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SURFACES IN HERMITIAN 3-SPACES

Avors Svec, Praha

(Received July 3, 1972)

The differential geometry of submanifolds in hermitian spaces is not yet well
known, the only exception being the theory of the curves due to O. BORUVKA. In
what follows, I propose to study a surface in H>. To each point of it, I associate
a geometrically significant frame, this giving me two “principal curvatures” denoted
by 4 and C. The theorems say that these curvatures should be “general” functions.

In the hermitian space H* be given an analytic surface M = M(u, v),u = u* + iu?,
v =o' + iv? being local complex parameters. We have dM = 0M/[ou.du +
+ 0M|dv . dv, where 8[ou = }(0/ou’ — i0|ou?), du = du' + i du?, etc. The tangent
plane at each point of the surface M is spanned by the vectors dM[ou, M [ov. At
each point of M, let us choose an orthonormal frame vy, v,, v3 such that v, and v,
are situated in the tangent plane. The field of these frames is supposed to be differen-
tiable, but not generally holomorphic. Then we have

oM
— = o0y + AU, — = Bv; + Bv,; D=oyf, — B £0;
ou ov

and dM = t'v,; + 1%v,, where ! = «, du + B; dv, 1% = o, du + f, dv. Now,

TPATP AT AT2=DDdu Adv Adi Add=

= 4DD du! A du® A dv* A dv? 0.

Let us write
(1) dM = tlv, + 7?0, dv, = tin, +.T30; + 1305,
do, = 130, + tiv, + tivy, doy = tlo, + 730, + 305
From the relations (v;, v;) = 8;; (3,; = 1 for i = j and &;; = O for i * j), we get
) =05 i,j=1,23;
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the exterior differentiation of (1) yields

(3) dit =t At + 12 A1), di? =1 A2 4+ 1% A2,
O=t'Ad4+12acd; di=dAr1; i,j,k=1,273.

From (3;), we have the existence of complex-valued functions 4, B, C on M such that

(4) 73 = At' + Bt?*, 3 = Bt 4+ Ct2.

At each point of M, let us choose another frame w,, w,, w; with the above described
properties. Then

(5) dM = o'w, + o’w,, dw, = 0iw, + 0w, + wdw;,
dw, = olw, + 0lw, + 0lws, dw; = 0w, + 3w, + 3w,
(6) 0} = A*o! + B*o?, o) - B*o! + C*w?;
we are interested in the relation between A, B, C and A*, B*, C*. Let
7 v, = awy + a,w,, vy =bw, + byw,, v3=cwsy;’
a,a, +a,a,=1, bbb +byb, =1, ab, +ab, =0, cc=1.

Then ! = a;t! + b7, ©? = a1 + byt?, ! = g0 + 4,0%, * = b0 +

+ b,w?. From (1, ), we get
a;dw; + a; dw, = (1) wy + (1) wy + (At' + Br?) cw,,
by dw, + by dw, = () wy + (*) wy + (Bt + Ct%) ew,,
ie.,
a,(A*w" + B*0?) + a,(B*0' + C*w?) = A(d,0' + a,0%) ¢ + B(b,0' + bw?)c,
by(A*o' + B*0?) + by(B*w' + C*w?) = B(a,0' + 3,0%) ¢ + C(b,0' + bw?)c

and
a,A* + a,B* = ca,A + cb;B, a;B* + a,C* = cd,A + cb,B,
b,A* + b,B* = ca;B + ¢b;C, b,B* + b,C* = ca,B + cb,C.
Finally, ‘
(8) A* = c(a,b, — ayb,)"* . (a;b,4 + b;b,B — d,a,B — a,b,C),
B* = c(a;b, — ayb,)"* . (@,b,4 — a,a,B + b,b,B — a,b,C), 3
C* = c(a,b, — a,b,)™! . (—a,by4 + a,a,B — b;b,B + a,b,C).
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Let B # 0. Consider the equation (for ¢ € C)
9) 00 +00 —Pa—1=0, where a=AB™!, f= —CB™!.
Then 0@ — Bo + @@ — 1 = 0; from these equations we get an equivalent system
(10) (@+Bo=@+pa, cd+Ha—Po+Ha—-po—-1=0.

In the plane of complex numbers, (10,) is the equation of a line through origin.
(10,) may be written as

[e+3a-pl-[e+e—Bl=1+34a-P(x-h),

and it is the equation of a circle. The origin being its inner point, there exist solutions
of (9). Let g, be a solution of the equation (9). Further, choose § in such a way that
BB(1 + 008o) = 1. Let the transformation (7) of the frames be given by
(11) vy = —QoBw; — Bwy, vy = Bwy — gofwy, U3 = cws;
we see easily that the relations (7, s ¢) are satisfied. We get
_ cB

ﬁz(l + Qoéo)2

and we have proved the existence of fields of frames w,, w,, w; such that B* = 0.
From now on, consider only the fields with this property. Thus B = 0, B* = 0, and
the equations (8) reduce to

*

Qoo + 200+ S 20— 1) =0
ogo BO BO ’

(12) A* = C(aibz - azbl)-l (ElbzA - a251C) 5
C* = c(ab, — ayb;)™ (—ab,4 + a,b,C),
(13) 0 = @,b,A — a,b,C .

From (13) we get a,b,4 = @,b,C, i.e., a,a,b,b,(A4 — CC) = 0.
Suppose AA + CC. Then either a, = 0 or b, = 0. The admissible changes of the
frames are

(14) vy =awy, v, =Dbw,, vy=cwsy; a;@ =byb,=ct=1;
vg =Wy, U =bywy, vy =cwy; a3, =bb=cc=1,

and we have

(15) ax=c2 4, C*=CéC or A*=c£1C, Cx =2y
4 2 b, a,

and

(16) A*A* = AA, C*C* =CC or A*A* = CC, C*C* = AA.
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The restriction to non-developpable surfaces leads to AC # 0, the asymptotic curves
being given by the equation t't] + %13 = A(c')® + C(«?)* = 0. We get-from
(15)-the possibility to choose such fields of frames vy, v,, v; that 4 > 0, C > 0; let
us call such fields canonical.

Now, suppose AA = CC. From (12), we get A*A* = A4, and we are able to
choose a field of frames in such a way that 4 = C > 0.

Thus we are able — in any case — to choose the frames in such a way that

(17) 3 =At', 3=Ct?’; A4>0, C>0.
The exterior differentation yields
(18) A {dA + A(T} — 21})} + 1% A (4T - Ct}) =0,

A (AT} — Cid) + 2 A {dC + C(1 — 213)} =0,
and there exist complex-valued functions K, L, M , N such that
(19) dA + A(t3 — 21}) = Kt' + Li?,

A7} — Ci} = L' + M<?,

dC + C(13 — 213) = Mt' + N72.
From this, we get

(20) dA + A(21} — 13)

At} — C13 = [T' + M#?,

Kzt + I[7?,

dC + C(213 — 13) = Mt' + N72.
Thus

(21) 2d4 = Kt' + La* + Ki' + L[¥?, 2dC = Mt' + N7* + Mi' + N7°.

Suppose 4 = C = 0. From (21), we get K = M, L = N, and (19, ,) yields 73 —
— 7} = 0. From (19,) and (20,), we have L = K = 0 and 7; = 7{. From 75 — 1} =
=0, we have A%(t' A T — 1% A 7%) = 0, which is in contradiction to 7'
A 71 A 72 % 0. This proves

/\12/\

Theorem 1. In H? there are no surfaces with A = C.

Now, suppose 4 + C, A = const., C = const. From (19; ;) and (204 3), K =
=L=0, M = N = 0; from (19,) and (20,), t} = 0. The exterior differentation of
this equation yields ACt! A 72 = 0, and we have

Theorem 2. In H® there are no surfaces with A = const., C = const.
We get from (14) that at each point of our surface we have two invariant tangent
directions which are analoguous to the principal directions of a surface in the

>
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Euclidean space. If v,, v, are tangent vectors of curves of the considered surface,
these curves are called principal. Let us investigate the existence of the principal
curves. If the principal curves do exist, the equations t! = 0 and 7% = 0 are com-
pletely integrable, i.e., ' A dr' = 0 and 7% A d7® = 0. We get

(4> = C*) 1} = CLt' + CM7* + ALT' + AM7?,
(4> — C?*) 7} = AL<' + AMT* + CLt* + CM7?
from (19,) and (20,), i.e.,
o adtl = =t AP AT =C(CP - APt A A (L + MTY),
P adit= AT A=A - C) o At A (L + MT).
From the existence of the principal curves it follows L= M = 0 and 72 = 0, this

being a contradiction.

Theorem 3. A surface in H® has no principal curves.

Finally, let us study the geometrical interpretation of the invariants A and C.
‘Consider the real representation of the space H?, i.e., the Euclidean space E® with
the complex structure I : V® — V° (V® being the underlying vector space of ES) such
that (vy, v,) = (Ivy, Iv,) for each v,. v, € VC. Write 7' = ¢! + iy, 12 = ¢ + Y%
We have iv = Iv in the considered representation; therefore, we may write

dM = ¢'v; + Yo, + @%v, + l/’21172 >
dv, = Ap'vy + AYlv,, dIv, = —AYylv, + Ae'lv,,
dv, = Co*vy + CYv,y, dIv, = —CY?v; + Co?Iv,

(mod vy, vy, Iy, Ivy) .

In a fixed point M, € M, let us choose a unit tangent vector v and a curve y = y(s)
on M such that s is its arc, p(so) = M, and dy(so)/ds = v. Denote by # the orthogonal
projection of the vector d*y(so)/ds? into the normal plane (spanned by the vectors
v3, Iv;) of the manifold M at M. If

=sinysino.v; + sinycosa.lv, + cosysinB.v, + cosycos f.Iv,,

we get
= —(A4sin®y cos 2a + C cos? y cos 2B) v +

+ (A4sin® ysin 2¢ + C cos? ysin 2B) Ivs ,

and the vector & depends on v only. Iii| being the length of the vector # and ¢ = ]5[2,
we have
@ = A*sin*y + C? cos* y + 2AC sin? y cos? y cos 2(a — f).
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Let us look for a vector v for which |5| has an extremal value. We have

% —AC sin? 2y . sin 2(a — f), a-Q—=ACsin2y.sinZ(oc—B),
oo ap

Z—Q 2sin2y. (A%sin? y — C*cos® y + AC cos? y. cos 2(a — f) —
Y

I

— ACsin? y. cos 2(a — B)).

Thus we have sin 2y = 0 or sin 2(« — §) = 0. Suppose sin 2(« — f) = 0. Then

gg=2(,4 — C)sin2y.(Asin? y + Ccos?y),
Y

and because of 4 > 0, C > 0, we have Asin?>y + Ccos?y > 0 and sin2y = 0.
Thus, we have always sin 2y = 0. For sin y = 0, we get

v=sinf.v, + cos B.Iv, = (sin f + icos B)v,, o= C?*;

for cos y = 0, we have
v=sina.v; + cosa.lv, = (sina + icosa)v,, ¢ = A%.

The geometrical interpretation of the invariants is thus sufficiently described.

Author’s address: 118 00 Praha 1, Malostranské nam. 25, CSSR (Matematicko-fyzikalni fa-
kulta UK).
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