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ON CANONICAL FORMS ON NON-HOLONOMIC
AND SEMI-HOLONOMIC PROLONGATIONS
OF PRINCIPAL FIBRE BUNDLES

ANTON DEKRET, Zilina

(Received November 13, 1971)

Using the theory of jets, KoLAR [3] introduced canonical forms on holonomic
prolongations of principal fibre bundles and justified the algorithm for the deter-
mination of their structure equations. (This algorithm was also used by LAPTEV [6]
and GHEORGHIEV [2].) In the present paper, using Kol4¥’s results, we shall find the
structure equations of canonical forms on non-holonomic and semi-holonomic
prolongations of principal fibre bundles as well as the Maurer-Cartan equations of
the structure groups of these bundles. In particular, we shall show that the structure
equations of ‘“the non-holonomic differential group of order »” introduced by
LumistE in [9] (see also [ 7]) are the structure equations of the group L; of all invertible
semi-holonomic r-jets of R" into R" with the source and the target O. Further, the
semi-holonomic extensions of the canonical form @, of W'(P) are introduced and
some relations to the theory of linear connections are explained. We shall use the
terminology and notation of the theory of jets (see [1]) throughout the paper. Our
considerations are in the category C®.

1. Let My, M, be manifolds, n; = dim M;, i = 1,2. As usual, Ji(My, M;) or
J(M,, M,) denotes respectively the manifold of all non-holonomic or semi-holo-
nomic r-jets of M, into M, with source x € M. Let U be a coordinate neighbourhood
on J(My, M,) and let
c’,:x“_ir s J=1,2,..,ny5 Q.. i= 6, 1,...,ny
be coordinate functions on U, see [12]. Denote by { the rule of dropping all the zero
components in a multiindex. VIRsiK [12] deduced the following property of semi-
holonomic jets.
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Lemma 1. Let fe U < J(M,, M,). Then [ is semi-holonomic if and only if its
coordinates ¢l (f) satisfy

iy eeniy) = Cky ... k) = b o (F) = i) -

2. In what follows we shall use the following indices: 4,B =1,...,n + m;
oapfy=n+1,...n+m ht,pg=1,..,n;i,j,k=0,1,...,n.

Let P(B, G, 1r) be a principal fibre bundle, n = dim B, m = dim G. Let U < R"
be an open subset, 0 € U and let ¥V be an open subset of B. A local isomorphism
¥,,:Ux G- '(V),?,,.(x g) = [o(e(x))] g, will be called an allowable chart
on P, where ¢ is a diffeomorphism U — Vand ¢ is a local cross-section ¥V — =~ (V).
The first prolongation of P is the set W*(P) of all 1-jets of allowable charts on P
with the source (0, e) € R* x G. W'(P) is a principal fibre bundle over B with the
structure group G! of all 1-jets of allowable charts ¥, 0on R" x G with the source
(0, e) satisfying ¢(0) = 0. We can identify W'(P) = H'(B) @ J'(P) where H'(B) ®
® J'(P) means the fibre product over B of H'(B) and J*(P) and G, is the semidirect
product L, X T,;(G) of the groups L and T(G) with respect to the action S -
— SX (Se T, (G), X € L) of L} on T;(G). In other words,

1) (X2, 82) (X1, S1) = (X2X4, (S2X4) Sy)

where X, X, S,X is the composition of jets and (S,X,) S is the product in the group
T,/(G). By induction, we define W'(P) = W' (W"!(P)), and call it the r-th non-
holonomic prolongation of P. W'(P) has a natural structure of a principal fibre
bundle W'(P) (B, G;), where the group G is determined by the recurrent formula
G, = (G '
We can identify
W'(P) = Hy(B) ® J'(P),

G, =L, x T;(G), see[11]and [4].

This identification will be denoted by <. It results from the definition of W’(P) that
W'(P) is the set of all 1-jets of the local isomorphisms ¥, , of R, x G, ! into
W™ ~*(P) with the source (0, e,—), where e,_; is the unit of the group G}~ *. These
local isomorphisms will be called non-holonomic allowable (r — 1)-charts on P.

Let ue W'(P), u = j{o.,,_,)¥, Where “¥ is a non-holonomic allowable (r — 1)-
chart on P. Denote by B the natural projection pu = “¥(0, e,_,). Let X e T,(W"(P)),
X = jo y(t). Then *¥5 B X = jo¥x '[Bv(t)] € Tio.e, . »(R" X G;71) = W, *(G). Thus
we get a vector-valued form on W*(P) with values in W}~ *(G)

(2) @r(X) = “W;l ﬁ*(X) .

Definition 1. The form @, determined by (2) will be said to be the canonical form
on W'(P).
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In [4], Kolaf introduced an admissible extension of @, in the holonomic case.
Put *W"*(P) = W*(W"~'(P)), i.e., *7"*1(P) is the second holonomic prolongation
of the principal fibre bundle W"I(P). According to Lemma 3 of [4], *W’“(P) is
a principal fibre bundle *W7**(P) (W*(P), °(G;~*)2), where °(Gr,™*)? is the kernel of
the homomorphism j; : (G7~1)2 > G (j} is the natural projection of 2-jets into 1-jets).
Since °(G,™"); is homeomorphic to a number space, the global sections of *W"*(P)
exist. Let o be a global section of *W"*(P); ue W'(P), o(u) = ji..,_,)¥, Where ¥
is a non-holonomic allowable (r — 1)-chart; X € T,(W'(P)), X = j§ 7(t). Denote by
¥~ 1 9(t) the image of the jet y(t) by the map ¥~'. Then jo¥ ™! y(t) e W}(G). The
form

2) 0,(X) = jo ™' (1)

will be said to be an admissible extension of the canonical form @, on W’(P). One
can see easily that

(3) (77 0/(X) = 0,(X).

3. Let e, be a basis of g (as usual g denotes the Lie algebra of G). Let w® be the
dual basis of g* and let

do* = icj,0" A o

be the structure equations of G. Let ¢* be the canonical coordinates in some neigh-
bourhood of ee G determined by e,, and let ¢? be canonical coordinates on R".
Denote by cit_; the corresponding local coordinates on R” x Gr. Let e/ be the

corresponding basis of Wj(G). The space W, '(G) is isomorphic to the subspace
{eii~=*°} = W(G). Taking into account this isomorphism and (3), We can write

@,.(X) — @i,,,i,._lo(X) eil-..ir—10, @;(X) — @,.(X) + @,'Ax.__,’r_lq(X) ejilmir_lq-
Kolaf, [3], deduced the following structure equations of ©:
(4) def =0 A0}, dO, = %c;y@g AOL 4+ 0% A Og.

The relations (4) do not depend on the choice of an admissible extension of @, (see
[4], Theorem 5). The exterior differentiation of (4) yields

@) dot = 02 A O3 + O A6,

where the forms @;p satisfy ©F A ©F A é;p =0, 05 ='0, @] = c},0". This implies
the following structure equations of G, (see [4]):

A B A
do§ = 3,08 Ao}, do; =0, Ao,
where wj = cj,0}, wf = 0and f, o] form the basis of %! dual to €°, ¢%.
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Proposition 1. (Structure equations of the canonical form ©,.) Let OF . be the
components of O©,. Then

(5) d@%...o = @5...0 A @%...op
deg, c o o ANOL o+ 05 o A 97)..‘01:-

Further, if i, is the first number different from 0 in the sequence (iy, iz, ..., i,),
then
A B A
(6) do;, .. = Y ©0..01p0p s 1.0y N ©0...0BEps1. k) T
P (kp +1...kr)
r

A4
+ ) Y Of oikeer.. kr)/\go Oipemis—1ahss 1k T ©0..0 A O

1eeeirq
s=(p+1) (ks+1...kr)
where
0...0Big iy = C;y@z)...m,,..,i,’ 0% opiciy =0,
A4 _ o4 p ' 54 —n.
O in-10g = Oiiin105 98,0 NOGo ANOGy iy 1pg =0
Y. denotes the summation over all sequences (k,yy, ..., k,) such that k; =

(kp+1..-ky) (ry

or k; =0, Ej =1i;—k; and Y means the summation over the integers s =
s=(p+1)

=p+1,...,r for which iy % 0.

Proof (by induction). For r = 1, (5) and (6) are equivalent to (4) and (4'). As-
sume by induction that the components of ©, satisfy (5) and (6). Then the forms
%, @%,.;, of the dual basis to €2, ..., el satisfy the following structure equa-
tions of the group G:

o« — 1,2 B Y
dag..0 = 3¢5,05..0 A @505

A —
Aoy, iyt = Z we. Oiplkp + 1.0k /\wo OBfips.fir T
(kpa1ekr)
({ry 4
q
+ Y Y OF oitker i k) A OF. 01ty ras s 1) o

s=(p+1) (ks+1...kr)
where

a K- 1 Y U —_
@9...08ij...ir = €gyP0...0ij.ip > D0...0Bij...iy — 0.
Since W™*! = W'(W"), we can use (4). Hence the components of @, ,, satisfy:

d@g...o = @5...0 A@'(I)...o,,,
dO§. o = 1¢,05.0 ANO}.o + Of o A OG0
(7) d@A ir0 = Q ’

ifeipe..

where Q is the form which can be obtained formally from the form on the right 51de
of (6) by adding zero to the end of every multiindex and

A4 _ A
@i;...i,-qo - @il...irq .
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The exterior differentiation of (7) yields

4
0 o AN{ X [@g...mp(k,,u...kr)q A ©%. 0BGy s..t0 T

(kp +1...kr)

B A
+ 00,01 041 k0 N @0...03(kp+1...ﬁr)q] +
{r>

t A
+ Z Z [60...0i5(ks+1...k,)q A @o...o;'p...i,_,t(ﬁsﬂ_,gr)o +
s=(p+1) (ks+1...kr)

t A
+ O oitessiyo AN O iy st(horsiinal +

+ @(t)...oq A @ﬁ...irt - d@iA,...i,q} =0.

Using the generalized Cartan’s lemma, we get

A B A
d@il...i,i,“ = z @0-~-0ip(kp+l"~kr+l) A @0---03(Rp+1~-kr+1) +
(kp + 1kr+1)
> A t A
t
+ ) ) O0..01atkss ks ) N C0.0ipisosthisrrkrsn T Poo A Otyinyyrs

s=(p+1) kst 1.nkrt1)
. A
where i1 = g and ©3_o A 0o A O%..;,,.c = 0. QED.

Remark 1. We have simultaneously proved that the equations (*) are the structure
equations of G'.

4. The space W'(P) is the first prolongation of P; «(W'(P)) = H'(B) ® J'(P).
Denote by p,, p, the natural projections

p. : H'(B)® J(P) » H'(B), p,:H'(B)® J'(P)— J'(P).

Let ¥,, be an allowable chart on the principal fibre bundle W'(P) (B, G,). The
chart ¥, , will be called a semi-holonomic allowable chart of the first order on P if

Jo[ps w(09)] € HX(B), Jjowo)lp2 (0)] € *(P).

The set W*(P) = W'(W'(P)) of all 1-jets of all semi-holonomic allowable charts of
the first order on P with the source (0, e;) € R, x G, will be called the second semi-
holonomic prolongation of P. We can identify

W(P) = H*(B) ® JX(P).

By induction, we define W(P) = W!(W'~*(P)) and call it, the r-th semi-holonomic
prolongation of P. 1t is possible to identify '

W'(P) = H(B) ® J'(P) .

The space W'(P) is a principal fibre bundle W'(P) (B, G;), where the group G can
be identified with L] X T;;(G). This identification will be denoted by &.
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The canonical form @, on W'(P) is defined by (2), where *¥ is a semi-holonomic
admissible chart on W~'(P). @, is a vector-valued form with values in W, (G) =
= To,e,-p(R" x G,71). In particular, we can identify B = B x {e}, where {e} is
the trivial one-element group. Then the canonical form @, on W'(B x {e}) coincides
with the canonical form of H'(B) introduced in [10].

Let o be a global section of the principal fibre bundle *W"*!(P) (W"(P), *G,*") =
= W3(W"~'(P)) n W*'(P), where *G,** denotes the kernel of the homomorphism
j2 1 (G712 A G;*' - G Then a form @] (which will be called an admissible exten-
sion of @, on W'(P)) is defined analogously to (2'). O, is a W}(G)-valued form. Ob-
viously, the diagram

T(W'(P)) — w,(G)
(8) l(r- 1 l(:- 1)
T(W(P)) —— W,(G)

is commutative. Diagram (8) implies the identification of ©, on W'(P) with the restric-
tion of @, on W'(P) to (t™*¢), T(W'(P)). Let

o, = 6} ("'9). T(W'(P)), @4, - O

ifeeeip ifeeeip

(z718)s T(W'(P))

where @7, ; are the components of ©, on W'(P). Consequently, writing ©% ;.
instead of ©7, _; in equations (5) and (6) we obtain the structure equations of the
canonical form @, on W'(P). Then the structure equations of G} have the following

form:

(] —_ B ?
(9) dwg...0 = 3¢5,05..0 A 9.0
4 _ —B 4
Aoy, 0, = 2 B...01p0kp 4 1.dr) N D0...08(p 118y T
(kp + 1...kr)
& t A
+ Y B0 0islker 1) A DY 01y itorrok) >
s=(p+1) (ks+1...ky)
where
—A _ A -1 ~r
@y = 0,5, | (716 TIG)

55...0,”,...:‘, = c;vag...oq...ir > 5qo...om...i, =0.
O’ is a vector-valued form with values in (z7'¢), Wj(G) = W,(G). Lemma 1 implies:
w;(G) is determined by equations

dcﬁ...ir = dcl‘;‘;...kr s C(ll (AR lr) = C(kl oo kr) .

For this reason, if {(iy ... i,) = {(ky ... k,), then

—4 A =4  _ =A
Dy = Dkyoky s Oiy, = Oy
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Therefore we can drop the zero components in all multiindices in (9). In particular,
considering P = B x {e}, equations (9) for 4 = q yield the structure equations of
the group L;. But these equations are identical with the equations (4,36) of (4).
Hence the structure equations of the non-holonomic differential group of order r
introduced by Lumiste in [5] coincide with the structure equations of L.

5. Our previous considerations demonstrate sufficiently the importance of ©; for
the determination of the structure equations of ©,. Now, we shall show the role of
the holonomic prolongations of the second order in the definition of @5. Let °G>
be the kernel of the homomorphism jj : G2 — G. It is easy to see that W?(P) has
a structure of a principal fibre bundle W*(P) (W'(P), °G?2). Let & be a global section
of W2(P) (W'(P), °G2). Let u € W'(P), 6(u) = j{o e, ¥> Where ¥ is a semi-holonomic
allowable chart of the first order on P. Let X € T,(W*(P)), X = j§ ¥(t). The form

*0,(X) = jo(¥~ (1))
will be called a semi-holonomic extension of @,. *@, is a vector-valued form on W'(P)
with values in w)(G). Obviously, it holds

(f?)* ‘0, =0,.

Since our following results are based on direct evaluations we shall consider directly
the bundles W'(R" x G)and W*(R" x G). Let us identify

W'R" x G) = R* x G} = R" x (L}, X T}(G)),

W*(R" x G) = R" x G} = R" x (L2 X T}(G)).
In what follows, we shall use on W'(R" x G) the local coordinates x', ag, b% b
where
x* are the canonical coordinates of X € R",
are the coordinates of a jet a € L%,
b*, b? are the coordinates of a jet b € T,'(G).

A non-holonomic allowable 1-chart ¥ on R" x G, is given by ¥(x, h) = [¢(x),
o(x) h], where ¢(x) is a diffeomorphism U — ¥, o(x) is a differentiable mapping
U - G} (U,V < R" are open subsets, 0 € U) and o(X) I is the product in G}. Let us
use the following notation: x' = ¢(x), h = (a, b), o(x) = (*a, 'b)e L} x T,}(G),
(@, b') = o(x) h, ¥(x;a;b) = (x";a’;b'). Using (1) we obtain: If ¥ is a semi-
holonomic allowable 1-chart on R* x G2, ¥ is given by the formula

9) X" = %aix® + %',

a' = laa,
b'* = F*(*ba, b) = (*ba)* + b* + terms of higher order ,

by = Fi('ba, b) = (*ba); + b + terms of higher order,
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where F*, F; are functions determining the product in G}, 'aa or *ba is the composi-
tion of jets in L}, or T, (G) respectively and

1.t _ 0,t 0o,t ..p 170 _ Opa 0pa..p 112 __ 0pa 07,2 ..p
a, = °a; + %ag,x?, 'b* ="b* + °byxP, “by = by + °by,xP.

. 1 0,t.0,t 0.t .0pa Opa O
Thus, the coordinates of jo¥ are (°x'; %aj, %a;,; °b% °bg, °bZ,). Let e, €%, e,, el be

the corresponding basis of T ., (R" x G,). Then

50, = O%, + 0% + O%, + O%L,
where @7, @F, 0%, O} are some scalar 1-forms on W'(R" x G,). Denote by E,, EL,
E°, E; the basis of T(W'(R" x G,)) dual to 6%, %, 6%, ;.

Let *@; be determined by a section G. Let 6(u) = (°x; a, °af,; °b%, °b, °b%,).
Let 6(u) = jo%. Then ¥ is given by (9). Let ¢, = jg y(v), 7(v) = (x? = 6%v; a? = &E;
b* = 0, b = 0). Using (9), we find directly:

0 I3} 0 0
— i1 _0.4q_ Y o9 Y oza_Y opa Y
E(u) = j¥(y(v)) = °al P + %al, oa + °b} e + °b5, b
and

0 0
[Et’ Eq](u) = (Oazt - Oafq) — + (obZt - Obfq)—— + 0 mod Ei .
ox? ox*
But this implies:

i a
Ch (Oaé’z - oafq) Par (ob:t - ob:q P 0 mod e}
0x? 0x

if and only if %a?, = °a?, °bZ, = °b},.
Quite analogously to Koléf, [4], we evaluate
[E, E?] = —68%E, mod EYy, [E, E%] = —6%E, mod EY,,
[E;, E,] = Omod EY; .

Now, calculating dSGI(X , Y), we deduce

Proposition 2. Let O, be a semi-holonomic extension of @, determined by a sec-
tion G. Then the value of G lie in W*(P) if and only if

do' = 67 A @), dO° = 1c5,0° A\ O + O7 A O%.

Corollary. In particular, if P = B X {e} then it holds: Let *@, be a semi-holo-
nomic extension of the canonical form ©; of H'(B) determined by a section é.
Let ©%, @}, be the components of *© . Then the values of & lie in H*(B) if and only
if

de* = 67 A 0.
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Remark 2 (due to Kolar). The preceding corollary is in the following relation to
some properties of linear connections. The linear connection without torsion are
in a one-to-one correspondence with the reductions of the principal fibre bundle
H?(B) to the subgroup L, < L}, see [3]. Libermann, [7], proves that the connections
on H'(B) are in a one-to-one correspondence with the reductions of the principal
fibre bundle H*(B) to L}. We can explain this fact in the following way: It is

A*(B) = W'(H'(B)) = H'(B) ® J'(H'(B)) -

An element (u, X) e HY(B) @ J'(H'(B)) is semi-holonomic if and only if u = joX.
That is why we can identify

H*(B) = J'(H'(B)), seealso [9].

Let I' be a connection on H'(B) (I"is an invariant global section H'(B) — J'(H'(B))
see [5]). Hence I' determines a section I' : H(B) — H2(B). Denote by R(I') the set
T(H'(B)). One can see easily that R(I) is the reduction of H?(B) to L) treated by
Libermann. In fact her considerations contain also the assertion that I" is without
torsion if and only if R(I') = H*(B). We find it remarkable to show that this result
follows also from the preceding corollary. Let @, be the canonical form on H*(B).
Denote by 0, its restriction to R(I'). Let w be the canonical form of I' and let ¢ be
the canonical form on H'(B). The diagram

R <2 T(HY(B))
(10) R'® 1:<_"_ T(R(I))
-

L, <— T(H'(B))

is commutative (I} denotes the Lie algebra of L}), see [6], Proposition 1. Let ¢”
or w} be the components of ¢ or w respectively. Then

de? = ¢ A 0} + Do?,

where D denotes the absolute differential with respect to the connection I' and D¢
is the torsion form of I'. Diagram (10) implies that ¢, } are the components of the
semi-holonomic extension of w determined by the section I". The preceding corollary
yields: Dg? = 0 (e.i. the connection I'is without torsion) if and only if R(I') = H?*(B).
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