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1. INTRODUCTION AND DEFINITIONS

Consider three finite discrete probability distributions P = (py, ..., p,), p;i 2 0,

n n n
Z p; = 1, Q = (‘11’ eeey q"), q; z O, «Zlqi =1 and R = (rl, eeey r,,), r; g 0, er‘ =

i=1
= 1. For these probability distributions, we defined in an earlier paper [7] the fol-
lowing generalized directed-divergence of type f (B =+ 1):

P15 +++5 Pn n
(1) Lt | =@ =) [Tpai '™ = 1], p*1.
Tiseees Ty =

For g — 1, (1) gives

L Pis -5 P B n 1
(2) In dis e qn| = Z p;log (qi/ri) .
Fis oo Tp) =1

For P = Q, (2) reduces to the well-known directed-divergence [3]

" P15 - DPn _ n
(3) In pla-“’ pn "'.Z pi IOg (pi/ri)'
Fis eees Py =1

The object of this paper is to generalize further the quantities defined by (1) and (2)
by introducing the concept of generalized directed-divergence and to characterize
this by means of a functional equation. The generalizations are given in the following
definitions: '



Definition 1. A real valued function f on I x I x I where I = [0, 1], is called
a generalized directed-divergence function of order o (+1) and type B (B + 1) if f is
a solution of the functional equation

) f(x,y,z)+(1—x)°‘(1—y)B_1(1—Z)lvpf<1_1ix’ liy’ 1iz>=

= J W) + (1 — wf (1 — o=t (1 — w)“ﬂf( x y z )

1l—u 1—v 1—w

for x, y, z,u, v, we [0, 1) with x + u, y + v, z + w e, satisfying further

() £(0,0,0) = (1,1, 1),
and ’
(©) fGLY =0 -2t -1t

Definition 2. If f is a generalized directed-divergence function of order « (1) and
type (=|= 1) as defined above, then the generalized directed-divergence of order
o (#1) and type B (#1) is defined by the expression:

Dis+-+5 Pn n _ _ ; ; r;
) 2olaua)= S POIR! ﬁf(’L, 4@, —)
Fis eoos 1, =2 Py Qi R

where P, =p, +... +p;, Qi=¢q; +... +qp, Ry=r; + ... + r,fori =1,2, ...
sonwithP, = Q, = R, = 1.

In § 2 the solution of (4) and an expression for (7) are given. In § 3, some interesting
special cases are pointed out.

The results (4) and (7) unify and generalize all the existing results in this direction.
For example (7) reduces to (i) Shannon’s entropy when y = z and @ = § — 1in (4);
(ii) informatic function of typed introduced in [2] for x = y = z and § = 1 in (4);
(iii) directed divergence [1], [5].

2. THIS SECTION DEALS WITH TWO THEOREMS WHICH GIVE f
AND If,,, RESPECTIVELY

Theorem 1. If f is a solution of the functional equation (4) satisfying the additional
conditions (5) and (6), then f is given by

®) fr2) =2 P+ (1 =—xp(l-y)f Q-2 -1]2 -1,

for all x, y, z eI and conversely.
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Remark 1. The solution f of (4) has the form (8), provided we use the notation
0’ = 0 (for y = 0). Only to put f in the form given by (8), this notation is used, but
nowhere in the proof of the theorem, 0? = 0 is used.

Proof. Putting x = 0, y = 0 and z = 0 in (5), we get
[t—Q@—uyp@—of (1 —w'*]f0,0,0)=0, for u,v,wel0,1),
which in turn gives (0, 0, 0) = 0. Hence from (4), we have
©) f(1,1,1) = £(0,0,0) = 0.

Replacing #, v and win (4) by 1 — x, 1 — y and 1 — z respectively and using (9),
we obtain

(10) fep2)=f(1—-x,1—-y,1—-12), forall x,y,z&(0,1).

Setting

, &=1—-x, y=1—y and {=1—z

in (4), (4) can be rewritten as
(1) Q=& 1=n 1 =0+ & (b, q, 1) = f(pl an, 1) +

+ (1= pey (L —anft (1 —rQ)*" ”f(l—é 1-1 1“§>
L—p&1—gqn 1-1¢

forall p,q,rel, & n, {€(0,1], such that p¢ + 1, gy + 1 and £ + 1.
From (10) and (11), we get

(12) fEn 0 + &P (b g 1) = f (pe, qn, r0) +

+ (L= peF (L —anf~t (1 - )~ "’f(l‘é 1-n, 1"5)
L—p&’1—qn 11

holding for p, g, r€I and &, 1, { €(0, 1).
Define

(13) » F(p, ‘1, r, é’ ’17 C) =
= 1m0 + [T+ (= 9~ P (1 = ) g g, ),

where p, q, 1, &, n, (€ (0’ 1)'
We shall prove that '

(14) F(P,q,", f,'I’O=F(5”1,C,P,q,r)-



Now (12) and (13) yield

(15)  F(p,a, 7 & n,0) = f(p& an, 10) + (1 — p&F (1 — aqn)P~* (1 — r0)1~%.

) 1—-¢ 1-9 1—{) (1-5)*(1_,1)/1-1(1_()1—1! }
{f<1“P€’1—11'1’1—rC +1—p¢ 1—gqn 1—1 S g 1)

for all p, g, r, & 1, { € (0,1). Allowing

=—L:—§-, B=1—~’7 and C=1_C
1-p¢ 1—aqn 1-1rf

and making use of (10) and (12), we have

(16)

1—-¢ 1—n 1-¢ 1—EN/1—n\Pl/1 =\
b s + : , , —
f(l"'Pf 1—gqn 1—rC) (1—p§) (1—pn> (1_'{) f(p:a,7)
= (4, B, C) + A'B"™'C'/f(p, 4, ) = f(pA4, 4B, 7C) +
1-4 1-B 1_c)

+ (1 — pA)* (1 — B”‘ll—rC“”( s s =
( p)( q) ( ) fl—pA 1—¢gB 1-1rC

=f( = pA, 1~ B, 1= rC) + (1 — pA) (1 — gBY™* (1 - rC)* ™",
'f(l*PA’ 1-gB’ 1——rC> f<1—p6’ 1—gqn’ l—rC)+
l_pa l_q -1 l_rl_ﬁ
’ (1 “Pf) (1 - qu) (1 — rC) f(é; LB C)

The equation (15) and (16) indeed go to show that (14) is true for all p, g, r, &, 1, L €
(0, 1). Thus from (13) and (14) result

(17 fpg.n) + [P P+ (L= pf (A= gf (1= f(En 0) =
=fEn)+[ET TP+ A=A -0 -0 f(p g 1),

where &, 7, {,pq,re (0’ 1)'
Now (17) with & = 4, 7 = % and { = { and (6) give

(18) f(p.a,7) =
=[pd" P+ -pPA-gf Q=) -] (20 - 1),

for all p, g, r € (0, 1).
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Next, we will show that (18) remains true for all p, g, r €, that is, (8) is valid.
The equation (11) with ¢ = 1,7 = 1 and { = } gives,

(19) f(0,0,3) + 2" f(p, g, 7) =

- r Y PRA W !
=s(paf)+a-pra-a (1 ’) s(.055);

for all p, g€ [0,1) and rel.
For r = 4, (19) becomes,

(20) 7(0,0,3) + 27 f(p. 9, %) =
=fpad) +0-pr( -9/ @' "/(0,03)

where p, g € [0, 1).
Taking p = } and g = % in (20) and using (6), we have

(1) 7(0,0,3) + 22712t — (L= 1)t =
=53 +277%3) 2 £(0,0,%).
From (18), (20) for p, g € (0,1) and (21), result
(22) 7(0,0,4) =1.
Now (22) in (19) with r = 0 gives,
(23) f(p,q,0)=[(1 —pyr(1 —qf ' =1](2* ' —1)"*, forall p,ge[0,1).
Taking ¢ = 1, ¢ = 0 and r = 0 in (11), (11) becomes,
(24) JO,1 =7, 1=0) +n"" """ f(p,0,0) =
=f(p,0,0) + (1 = pyf(0,1 — ¢, 1 =10),

where p € [0, 1), and 7, { € (0, 1].
In view of (23), (24) gives

25) fO1-m1-0)=@@"117P -1t —1)"", for 5,0e(0,1].

Letting p = 1,7 = 1 and { = 1 in (11), we get
(26) f1=¢0,0+¢&f(1,q,r) =
=fE&ar)+(1 -8 (1-gft1-n""f100),
for £€(0,1), g, re0, 1).



By (23) and (26) with ¢ = 0 and r = 0, we get
@7) £(1,0,0) = (1 — 267 1)"1
Again from (26), using (18), (23) and (27), we obtain
(28) fbgr)=(g"""rt? —1)(2*~t = 1)7*, for q,re(0,1).
g=0,¢=1and{=1in(11) give,
(29) 70,1 = 1,0) + 7~ f(p, 0, 7) =
=f(p.0,7) + (1 = py (1 = "7 /(0,1 -1,0),

where € (0, 1] and p, r € [0, 1).
With the help of (25) and (29), we have

(B0) SO =[1-pF(—nN""=1]@ =1, for prelo1).
Forg =1, ¢ =1and{ = 1, (11) gives
(31 0,1 —1,0) + 7~ f(p, 1,7) =
= f(p. ) + (L= Py (L= P (L= 717 £(0, 1,0),
for n € (0, 1) and p, r € [0, 1).

From (25) and (31) with p = 0, r = 0, we get

(32) f(0,1,0) = (1 = 28717t
Now (31), (32), (25) and (18) yield
(33) fp,L,r)=@rtF =12t = 1)7", for p,re(0,1).
With p = 1, (11) becomes
(39) fA=&1—n 1=+ P, q,7) =
=f&an Q) + (1 =& (1 —anf™ (1~ ’C)l_ﬂf(l’ 11:::1’ 11:fc>’

where g, rel, £€(0, 1), n,{ € (0, 1] such that gn + 1 and r{ =+ 1.
Now r = 1 and n = 1 in (34) imply

(35) S =801 =0+ &P f(1,q,1) =
=f(f’ q, C) + (1 - é)a (1 - q)ﬂ—l (1 - é)l_pf(l’ O’ 1) ’
forge[0,1), & e(0, 1).

10



Consequently (30) and (35) with g = 0, give

(36) f(L,0,1) = (1 =271,
Employing (30), (18), (35) and (36), we obtain
(37 fLg)=(@ -1 -1)"", for ge[0,1).

Taking n = 1 and r = 0, (34) gives
(38) U =80,1-0 +&7"f(1, 4,0 =
=f(§’ q, 0) + (1 - é)a(l - q)p_lf(l’ 0’ 1- C)’

for £€(0, 1), ¢ €(0,1] and q €0, 1).
In view of (23), (27) and (38) with { = 1, we get

(39) f(,q,0)=(1 =271, for qe0,1).
Again from (23), (30), (38) and (39), we obtain

(40) fL,0o,1 =) =(1 -2, for (e(0,1].
Putting g ~ 1, (34) gives

(41) f(l - 5’ 1 - 1, 1 - C) + éanﬂ_lcl_ﬂf(lﬁ 13 r) =
R R (R (R )

— F
where ¢, 7 € (0, 1), e (0,1], rel with {r =+ 1.
Combining (23) and (41) with { = 1 and r = 0, we have

(42) f(1,1,0) = (1 — 287171,
Again fron, (23), (42), (18) and (41) with { = 1, we get

(43) fLL) =@ =) (P 1), for re(0,1).
Taking r ~ 4> (11) becomes

(44) f@—él—ml—Q+3”%‘U@%U

1—
=1 gy, 0+ (0= P =0y (=0 (P T ),

for & ne(0, 1], {€(0, 1), p, g €I such that p£ + 1 and qn + 1.

11



Letting n = 1 and ¢ = 1 in (44), we have

(45) £0,0,1=0) + ' 1(p, q,1) =
=f(p 0 0) + (1 —pyr(1—qPft(1-0"71001),

where p, g € [0, 1) and { € (0, 1).
From (25) with # = 1 and (45) with p = q = 0, we have

(46) f(0,0,1) = (1 —28-1)71,
With the help of (22), (46) and (18), (19) with » = 1 and p, g € (0, 1) gives
47 fpal)=@¢" - 1)(2*t - 1)"!, where p,ge(0,1).
Again from (45) with g = 0, (30) and (46), we get
(48) f(,0,1)=(1 =291, for pe(0,1).
Setting p = 0 and # = 1 in (44), we have

fA—=&0,1—=0) + &7 f(0,9,1) =
=f0,¢,)+(1—-qf (1 -0"/1-¢01)

for £€(0, 1], { € (0, 1), g € [0, 1), which with the help of (30), (25) and (48) gives
(49) f(0,q,1) = (1 = 26711, for ge(0,1).

For g = 1 (44) becomes

(50) f(l - 69 1- n, 1- C) + éarlﬂ—lgl—ﬂf(p, 1: 1) =
= f(pé’ 1, C) + (1 - Pé)u (1 - r’)ﬂ-l (1 - C)I_ﬁf(f__;p% ’ 1’ 1> s

where £ € (0, 1], #, { € (0, 1) and p €I such that p = 1.
¢ =1, p = 0in (50) together with (25) gives

(51) 0, 1,1) = (1 = 287171,
Utilizing (46) with ¢ = 1, (47), (14) and (25) we have
(52) L) =@ -1)@2 ' =17, for pe(0,1).

12



For g = 1 (11) gives
(53) fU=&1—n 1=0) +&° 00 f(p1,7) =

=f(p&n, r0) + (1 — peyF (1 —nyf~t (1 - rC)l_ﬂf(ll——zi" b 11 :rCC>’

for &, (€ (0,1], n€(0, 1), p, reI such that p¢ + 1 and r{ * 1.
Using (53) with & = 1, { = 1 and r = 0, (32), (25) and (23), we get

(54) (. 1,0) = (1 =211, for pe(0,1).
Finally from (53) with p = 0, ¢ = 1 and { = 1, (23), (25) and (32) we have

(55) fO,1,7)=(1 =291, for re(0,1).

Combining (5), (23), (25), (27), (28), (30), (32), (33), (36), (37), (39), (40), (42), (43),
(46), (47), (48), (49), (51), (52), (54) and (55), we conclude that f has the form given

by (8) (with the notation 0* = 0, « = 0) and that (10) is true for all x, y, z€e I.
The converse can be easily verified by straight forward calculation.

Theorem 2. The generalized directed-divergence of order o (+1) and type B (+1)

is given by
J ZTRERY pn n
(56) Lolgnendn| =@ =) [T pial P — 1].
=1
rl, eees Iy

Proof. Equations (7) and (8) give,

Pis -+ Dy
Ig,n ql’ ey qn =
Fis enns Iy

=@ = )7 X [piad TP+ P OITIRISY — PIOITIRIT] =
i=2
=@ - )7 [y el 4 PR — PROLT IR ] =
=@t =)t [y Pl T — 1],
i=1

This proves theorem 2.
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3. SPECIAL CASES

An interesting special case of (56) is obtained for « = f and @ = R. In this case,
(56) reduces to the entropy of type §,

(59) (P =@ =7 (S -1, B,

which was discussed in [2], [3] and [8] respectively.
Another interesting special case of (56) is obtained by replacing f by 2 — B and
then taking « = 8, P = Q; and is given by

pl’ cees Pp n
(59) L\ po ) = 2P = 1) (.leir‘.-’"‘ -1, p*1.
Fis ooy Py =

The quantity given in (59) is the inaccuracy of type f discussed earlier by us in [6].
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