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1. Introductory Remarks. Let 2 denote the class of functions P(z) which are
regular in the open unit disk centered at the origin, symbolized by A, and satisfying
the conditions

(1.1) P(0)=1 and Re{P(z)} >0 for z in A.

The class £ has interesting properties and many useful applications, particularly in
the study of special classes of univalent functions; it has, as a consequence, experienced
a long and detailed history. )

Recently, several authors have examined some properties of functions P(z) in 2
satisfying the additional requirement that

(1.2) |[P(z) = M| <M, zeA,

for a fixed M, M > 1; the resulting subclass of & has been written 2,,.
KACZMARSKI [6] obtained sharp coefficient estimates for meromorphic and uni-

valent functions

(1.3) F(z)=]—+alz+o:222+..., zeA

z

which for a fixed «, 0 < o < 1, satisfy the condition

(14) (a—i‘]) [Z:(—S) + a:| €Dy .

All F(z) meeting these conditions form a subclass of the starlike functions of order o
introduced by POMMERENKE [ 10]. Kaczmarski also gave the coefficient bounds for F(z)
which are meromorphically spirallike in A, [13], and meet a condition similar to (1.4).
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GokL [3] gave the coefficient estimates and some distortion theorems for an arbi-
trary P(z) in Z,,, M = 1, and applied his results to subclasses of close-to-convex
functions introduced by LIBERA [7].

SINGH [ 12] obtained coefficient and distortion bounds for regular starlike functions

(1.5) f(z2) =z 4 a2 +..., z€A,

such that z f'(z)[f(z) € 2. JANowsK1 [4] established radii of starlikeness for functions
of the form (1.5) which are defined by operations on regular starlike functions and
members of 2,,, M = 1; Janowski’s functions may not be univalent throughout the
disk A. More recently he has announced additional results [6].

If P(z) is in 2, then P[A], the imagz of A under P(z), is contained entirely in the
disk of radius M centered at M; and the converse holds too. In this paper we study
functions P(z) in 2 for which P[A] is contained in an arbitrary (but fixed) disk con-
tained in the right half-plane and which contains the point 1; these results are then
used to generalize and extend some of the work mentioned above.

2. The Class 2 [« t, ¢]. A disk of radius g, ¢ > 0, lying in the right half-plane is
tangent to a line w = o + iv, « = 0, v real, at a point o + it and its center is at
(o + 2) + it. If it is required that | be in this disk, then |1 — (¢ + o + it)| < o, or

(2.1) D= D(a,1,0) =20l —a)+ a2 —0a)— (1 +*)>0.

Except for a rotation of A the linear transformation mapping A onto the above disk
with O corresponding to 1 is

Az + ¢

2.2 L(z) = ———,

( ()= dzte
with

(2.3) A= Ao t,0) = ol —22) + ol —a) — 1> + it and

B=B(t0)=1—0—a+it.
It is useful to observe that the discriminant of L(z) is o(4 — B) = oD.

Definition 1. P(z) is in 2[o, 1, 0], 0 < « < 1, t real, ¢ > § and D(o, 1, 0) > 0 if
and only if there is a function w(z) regular in A such that

o+ Aw(z) .
24 P(z) == and |w(z)| £ |z| for m A,
(4 () = 220 and (ol 5 [ for
and A4 and B are defined by (2.3). >

As a consequence of the principle of subordination [9, p. 226] we conclude that
every P(z) in 2[, 1, o] is subordinate to L(z), therefore P[A] is contained in the open

196



disk of radius ¢ and centered at (o + o + it). The class 2,,, mentioned above, is the
same as 2[0, 0, M. For every admissible ¢ and ¢, ?[«, t, ¢] is a subclass of the func-
tions of ““positive real part of order o which are defined implicitly in [10] and [11]
and explicitly in [8].

The subsequent parts of this section deal with the coefficient and distortion bounds
on functions in W[oz, t, Q]; the coefficient bounds which follow (and those given in
later theorems) are derived by using the Method of CLUNIE [2].

Theorem 1. If P(z) = 1 + Y p.z* is in P[0, 1, @], then
k=1

_ _ 2
(2.5) <2l —a)+ =D =D

54

these results are sharp for all admissible «, t and ¢.

Proof. The representation for P(z) in (2.4) is equivalent to

(26) [4 - BPE)] of:) = o[P(:) — 1],

or
(2.7) [A-BY plo(z) =eY pz*, po=1.
k=0 k=1
This can be rewritten
n—1 n o0
(2'8) [(A - B) - B Z szk] w(z) =g Z szk + Z qkzk s
k=1 k=1 k=n+1

the last term also being absolutely and uniformly convergent in compacta on A.
Writing z = re®, performing the indicated integration and making use of the bound
|o(z)] < |z] < 1 for z in A gives

n—1

n—1 2n
(29 |4 =B’ + B} |p)* r** = if (4 — B) + BY pyrte™|>do =
' k=1 2n Jo k=1

2n n—1
> l_[ |{(A _ B) + B Z pk,.keike} w(’,ei8)|2 do >
2n ), k=1

> _I_J‘h IQZ perte™ + Y qk'.keikolz do = o*y ’Pk|2 DY |‘1k|2 P2k
2n Jo k=1 k=n+1 k=1 k=n+1

The last term is non-negative and r < 1, therefore

n—1 n
(210) 4= BF + B 3 |n? 2 3|
or
n—1
(2.11) *lp? £ |4 - B> + (|B]” - QZ)kgl|pk|2.
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A brief calculation shows that |B|> — 0*> = — D(a, 1, ¢), which is negative, (2.1),
hence

|4 — B| _ D(x.1,0)
Q b

IIA

(2.12) [Pl

and this is equivalent to (2.5). If (z) = z", then

D(a, 1, Q_) R

(2.13) Pe) =1+ SRR g
which makes (2.5) sharp.
If P(z) € 2[x, 1, 0], then
P [liii] — iIm P(() , .
(.14) Q)= L7F CI;P(C) — 1+ %z .

is in 2 for each { in A. Furthermore Q[A] is contained in the disk of radius o/Re P({)
centered at [(« + ¢) + i(t — Im P({))]/Re P({), consequently Q(z) is in

P o t — Im P({) 0
Re P({)" ReP({) ~ ReP())
and in this case (2.12) reads

POl (1 _r12y < Re PO o t—=ImP() o
2.15) Re P({) (-1 = 0 D(Re P({)" ReP()  Re P(c)>'

Summarizing and rewriting these results we have the following

Corollary 1. If P(z) e 2[a, t, ¢] and z € A, then

(R P(z) = a)? + (1 = Im P(2))*

216) [P (1 - |2]) < 2Re P(2) - ) :

Theorem 2. If P(z) € ?[a, t, ¢, then

(1 = r?) 0® + r*(¢ + a) D + ir’tD| — roD
(1—=7r¥)e*+ D

(2.17) <

|(1 = #*) @®> + r*(¢ + o) D + ir’tD| + roD
(1 —=7r*)e*+rD

< [P =
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and

(1t =) + ot = 1)) D e {P(2)} =
(2.18) : (1 —r¥)o*+ r*D S Reifla) =

r[r(1 — o) — o1 + #)] D ’

<1 -
(1 —r*)o* + r*D

for |z| < r. These bounds are sharp for each r,0 < r < 1, and all admissible a, t
and g.

Proof. (In the theorem and below D = D(x, t, 0).) A calculation shows that L(z),
(2.2), maps the disk {z : Iz[ < r} onto the disk with its center at

(2.19) wo= Ao QA-B)

B Blo — |8 ]
and radius

: ro|A — B|
2.20 R= —— 1|
20 o — I8P 7
From (2.1) and (2.3) we conclude that
(2.21) le* — |B]* ! = (1 = r?)e* + D >0,
therefore
0? — ABr? r’BD

2.22 =% 77 _— 1=
-2) YT e (1 =7r*)e*+r’D
and
(2.23) R = reb

(1 = r*)o* + r*D

If P(z) is in 2[a, t, ¢], it follows by subordination that

(229) ol = R < |P()| < |wo] + R
and
(2.25) Re {wo} — R < Re {P(z)} < Re {wo} + R,

for |z| < r; and these are equivalent to (2.17) and (2.18) respectively.
For any choice of values of «, t and ¢ members of 2[a, 1, g] are necessarily bounded
in A, consequently UZ2[o, t, ¢], the union being taken over all «, t and g, is a proper

subset of 2. However, for any fixed ¢ and o, the class ) 2[o, 1, ¢] is dense in the
e>1/2

family 2[«] of functions P(z) in 2 for which Re P(z) > « for z in A. Therefore, the
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preceding results can be extended to 2[a], 0 < o < 1, and 2[0] = 2, by taking
appropriate limits.

If, in particular, we choose o = t = 0 and let ¢ » o0, then Theorem 1 gives the
classical coefficient bound of CARATHEODORY [1] and Theorem 2 gives known
distortion bounds [9, p. 173] for every P(z) in 2.

In a similar way, setting ¢ = 0 and letting ¢ — o0 in (2.5), gives sharp coefficient
bounds for 2[«], which appear in [8]. The same procedure in Corollary 1 and Theo-
rem 2 gives the following distortion bounds.

Corollary 2. If P(z) is in 2[a], for afixed, 0 < o < L and |z| £ r < 1, then

(2.26) =P 2
Re {P(z) —a} 1 —#?
]—2(1—0();-+(1—20(),'2< _ ]_’_2(‘_0(),.4_(1__21)',2
(2.27) i < |P(z)| B )
and
(ag) 1A= (=207 pypy LA ) rd (122977

1 —r 1 — 2

Choosing « =t = 0 and ¢ = M in Definition 1 gives the class 2,, defined by
(1.2) and studied earlier by Goel [3], Kaczmarski [6] and Janowski [4]; however
they restricted their attention to the case M = 1. In general, we have the following
corollary.

Corollary 3. If P(z) is in 2[0,0, M| = 2, for fixed M, M = %, and P(z) =
=1+ Y pz*, then
k=1

(2.29) |pk|§2——]\%, k=1,2..;
, L < aRe (o) - PAP 4.

(2.30) PEI(1—]2) = 2Re Pz) = =7, ze;

M(L—|z))  _ o\ < M+ [2) JeA-
(231) M+(M—1)1z|=|P‘)l=M—(M—1)1z|’ A
and

MU= [2)  _popay < MU
S T 1= R A T 1 M
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3. Other Results. In this section we will indicate some of the many possible
applications of the preceding results.

Definition 2. F(z) = z7" + ) a,z*, meromorphicin A, is in *[o, t, o] if and only if
k=0
(3.1) —zF() isin 2[o, 1, 0] .

The restrictions on «, t and g are those in Definition 1. For each «, 2*[0{, t, Q] is
a subset of the class of meromorphic starlike functions of order a, [10], hence all
functions covered by Definition 2 are univalent in A.

Theorem 3. If F(z) = z~' + Z a2 is in Z¥[a, t, o], then
k=0

a D(a, t, 0) _ 2t —a) o2 —a) = (1 + 1) 0= ]
(3-2) | "lég(n+ ) (n+1) * o(n + 1) 012

each of these inequalities is rendered sharp by the function F(z) in Z*[oc, t, Q]

defined by
- E'(~ n+1
(3.3) _zF(@) _ o+ A"
F(z) o+ Bz"*!
for all «, t and ¢ admitted above, with D, A and B defined by (2.1) and (2.3).

Proof. Using Definitions 1 and 2 we write

—zF(z) ¢+ Aw(z) ’
F(z) 0 + Bo(z)

for zin A,

(3.4)

with w(z) satisfying Schwarz’s Lemma [9, p. 165]. Using the power series representa-
tion for F(z) we may rewrite (3.4) as

o0 A - @D
(3.5) =Y ok + 1) az* = [——B + Y (A + Bk) akz":| o(z).

k=0 z K=0
The last equation implies that ga, = (4 — B) '(0), and since |o’(0)| < 1, it follows
that

(3.6) lag| < A_;__l? _

IS v]

On the other hand for n > 0 and because »(0) = 0, (3.5) can be rewritten

(3.7) —k;i:og(k Fa+ Y det = {_13 +:g;(,4 T BK) akzk} o),

k=n+1
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o0
Y diz* being absolutely and uniformly convergent on compact subsets of A.
k=n+1

Letting z = re'® and using the assumption that ofz) is bounded by 1, we conclude
that

2n n ]
(3.8) N J = S ok + 1) agke™ + Y dy*e®] do <
o k=0 1

2n k=n+

IA

2n n—1
< LJ ‘Dr—le-—il) 4 Z(A + Bk) akrkeikolz do ,
2n k=0

o]
which, by an application of Parseval’s identity [9, p. 100] is equivalent to

n—1

<) 2
2 p2k 4 z ldklz r2k§£ + Z|A + Bklz laklz .
k=nt1 =

(3.9) é:ogz(k + 1) |ay

Since the infinite series is non-negative and 0 < r < 1, we can write

n

n—1
(3.10) Y Ak + 1) |af* < D> + ¥ |4 + BK|* |a,)?,
k=0 k=0
or
n—-1
(3.11) *(n + 1)*|a,|> < D* + Y [|4 + BK|* — o*(k + 1)*]|a]?.
k=0

The remainder of the proof consists of showing that the coefficient of lak\Z is not
positive for k = 0, 1,2, ...

For each k,
(3.12) |4 + BKk|* — o*(k + 1) = {(1 — o — o) + 1* — o*} k* +
+{2(1 — o — o) [o(l — 20) + ol — o) — 2] + 21> — 20} k +
+ {Lo(t — 2a) + ofl — ) — £2]* + 1* — ¢*}.

The coefficient of k* is — D(, t, o), (2.1), hence it is negative. Rewriting the coef-
ficient of k as a quadratic in t gives us the form

(313) 2fe+a)[(1 —a)(1 —20 —a)+ *]=2¢+ a)[-D(x, 1,0)] < 0.
The constant term in (3.12) can be rewritten and bounded in the following way

(3.19) [o(l — 20) + o1 — o) — £2]*> + 2 — * =
= ol — o) (20 + o) (I — 20 — &) + [20% + o — (I — 2) (20 + & = 1)]1* + ¢* =
=20 + o) (=D — 13) + (2000 + 0> — D — ) 1> + t* =
= —D(200 + a* + 1*) < 0.
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Consequently, (3.11) implies that
(3.15) oX(n + 1)*|a,|* £ D(o, 1,0)*, n=1,2,...;

which is equivalent to (3.2).

If for any fixed n, n = 0, 1, 2, ..., we let F(z) be defined by (3.3) and have the series
representation of the hypotheses of Theorem 3, then

-z F(z) _ 1 +A—BZ

(3.16) G .

I P

or

(3.17) —z7U = Y kagt = {1 +
k=0

ISHR~]

=+ ...}(2'1 + Y a2 .
k=0
A comparison of coefficients shows that a, = 0, for k = 0,1, ..., n — 1 and that

_ D10
(3.18) |a,| = on+ 1)

This completes the proof of Theorem 3.

An examination of the preceding proof yields the following analog of the Area
Theorem [9, p. 210].

Corollary 4. If F(z) = z~' + Y a,z* is in £*[o, 1, 0], then
k=0
(3.19) Y [K* + 2(0 + a) k + (20x + o + 1*)] |a]* £ D(a, t, 0) .
k=0

Proof. Applying Parseval’s identity to (3.5) and making use of the bound on w(z)
gives

(3.20) éo[gz(k + 1) — |4 + Bk]’]|ay|* £ |4 — B,

which, by making use of the caléulations in (3.12), (3.13) and (3.14), may be written
(3.21) éo[okz + 2(0 + o) Dk + D(20x + o* + 1*)] |a|* £ D*.

This form is equivalent to (3.19).

By specializing the choices of the parameters o, t and g in Theorem 3, we get some
interesting special cases which have appeared elsewhere.
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Corollary 5. If F(z) = z™* + Z a,z* is in £*[0, 0, M], then

(322) jar = 2

= —, n=0,1,2,...
M(n + 1)

This result appears in [6], with the additional proviso that a, = 0; many other
theorems appearing in [6] for meromorphic starlike, or spiral, functions can be
extended by the above methods.

Let Z*[o] be the class of meromorphic starlike functions of order «, [10]. For any

fixed , U Z*[«, t, o] forms a dense subclass of Z*[a], consequently, letting ¢ — oo
0>1/2
in (3.2) we obtain the following theorem of Pommerenke [10].

Corollary 6. If F(z) = z™' + Z a,z* is in X*[a], then

l—a)

(3.23) |a,| = n=20,1,2,...

Theorem 4. If F(z) is in *[«, 1, 0], A and Bare asin(2.3) and |z| = r,0 < r < 1,
then

(B—A4)/2|B| /.2 _ |R|2 .2\ (B—A)ReB/2|B|? -
(3.24) 1 &ﬂ) <Q_._|ZBLL < ]F(z)l =<
r |B| 0

0o+ IBI r\ 4~ B)/2|B] Qz (A-B)ReB/2|B|?
Aetmn) )

and these inequalities are made sharp whent = 0, in which case A and B are real, by

(3.25) F(z) = ;(Q + BZ)(B—A)/A.

0

154

H/\

Proof. From (3.4) we have
29 ez (o) = A~ B)o(z)
(3.26) gz B EN ="

or’

(3.27) F(z) = iexp{—Dﬁ __“;(Q_ d(},

{(e + Bw(2))
therefore

63 Rl = e {0 [ re () o) &,

recalling that A — B = D > 0.
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Excepting the constant term (4 — B), the right side of (3.26) is subordinate to the
linear transformation

(3.29) i) = - +sz

which for any r, 0 < r < 1, maps the disk {z : |z| £ r} onto the disk with center and
radius

—r?’B or

3.30 _ and —=— |
(3.30) 0’ — |B|2 2 an 0? — IB’Z 2

having observed in (2.21) that the denominators in (3.30) are positive. Therefore, as
in the proof of Theorem 2, we conclude that

Ny -2 ” _ 2
(331) B ,_u;-.‘- ¥ Re_? < Re (z) < or — r” Re B'

of - IB|F? ¢ + Ba(z) 0> — |B|* r?
The left side of this inequu. v yields

o

I ) / A \ g\l r o +Ss ‘RCB
3.32) expl!—D| ., ’ sexpdD| = ————" ds\ =
(3.32) ex; i J . Lo T :\.,._,‘“')} s | p{ _L o> — |B)*s? S}

i " 2
=exp D {J— log “’iﬁlj) + B_e_B log L R |
208 *\e = 18[x) T 2psp "t = B 2

Combining this with (3.28) gives the upper bound in (3.24); the lower bound is ob-
tained in much the same way.

If t = 0, then B is real and (3.31) reads

(3.33) — " <Re <_‘"(ﬂ_> < ;Im '

o—Br~ o + Bao(z) + Br

These bounds are sharp when w(z) = z with equality on the left occurring for z = —r
and on the right for z = r, 0 < r < 1; consequently for this choice of w(z) and with
0=m, (3.32) is sharp, whereas with 6 = 0 the corresprn<’ .g lower bound is sharp.
The function given in (3.25) comes from this choice ol ez).

In concluding the proof of Theorem 4 we should like to remark that equality on
either side of (3.31) obtains at a point z, |z| = r, if and only if w(z) = ¢z, || = 1.
However, a calculation shows that equality will occur on either side of (3.31) at
points re’* and re®, 0, and 0, being dependent on r. As a result, the estimates made
in (3.32) are not sharp in general because the integration is performed along a ray
from the origin.
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The remaining portion of this section deals with applications to regular functions.

Theorem 5. If f(z) = z + Z aiz* is regular in A and, for a fixed 9, 1 < ¢ < 1,

K=2
(3.34) €4¥)—Q <o, z€A,
then
(3.35) |a,| = Z—Q:-'—, n=23...
o(n — 1)

These equalities are sharp, equality being attained for each n, by

(3:36) f(z) =z [1 + (];Q) Znﬂ](z"_”/“-e)(n—n.
Q

This theorem has been given for ¢ = 1 by Singh [12] and Janowski [5] recently
announced partial results for ¢ > 1.
Proof. Condition (3.34) is equivalent to requiring that z f'(z)/f(z) be in 2 [0, 0, ¢].
In this case Definition 1 gives
z f(z) 0 + o0 wz) ZeA.

(37 5 er(-gwd

w(z) satisfying Schwarz’s Lemma. Substitution of the Maclaurin series for f(z)

enables us to write

(3.38) ki(k )t = o)y (1 - (1 = ") k) a,

k=1 o

or because w(0) = 0,

(3.39) Y olk — 1) az* + _i c,z* = w(z)"il(g(k + 1) — k) a,z%,

k=2

0
the series Y c¢,z* being uniformly and absolutely convergent on compact subsets
k=n+1

of A. Since |w(z)| £ 1, z €A,
2n n o
(3.40) ;—J’ I Z g(k — l) a,rke™ + Z Ckrkeikolz do <
o k=2

k=n+1 3

2n n—1
= _l‘j [ ¥ (e(k + 1) — k) a,‘r"e"“’l2 do,
2n )y k=1
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for 0 < r < 1. Applying Parseval’s identity to both sides of (3.40) gives
n 0 n—1
(3.41) Y ¥k — 1)? ]aklz Py [cklz <Y (o(k + 1) — k)? [a,‘,l2 r2k
k=2 k=n+1 k=1

and this, upon letting r — 1 and neglecting the (non-negative) infinite series, gives

n—1

(3.42) Zgz(k— 1)?a | Z(Q (k + 1) = k) |a]* .
In consequence,
(343)  o*(n — 1)*[a,[* = (20 — 1)* + Z {lolk + 1) = k) — o*(k — 1)’} |ay]* =

= (20— 1)? + Zk(2g — k) (20 = 1) |a,]?.

By assumption, 1 <o < 1, therefore 0 <2 — 1 <1 and 20 — k<0, k=
=2,3,...,n — 1; hence from (3.43) we infer that
(3.44) o*(n — 1) |a,|* < (20 — 1)
and this is equivalent to (3.35).

Theorem 6. If f(z) is regular in A, f(0) = f'(0) — | = 0 and it satisfies (3.34)
for ¢ = 1, then f(z) is convex for

—_ — /(1 — 2
|Zl <(4g 1) — /(1 — 80 + ]2@);
20

(3.45)

moreover there is a function satisfying the given conditions which is not convex
in a larger disk.

This result was announced recently by Janowski [5] where he indicates that his
proofs depend on variational methods; the proof given below makes use of a classical
inequality for bounded functions [9, p. 165]. Singh gives the bound (3.45) for the
case ¢ = 1. .

Proof. From the hypotheses, in particular (3.34), we can say that there is a function
¢(z) regular and bounded by 1 in A such that

(3.46) Zf(()z —o(l + $(2), zeA. and @(0) = ;_g
Therefore, i
' zf"(z) _z9'(2) + o(l + #(2))* _
G47) AT (i + 6C)
_ 2@ (1 + ¢(2) + o]t + $() (1 + #(2)
1+ ¢(2)|?
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It is well-known [9, p. 224] that f(z) maps the circle |z| = r onto the boundary of
a convex set whenever the real part of the form in (3.47) is non-negative for |z| = 7,
and conversely.

(3.48) Re {z ¢'(z) (1 + ¢(2) + o|1 + d(2)|* (1 + ¢(2))} =
2 ol + ¢(2)|* (1 + Re ¢(2)) — [z /()| [1 + ¢(2)] =
=1+ 60)| {e|l + o) (1 + Re §(2)) — |z ¢'(2)]} 2
z |1+ 9| {e(t = [6G))* = [ ¢'G}

and making use of the inequality [9, p. 168],

(349) o) s L lEEeq

P-fe

we write

(3.50) ol — [#())? = |z ()] 2 o1 — |()) — ELU =1

1=z
— (1= o= _1o(a)) - FA+16GEN
(1= 66 {ett ~ fota)) - P10
Since [9, p. 167]
(3.51) ()] < 121+l _ (e = 1) + ole]

1+ 190) 2] e+ (=1’
(3:52) ol = () — LA 19D (Q _ _IZL_) _

1 - 12!2 1 - Izl2

(e b= (o= ) -

_ 2l \(le—=1 +olz\ _[elz* + (1 — 40) || + o]
(Q T \Z|2> (Q +(—1) lZl> (1= lz) (e + (e = D 2))

Consequently, Re {1 + z f"(z)[f'(z)} > O, |z| = r, whenever

(3:53) o + (1 —4o)r+0>0;

and this guadretic is positive for the values in the disk given by (3.45).
If

1= g\ \Ze-Di-o
(3.54) f(z)zz 1+ z , 0%F1,

Q
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then f(z) satisfies (3.34) and

2f"(z) 0P+ (40—Nz+o
053 e e (-0

which is equal to zero for

o (4e—1)— (1 — 8¢ + 12°)

20

4

Therefore f(z) shows the bound indicated in (3.45) is best possible for ¢ = 1. Singh
[12] gives an extremal function for the case ¢ = 1. These methods do not seem to
give sharp results for the case + < o < I.
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