] = [V, v4] = [025 03] = [v2, 04] = [v3,0,] = 0.
Consider the layer V(0.1). It is easy to check that the real vector fields

@2) o=idixz-n0l-il -0, -4 £+3)’
ox gy 0% oy y

U3 ——a—+2i(5c‘—x)—a~—-‘?~—2i(x—x)3, v, = 4i 9_29
0x dy oy y

0X
over %2 satisfy the following conditions: (i) v; = Juv;, v, = Jv,, (ii) at each point
z € 6%, vy, v,, v; are tangent to the hypersurface of V going through z, (iii) vy, ..., v,
satisfy (4.1). The Lie group (0.2) preserving ¥, we have obtained an example of a layer
satisfying the conditions of our Theorem. It remains to show that any two layers
satisfying these conditions are biholomorphically equivalent. Consider the complex
manifold M* and its layer V such that in its corresponding structure Bg there is
a section (vy, ..., v,) satisfying (4.1). Let N* be another complex manifold with
a layer W of hypersurfaces such that in the associated structure By there is a section
(W1, ..., wy) such that

(4.3) [wi, w3] = w,,

[wi, wy] = [wis wa] = [ws, ws] = [wa, ws] = [W3a wy] =0.
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On M* x N*, consider the vector fields v¥, w¥ defined by the relations dr,(v7) = v;,
dry(vF) = 0, dny(w§) = 0, dmy(WF) = w; 7y : M* x N* > M*, m, : M* x N* - N*
being the natural projections. Let a,fe®, ¢ = a’? + f* +0. On M* x N4,
consider the distribution D such that its space D, ) = Tmm(M* x N*) is spanned
by the vectors

* * * * * * * %
Vi =0] +oawi — Bws, Vy =03 + owy, V3 =03+ Bw; + awy,

Va

i

Vi + owyi.
Because of

[Vls Va] =V, [Vn Vz] = [Vv V4] = [Vz’ Vs] = [VZ’V4] = [Va, V4] =0,

the distribution D is integrable and its integral manifold represents a (local) biholo-
morphic map M* — N* transforming Vinto W.

Author’s address: 118 00 Praha 1, Malostranské nam. 25, CSSR (Matematicko-fyzikalni
fakulta UK).
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