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Introduction. Let K be a simple oriented path of finite length in the complex
plane R?. Given a continuous real-valued function F on K, consider the corresponding
integral of the Cauchy type

as well as its real part

@) Pg F(z) = Re J L) 4

K zZ
(called the modified logaritmic potential with density F) and imaginary part

FQ) 4.
-z

3) Wy F(z) = Im f

K
(which is the double layer logarithmic potential with density F). Investigation of the
behavior of Py F(z) and Wy F(z) as z ¢ K approaches K is of importance for a number
of applications (see [1], [9]). Under additional assumptions on K (like smoothness
and Ljapunov condition) and F (like Holder continuity) the integral

J'F(é)—F(")dé
k ¢—z

is well known to possess angular limits as z tends to a fixed point n € K. Necessary
and sufficient conditions on K guaranteeing the existence of angular limits of Wy Fi (z)
at  for arbitrary continuous F have been established in [3] The present paper deals
with angular limits of PxF. We fix a bounded lower-semicontinuous function @ = 0
and consider the class Q4(n) of all continuous real-valued functions F satisfying

) F(&) = F(1) = o(Q(¢)) as &—n.
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Our main objective is to determine necessary and sufficient conditions on K (whose
end-point and initial-point are denoted by f and «, respectwely) guaranteeing, for
any F € Qy(n), the existence of angular limits of

|8 = 2|

| = 2

at n. For this purpose it is useful to associate with K the following simple geometric
quantities generalizing those introduced in [2]. Let us form the sum

Ue.n) = Y0(8), ¢eKn{s
4

Py F(z) — F(n) log

E—nl=¢

counting, with the weight Q(£), the points ¢ in the intersection of K and the circum-
ference of center 77 and radius . Then U$(g, 1) is a Lebesgue measurable function of
the variable ¢ > 0 and we may put

Ug(n) =j 0 U0, n) do .
0

Consider also, for each ye <0, 2n) and r > 0, the segment Si(n) = { + ge";
0 < ¢ < r} and introduce the sum

Ve(y,n) = Z{li —n o), &eKnSin),

counting, with the weight |¢ — »| Q(¢), the points ¢ in the intersection of K and SI(n).
Since V2(7, 1) is a Lebesgue measurable function of the variable y € €0, 27), we are
justified to define

2n
Ve(n) = j Va(y, n)dy .
0

With this notation we are now in position to formulate the following typical corollary
of main results (some of whose have been announced without proofs in [4], [7])
established below.

Theorem. Let S = R?\K be a connected set whose closure meets K at n only.
Suppose that the contingent of S at n (in the sense of [11], chap.1X,§2 — see also
theorem 9 below) together with its reflection in 7 is disjoint from the contingent
of K at n.

If
lim sup | Px F(z) — F(n) log 18— 2| < ©
o o = 2]
for any F € Qy(n), then
(5) Udn) + sug riVe(n) < .
r>
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Conversely, suppose that (5) holds. Let 6(r) 2 0 be a bounded continuous non-
decreasing function of the variable r = 0, 0 % 0. If F is a bounded Baire function
on K satisfying

F(¢) — F(n) = 0(0(]¢ — n]) (&) as &-n,

then the integral

[ 2=t e~y = pL ey
K lf - 77|

converges and for z € S the following estimate holds

| —

¢ F(z) — P} - OE;Z|= z — aor‘zrdr
(©)  PeF() = PiFl) - Fo)log = 0(] Mlml 9())

asz - 1.
If F satisfies

F(¢) = F(n) = o(0(¢ — n)) Q(¢)) as ¢—n

then the right-hand side in (6) can be replaced by

(e oo

O(|z — n)

or

according as the integral [§ r~? 0(r) dr diverges or converges.

1. Notation. If f is a complex- or real-valued function defined on an interval
J = R then, for each set G = J which is open in J, var f(G) will denote the variation

of f on G; thus var f(@) = 0 and, for G = 0, var f(G) is the least upper bound of all
the sums

B

216 - 1(@)

where <a,, b,), ..., {a,, b,> are non-overlapping compact intervals contained in G.
Forany M < J we let
var f(M) = inf var f(G),
G
where G runs over all sets G = J that are open in J and contain M. If necessary, we

shall also use the more explicit notation like var, [f(¢); M] to denote var f(M).
As it is well known, varf(‘..) is a Carathéodory outer measure; its restriction to
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var f-measurable subsets of J is a measure. The integral (over M < J) of an extended
real-valued function F with respect to this measure will be denoted by the symbols

J‘dearf, fF(t)dvarf(t), etc.
M M

We shall say that f has locally finite variation on J provided var f(I) < <o for
every compact interval I < J. For such f the integral

f Fy (=LF(u) df(u))

is always to be understood in the sense of Lebesgue-Stieltjes.

We shall now recall several known basic lemmas to be used below.

2. Lemma. Let f be a continuous real-valued function of bounded variation on
<a, by and let p be a function on f({a, b)). Suppose that p has a continuous deriva-
tive on f({a, by) and put h = p o f (= the composite of f and p). Then h has bounded
variation on {a, by and, for each lower-semicontinuous (extended real-valued)
function F = 0 on {a, b),

'[ "Fdvarh = j [P0 F(e) d var £(0).

a

3. Lemma. Let f, g be continuous functions having locally finite variation on an
interval J. Then, for each lower-semicontinuous function F = 0 on J,

J

devar(f.g)§jF|f|dvarg +J‘F|g|dvarf‘
J J

4. Lemma. Let f be a continuous real-valued function having locally finite varia-
tion on an interval J. Suppose that F = 0 is a lower-semicontinuous function on J
and denote, for each u € R*, by o(u; F) the sum

YF@), f()=u,

which is extended over all t € J with f(t) = u (so that o(u; F) = 0 provided u ¢ f(J)
and o(u; F) = + oo whenever F(t) > 0 for uncountably many te J with f(t) = u).
Then o(u; F) is a Lebesgue measurable function of the variable u € R' and

Jﬂoa(u;F)du =Jdearf.

J

—w
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5. Lemma. Let f be a continuous (real- or complex-valued) function having locally
finite variation on an interval J. Then var f(M) = 0 for each M < J with countable
F(M).

For continuous F, elementary proofs of lemmas 2—4 may be found in [5] (see
theorems 6.22, 6.21, 6.17); their extension to the case of a lower-semicontinuous F
is immediate since such an F is a limit of a non-decreasing sequence of continuous
functions. Let us note here that proof of lemma 4 is based on Banach’s theorem on
variation of a continuous function (see also [8], [10]). For the proof of lemma 5
(which is, in fact, an easy consequence of lemma 4) see, e.g., [3], lemma 3.4.

6. Notation. In what follows we shall always assume that i is a continuous complex-
valued function of bounded variation on <a, b) and g = 0 is a bounded lower-
semicontinuous function on <{a, b). R* will denote the Euclidean plane whose points
will be identified with complex numbers. Given z € R? and ¢ > 0 we put

Q,z) = {¢eR% |¢ — 2| < o},
‘ﬂ@@=;W%|M0—4=L

the last sum being extended over all ¢ e <a, by with |{/(t) — z| = g; similarly, put
for any y € <0, 2x)

43.0-2) = Tald) j0) 2|
where now the sum is extended over all t € {a, b) satisfying
o> |ty —z| >0, y(t) —z=|y(r) — z| e,
If f is a function in R!, then spt f will denote the support of f.
7. Lemma. For fixed z € R?, uj(o, z) is a Lebesque measurable function of the vari-
able ¢ and, for fixed ¢ > 0, v} (7, z) is a Lebesque measurable function of the

variable y € {0, 2n). The integrals

2n

(7) %@=j%“%@4@,vw0=jvu%am

0 0

are lower-semicontinuous functions of the variable z € R

Proof. Given z € R* and ¢ > 0 we denote by ¥ (z) the system of all components
of {te<a, by; 0 < |Y(t) — z| < o}. With each J e #(z) we associate a continuous
argument 9,(t; J) of y(t) — z on J. Denote by F, the restriction of

(®) F(t) = a(t) [¥()) - =]

to J.

e

80



Employing lemma 4 we get
f F(t)d var, 9.(t; J) = 2 o(y + 2nm; Fy)dy.
J n=-—awo

Let us agree to write briefly Z .. for the sum extended over all J € & (z). Since

Z Z o(y + 2nm; F)) = vf(v, 2), 7€<0,2n)>,

we conclude that vf,(y, z) is a Lebesgue measurable function of the variable y e
€ <0, 2n) and

©) | o) = 3 J Fdvar 2.6.0).

Let # g(z) be the class of all continuous real-valued functions f in R! such that
|f] < 1and

sptf < {rea, by; 0 < [Y(1) — z| < o} .
We shall first observe that
q SO g e 7
(10) vd (z) = sup F(t) 0 - dtﬁ(l),fe Z (2)
where, of course f(1)/(¥/(f) — z) means 0 outside sptf < {#; y(r) # z}. Indeed,if
f € Z (z), then there is a finite number of components J,, ..., J, € &,(z) such that
s
sptfcUJ;.
j=1
Fix t; € J;. One easily verifies that, for t € J;,
t
ImJ‘ ——dl’b(u)
L Y(u) — 2z
differs only by an additive constant from 9,(; J;) (see 7.43 in [5]). Consequently,

f F(t) £(¥) l//?‘)/’(t) é’l L .F(t) f(1)d, 9.(t; J;) < v} (2)

on account of (9). Fix now an arbitrary k < v%,(z). Then there is a finite number of
components Jy, ..., J, € ¥,(z) such that

n

Y f AF(t) dvar, 9,(t;J;) > k.

j=1
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For each j (=1,...,n) choose a k; < [, F(t) d var, 9,(t; J;) and an f;e # (z)
with spt f; = J; such that

Z kj =

Jj=1
and

f S FO) & 9.(60) > ky, 1<j<n.
Jj
Defining f = Y f; we get f € # ,(z) and

j=1

im "5 ) 20 - 5 o080 > Sk = k.
Thus (10) is established.
Given f € # (z), there is an & > 0 such that f € & (¢) for any ¢ € Q,(z). Since

FO 70 2
Jros0 5"
is a continuous function of ¢ € Q(z), we conclude from (10) that v} (...) is lower-
semicontinuous at z.

Let now J run over & ,(z). Employing lemma 4 one easily obtains that uj(e, z) is
a Lebesgue measurable function of the variable ¢ and

(11) uy(2) = Zf rw(q(t avar, [y() - .

Hence

() = sup e j:fa) (1) wg;”(_‘) 5 e, 0)

and the lower-semicontinuity of uy(...) at z follows.

8. Notation. If  is a bounded Baire function on <a, b) we define for z € R?\y({a, b))

z) = b—lgt-)l—— — zZ[| = Re b~f(L t
pos@ = [ b = o (= re [ avn).

Given S = R? and # € R? we denote by
SOn=Su{2n—-¢& &eS}

the union of S and its reflection in 7.
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9. Theorem. Let S = R*\¥/(<a, b)) be a connected set whose closure meets y(<a, b))
at n only.
Suppose that

(12) lim sup |p, f(z)| < o

zn
zeS

for each continuous function f on {a, b) satisfying
(13) f(t) = o(q(t)) as 1//(!) -7.
Then

ul(n) < oo .

If, besides that, the contingent®) of y(<a, b)) at n does not meet the contingent of
S O n atn, then

sup = ol (1) < o0 .

r>0

Proof. Consider the class %, of all continuous functions f on <{a, b) vanishing
on {t e <a, by; Y(t) = n} and satisfying (13) as well as

(14) o Wlsen

for suitable constant ¢, (depending on f). Defining | f|| as the least upper bound of
all ¢, satisfying (14) we get a norm on %, which turns %, into a Banach space. Note
that, for fe €, and z ¢ Y/(<a, b)),

(15) p ) 5 7] [ a0 var s (b(ca. ), ).

where dist (Y(<a, b)), z) = inf {|y(t) — z|; 1€ <a, b)}. Combining (15) with the
assumption (12) we conclude that

(16) fe%q:s”ug |py f(z)] < .

With each z € S we associate the functional L, defined by

L(f) = p f(z), fe%,.
Clearly, each L, is a bounded linear functional on %, whose norm is given by
. .
q()
17 = | ——~>—dvar, y(t) — z|.
1 S AT

1)7&*[,1..1,;];,6}1”’ IX, § 2; let us recall that a half-line H < R? issuing at 5 belongs to the con-
tingent of K < R? at 5 provided there are points z, € K\ {n} (n=1,2,...) tending to # such that
the half-lines {r; + rz, — myr = 0} converge (in the natural sense) to H.

L,
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Since, in view of (16), all the functionals in {L,},s are pointwise bounded on %,, we
conclude by the principle of uniform boundedness that

(18) sup | L
zeS

According to (11) we have for z € S (= R*\y(<a, b)))
(19) ui(z) = j M‘f( ) dvar, [u(t) — |

Combining this with (17), (18) we arrive at

(20) sup ul(z) = c < o,
which implies ‘
(21) ul(n) < ¢

by the lower-semicontinuity of u(...) established in lemma 7. Suppose now that the
contingent of l//((a, b)) at n is disjoint from the contigent of S © 5 at 5. Given r > 0
denote by &,(n) the system of all components of {te <a, b); 0 < |[y(t) — n| < r}.
With each I € &, (n) and z € R?\{n} we associate a continuous argument w,(t; I) of
(¥(t) — n)/(z — n) on I. 1t is easily seen that there is an R, > 0 such that for tele
€¥,(n)and ze S

(22) (|z = n| < Ro, |W(t) — n| < Ro) = [sin w,(t;I)] = Ry
We may assume R, to be small enough to guarantee
Sn{z|z—n =R} 0

(note that S is connected and n belongs to the closure of S). Consider now an arbitra-
ry r with 0 < r < R, and choose a z € S with |z — 5| = r. Consider a J e &,(n).
There is a uniquely determined I, € & ,(i7) containing J and we put

o(t;J) = ot 1),
For the sake of brevity, we shall also write
oty = |(t) — ¢, teda, by, ¢eR.
With this notation we have for t€ J (e & (1))
o.t) S o(t) + |z —n| £ 2r,
02(1) = 02(1) + > — 2r g,(1) cos w (1 J),
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whence

Lq(t) 0; () d var, o%(t) = (2r)2 ‘[ q(f) dvar, [03(r) — 2r o,(t) cos w.(t; J)] 2

J

= (2r)”1j. q(t) d var, [o,(t) cos w(t; J)] —

—(2r)? J q() d var, 03(t) = (2r)7* j q(?) d var, [o,(t) cos w(t; J)] —

- iLq(t) o, 2(r) d var, }(t) = (see lemma 2) =

_ 1 -1

=(2r)7! J. q(?) d var, [o,(f) cos o,(1; J)] — EJ.,q(t) o, '(t)d var, g,(1) -
Hence we get by (19), (20) and lemma 2 letting J run over &,(n)

¢ 2 ui(z) = f "a(0) 07 (1) dvar, 0,(1) =
= %j:q(t) 0; *(f) d var, o2(t) = (4r)* %:Lq(t) d var, [g,(f) cos w,(t; J)] —
-3 [ aer avar e =
= (employ (11) with z replaced by 1) = (4r)™* ZJ:J q(?) d var, [o,(f) cos w,(t; J)] —

- iu;(n) 2 (see (21)) 2

= { 3 [ a()aver o) cos i 91 - } -

J

Consequently,
(23) rt ;j. q(t) d var, [o,(t) cos w(t; J)] < 5c.
J
Using lemmas 2 and 3 we obtain
;J‘]Q"(t) q(?) d var, [cos w,(1; J)] =

= ; LQ,,(t) q(t) d var, %’Lc:(%)’(t;—']) <
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< Z;J. 4q(r) d var, [o,() cos w.(t; J)] + JZI q(?) |cos o,(t; J)| d var o1 £

S (see (23) 5 Ser+ 3 [ 07" a9 d v ) =
= Scr + ruj(n) £ (see (21)) < 6cr .

On the other hand, lemma 2 together with (22) yield for any J € & A1)

J.Jg,,(t) q(t) d var, [cos (t; J)] = f o,(1) a(2) [sin ,(; J)| d var, ©(t; J) =

=R, ,[ 0,(t) q() d var, w,(t; J),

whence we conclude
Zj o,(1) a(t) d var, o,(t; J) < 6crR; " .
JJr

Noting that w,(i; J) differs only by an additive constant from a continuous argument
of Y(t) — n on J we have by (9), (8)

;J. o,(1) a(t) d var, o,(1; J) = vi,(n) .
J
We have thus shown that

0<r=<Ry=r""vl(n) £6cR;".

Consider now an arbitrary r > R,. It follows easily from (10), (8) that

b
r ol (n) £ RJIJ q(t) d var y(t)
so that

b
sup r~! v9,(n) £ R; ' max {60,.“ q d var lpl
r>0

a f

and the proof is complete.

10. Remark. If S = R*\y(a, b)) is a connected set whose closure meets y({a, b))
at a single point n such that the contingent of S © 1 at n is disjoint from the con-
tingent of W({a, b)) at n, then

(24) sup uj(z) <
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implies
(25) ul(n) + sug rt ol (n) < .

This has been established in the course of the above proof. The converse of this
assertion is also valid as shown in proposition 12 which will be needed below. Before

going into its proof we shall recall the following known lemma (which, as shown
in [6], may be used as a basis for development of the Lebesgue theory of integration).

11. Lemma. Let y = O be a measure defined on Borel subsets of an interval I and
suppose that F = 0 is an extended real-valued Baire function on I. Given T > 0 let

F.={tel; F(t) > 1} .

LF du =j:p(F,) dr .

Now we are in position to prove the following

Then

12. Proposition. Let S = R*\Y(<a, b)) be a set whose closure meets y(<a, b)) at
a single point n. Suppose that the contingent of ¥({a, b)) at y is disjoint from the
contingent of S © n at 1.

If
ul(n) + Slig rt ol (n) <
then
sup uj(z) < o .

ze§

Proof. In accordance with the notation introduced earlier we shall write &% (1)
for the system of all components of {te {a, b); [¥(t) — 5| > 0} and, for each
I € ,(n), we fix a continuous argument 9,(; 1) of Y(tf) — 4 on I; given z € R*\{5}
we denote by w,(t; I) a continuous argument of [Y/(?) — n]/z — 5 (so that 8,(...;I) —
— ,(...;I) is constant on I). For the sake of brevity we put for z e R?

(26) o(t) = [¥(t) — 2|, tela,b).
We agree to use I as a generic notation for elements of & _ (i) and set for r > 0
I ={tel; ot) <r}, I'=1\,.
Let
k = sup r~* vl (n).

r>0
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In view of (9), (8) we have for any r > 0

27) o) = 3 j o.(1) a() d var, 8,(: 1) < kr.
I
Consider now the sum

(28) 0 =3 J’ 00 () d var, 3,(:1) ¢

Put fort > 0
I'={tel; r < g,(t) < 17'?},
so that
Il ={tel; o, *(t) > 1}.
Defining

u(B) = ‘[ o,(1) a(f) d var, 9,(: 1)
B
for Borel sets B < I and employing lemma 11 one easily obtains
j' o () a(t) d var, 9,(t: ) = J 07 7(1) d (i) = f W(r?) de .
Ir Ir 0

Noting that I’ < I, with x = t~"/* we conclude from (27) that

T(I) < Tl < kx = ka2,
I I

whence
s(r) = J kt~Y2dr = 2kr™ 1.
0
Consequently,
(29) suprs(r) < 2k.

r>0

Denote by T the union of & (). Since

¥(Ca, B\T) = {n},

we infer from lemma 5
var y(<a, bY)\T) = 0.

Let now z be an arbitrary point in R?. Since var § = var (y — z) dominates var g,,
we have also i

(30) var g,({a, b)\T) = 0
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and (19) yields
(31) ) =3 I o2 (1) q(t) d var, o.(1) -

In view of our assumptions concerning the contingents of S © n and y(<a, b)) at 7,
there is an R, > 0 such that (22) holds for ze S and te 1 (€ & ,,(n)). Let z€ S, put
|z — n| = r and assume r < R,. Then

(32) o) o 1 gy,
o.(t) ~ sinw(t; 1)
r 1 -
33 _—<— < R;!
(33) 0(t) ~ sinw(t;1) ’
and _
(34) 02(f) = r* + 0X(t) — 2r g,(t) cos w,(t; 1) .

Hence we obtain using lemmas 2,3

f q(t) o '(t) d var, o.(t) = %J q(t) o2 *(t) d var, [02(1) — 2r g,(f) cos w,(t; I)] <
< %Lq(t) 0. (t)d var, 0X(t) + rjlq(t) 02 *(t) d var, [g,(t) cos w.(t; I)] <

IIA

% Rgzjjq(t) o, *(t) d var o}(1) + rf a(t) 07 *(1) 0,(1) d var w.(t; I) +

1,

v [ e dvare )+

+r j ) o) o)) dvar 1) + 7 -[ a(t) 02 2(1) d var o,(1) <

Ir

< R;? [Lq(t) o, '(1) d var o,(t) + r~ 1J q(1) o,(t) d var (t; I) +

I.

+ j a(i) o7 (1) d var o,1) + J' a(t) o (¢) d var w(t; 1) +

Ir

, j )¢ dvar g_.,(z)] _Ry? [2 J () 07" () avar o) +

-t Jqu(z) o) dvar o (5 1) + J

I

q(t) Q; (#) d var w.(t; I)] .

Making use of (31), (27), (28) and (29) we get
() = Ry *[2u3r) + 3]
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Since 1 is the only point in y({a, b)) belonging to the closure of S, we have
inf {0.(t); |z — n| 2 Ry, te<a,b)} =6 >0,

whence it follows for any z € S with |z — | 2 R,

uj(z) = rq(t) o '(f)dvarg(f) < 671 J'bq(t) d var y(r) .

We conclude that

b
sup uj(z) < max {5"1 j g dvary, Ry [2ul(n) + 3k]} .

zel

13. Remark. The above proposition together with remark 10 form an alternative to
the inequalities concerning so-called cyclic and radial variation as established in [2].

Now we are able to show that the converse.of theorem 9 is also valid. We shall
derive a more precise result.

14. Theorem. Let S = R*\Y(<a, b)) be a set whose closure meets Y(<a, b)) at
a single point n. Let the contingent of S © n at n be disjoint from the contingent of
¥(<a, b)) atn and assume (25). Let 0(r) = 0 be a continuous non-decreasing function
of .the variable r = 0, 0 £ 0. If x € R! and f is a continuous function on {a, b)
satisfying
(35) 17(6) = = = 0(0(y(5) = nl) a(9)) as ¥()) - n,

then for ze S

I 7O B B (U A
G0 pt() — g A = | I a0 —

=0 <|z - nljliqlo(x)x-z dx) as z-n.

If f satisfies (35) with O replaced by o, then the right-hand side in (36) can be
replaced by

0 (]z - ﬂr B(x)x"zdx> T 0z 1))

lz=n|

Proof. For the sake of brevity, we put

fx(t) =f(t -, tela,b),
and adopt the notation introduced in (26). Then

() pf(2) = xlog iﬁ ; f e (0 det), zeS.
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Fix now constants ¢ > 0, R, > 0 such that, for t € {a, b),

(38) 0 < ¢,(1) < Ro = |£(0)] < ¢B(e,(1)) (1) -

LetzeS, |z — | = r, and put

M, = {tea, by; 0 < g,1) < r}.
Then

(39)

f 40 o0 dgz(t){ < 50(r) J o7 (f) d var o.(t) < e0(r) ul(2)
by (19} Similarly, (11) implies

(40) < &b(r) ul(n) .

j £400) 07 1(1) doy(t)

Next consider the set

L= Mg \M, = {tea,by; r <g,t) < Ry} .

We have
(a1) [ 1000000 - [ 100 0m =1+ .
where

A= [ 2010 - o1 900,

A, = j L0070 o) = o]
Defining
() 4= j 0e) a0 02 () 0;"() d var .0
we got

) 4 5 | 0o a0 o) = 0] e O o' dvare) 5 v

Define the measure v on Borel sets B = (a, b) by

(@4 )= o) at ') avare.
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so that

- f :g;*(t) av(i).

Applying lemma 11 and noting that
L,={tel; o '(t) > u} = {tela,b); r < o,(t) < u~'}

equals 0 or L accordingasu > r~! or u < R, one easily obtains

A= (L)R; + f WL,) du.
Ro~!

Introducing the variable 7 = u~! we have for Ry! < u < r7!

L,

= M't\ M"

and the last integral transforms into

fkor_zv(M,\M,) dec.

Using the estimates (compare (44), (19))
WM\M,) < v(M,) < 60(7) ul(z),
WE) = (M) < OR) 1E(2)

we get
(45) A £ uj(z) [B(RO) R;' + JROH(I) 772 d‘c] .
Next consider

il 5 o) a5 ') var, 050

+

o oo a)er ') {0 dvan [o) + 0]

f 0(e,(1)) a(t) ¢, (1) [ex(t) + e,(1)]~* d var, [02(1) — o5(1)] -

We have thus
(46) |[4,| £ &(rCy + rC, + C3),
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where

Ci = [ 'AQ(Q,,(t)) a(?) e, '(2) [e(1) + ¢,(t)] " d var o.(t),

~

C2=| o)) a(t) ey ') [o)) + 0, ()] dvar o).

Cs = [ 0o a0 70 [e) + 0,01 dvar [e2) = 230

As before, we associate with each component I of {te<a, by; ¢,(t) > 0} = M,
a continuous argument w,(t; I) of [y(t) — n]/z — n on I. We may clearly assume
that R, > 0 has been chosen small enough to guarantee (22) for ze S and tele
€ #.(n) (= the system of all components of M ). Noting that, for t € L,

o(t) £ 7+ o,(1) = 20,(1)
and assuming |z — | = r < R, we infer from (32)
(47) tell =14 <o) e; (1) S Rs".
This permits us to derive the following estimates
(48)

C, §-f 0(o,(1)) a(t) oy '(1) 0 "(1) (L + %)™ ' d var g,(t) < 34 (compare (45)),

c. < j 0o, (1) 0 °() (1 + Ro) ™" dvar g,(i) = (1 + Ro) ' A,
where
(@) A= o)t e dvar e

Defining the measure ¥ on Borel sets B = <a, b) by

)= [ otedo) at) oy () avar 09
BnL"
and repeating the argument used above for the estimate of A we obtain

i- j or (1) di(e) = (L) R + r’f—z H(MAM,) dr

HMAM,) < 0(z) wi(n) , (L) = O(Ro) uy(n) »
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whence

(50) A £ ul(n) [H(Ro) R34 f "2 0(<) d‘r],

r

so that

(51) Cy = (1 + Ry ulfn) [e@w R:' + f )

r

"t72 f(2) dr] .

Let now J range over the system gy(n) of all components of Mg, = {te (a.b);
0,(t) < Ro} and put

JS=In1J.

Each J is contained in a uniquely determined I, € & () and we put w.(t: J) =
= w,(t;1,), t € J. Employing (47) and (34) we get by lemmas 2, 3

Cs éJ re(gn(t)) q(t) Qn_z(t) (1 + Ro)—1 d var, [Qf(t) - Qrzt(')] s

< g 2r [Lrﬂ(g,,(t)) q(t) o, *(1) d var, 0,(t) + f 0(e,(2)) a(?) o, (1) d var, w,(t; J )] =

I
=20 [ 800 a0 ;) a var, o) +
#2537 [ 0o 0) ) o' avar, 0069,
Recalling (49) we may write
(52) Cy2A+23r J 0(o,(1) a(t) o (1) d var, o,(1: J) -
Jr
Define now the measures /> 41 on Borel sets B = J by

u(B) = Jngﬂ(t) q(t) d var, o (t; J),

(®) = [ o0) 0,0 () ¢ var, 0 ),

so that

(53) J 0e) 9(1) 05 1(1) d var, w.(1; J) = j

J

Q,,_z(t) duy(?) -
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Putforz > 0
Jo={teJ; o (1) > 1}
and observe that J. = @ for t > r~2 and
Ji={teJ;r=ot) <t} for 0<t=r72.
Hence
() < 0) ()
and we get by lemma 2

& [t CEE [

0

20(1'_1/2) w(J7) dr .
Since w,(t; J) differs only by an additive constant from a continuous argument
9,(t; J) of Y(1) — n on J and
Jic{teld; oft) < x} =J, with x =112,
we obtain by (27)
() < ke
(recall that '

k =supu=t vl (),
u>0

which together with (54), (53), (52) and (50) implies

r—z
Cy<2rd + 2krj 0(x~ )72 dr <

0
<2 [u;(n) 6(Ro) R; ' + (ul(n) + K) J 0(x) x~2 dx] .
Combining this with (51), (48), (45), (46) and writing

U = sup ul(z)
ze§

(cf. proposition 12 and note also that uf(y) < U in view of the lower-semicontinuity
of uj(...) established in lemma 7) we arrive at

45 < or [4U 6(Ro) R3" + (3U + K) J er(x) %2 dx].
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Adding this to the estimate (43) (see also (45)) we get by virtue of (41)

foz—l sz - forp_lerl =

L Lr

<er [SU 0(Ro) Ry ' + (4U + k) f :DG(x) x7? dx] .

(55)

Finally, consider the set
Z = {te<a, b); ¢,(t) = Ry}
and note that
1

f foe;‘ do. —fog,,‘ 'dg, = ReLf,,(t) [l//(t) —- w(t)l_ n] dy(?) .

Writting

m = sup {|f,(1)]; te<a, b)}

one concludes easily that

f St do, — f for ! do,
z VA

Let T = {te<a, b); o,(t) > 0}. On account of (30)

- mrvar ¥(<a, b))
T Ry(Ro—1)

(56)

b
jfx@;l do. ='[fn9z“ de. ,
a T
which together with (37) yields for

7) = Z_%ol'//(b)"z’_b -1
DE) = puf() = xlow G~ [ ey e,

the estimate

fweZtdo, — | fuey 'do,

Lr

+

+{| fooy 'de,

ID(3)] < { f fuo7" do,

M,

-+

z

M, ! Lr
R f feoy ' do,

) ,
Noting that '

o(r) r~ ngB(x)x‘zdx

r
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we infer from (39), (40), (55), (56) for arbitrary ze S with [z — 1| = r < R,
|D(z)| £ er(11U + k)j 0(x) x~* dx + mr var y(<a, b)) Ry '(Ry — 1)1,

which completes the proof, because ¢ > 0, R, > 0 are arbitrary constants fulfilling
(38) and (22).

15. Remark. Suppose now that ¢ is simple in the sense that for ¢,, t, € {a, b)

0< [t — to] < b—a=y(t) + ¥(t)
and put

¥(Ka, by) =K

(in the introduction, the same symbol is used to denote the oriented curve described
by ¥).

Let Q@ = 0 be a bounded lower-semicontinuous function on K and put

a(t) = QW (1), teda b>.

Defining Ug(o, #) as in the introduction we have for ¢ ¢ {[¥/(b) — n|, |¥(a) — n|}

U(e. n) = ule.n),
whence

UR(n) = uy(n) -
Similarly,

Via(n) = vy, (n) .

Now it is easy to see that theorems 14, 9 imply the theorem stated in the introduction.
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