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ON THE CONSISTENCY OF ESTIMATES

STANISLAV JiLOoVEC, Praha

(Received February 6, 1969)

The relations between four types of consistent estimates (see Definition) are studied.
Especially, it is proved that the existence of a [ wide sense] consistent estimate implies
the existence of a [wide sense] superconsistent estimate. It is also shown that the
existence of a wide sense [super Jconsistent estimate does not guarantee the existence
of a [super Jconsistent estimate.

Throughout this paper the letter N will denote the set of all positive integers. If A
is a set then the symbol A® will denote the infinite dimensional Cartesian product

=X A4, where A;,=A4 for i=12,...
i=1
Further, if & is a o-algebra of subsets of the set A and n e N then the symbol &”
will denote the minimal g-algebra over the class of all subsets of the set A® which are

oftypeXEwhereEeyforz~12 ., hand E; —Afori-—n+ln+2

and the symbol & will denote the minimal o-algebra over the class U FLIPis
i=1
a probability measure on the g-algebra & then P* will denote the probability measure

on &#* defined by the implication
XE;es” = P*(XE) =[] P(E)
i=1 i=1 i=1

and symbols P* and P® will denote the outer and the inner measure induced by P*,
respectively. The characteristic function (indicator) of a set E will be denoted by .

Throughout this paper it will be assumed that we are given a measurable space
(X, Z) such that X € Z, a class 2 of probability measures on 2 and a mapping ¢
of 2 into some separable metric space (M, ¢). To simplify our wording, the letter .#
will always denote the o-algebra of all Borel subsets of M and the letter X the class of all
subsets of the set X. Let us remark that the mapping f of X into M is X"-measurable
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if and only if the following implication holds: If x = (x, x;,...), ¥ = (¥, ¥y, ...) €
eX®and x; = y;fori = 1,2,..., nthen f(x) = f(y).

With the above exceptions the usual terminology and notation as e.g. in [1] and
[2] is used without further reference.

Definition. Let {f,},.y be a sequence of mappings of X*® into M. Consider the
following conditions:
(i) for every neN, f, is X"-measurable
(is) for every n €N, f, is Z"measurable

(ii) for every & > 0 and every P € £ there holds
lim P*{x : o(f,(x), @(P)) = ¢} = 0
(iis) for every e > 0 and every P € Z there holds

lim P‘”(ngm{x so(fu(x), @(P)) 2 €}) =0

m— oo

The sequence {f,},.y is called a wide sense consistent estimate for ¢ on 2 if (i)
and (ii) hold.

The sequence {f,},.y is called a wide sense superconsistent estimate for ¢ on 2 -
if (i) and (iis) hold.

The sequence {f,},y is called a consistent estimate for ¢ on 2 if (is) and (ii) hold.

The sequence {f,},y is called a superconsistent estimate for ¢ on 2 if (is) and (iis)
hold.

Evidently, {f,},y is a superconsistent estimate for ¢ on 2 if and only if (is) holds
and if, for every P e 2,

(1 P*{x :lim f,(x) = ¢(P)} = 1.

n— oo

If {f,,},,eN is a wide sense superconsistent estimate then, for every P € 2,
() Pe{x :lim f,(x) = o(P)} = 1.

However, if conditions (i) and (2) hold, {f,},.y need not be a wide sense supercon-
sistent estimate (it even need not be a wide sense consistent estimate) since condition
(2) does not imply condition (ii).

Nor the simultaneous fulfilling of conditions (2), (i) and (ii) guarantees that {f,},.y
is a wide sense superconsistent estimate for ¢ on 2. These facts are illustrated by the
following example. :
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Example 1. Let X = (0, 1> x (0, 1), Z be the class of all sets of the form (0, 1) x
x E where E is a Lebesgue measurable subset of (O, 1), P be the restriction of the
two-dimensional Lebesgue measure to 2, 2 = {P} and ¢(P) = 0.

For x € X*, let us define

fx) = X(0,1/iny X ((Gn= 1)/ in, Jwtim(X1)

0.9 = max 7,09 oDb g et

2

where x, denotes the first coordinate of the point x and i, and j, are positive integers
defined by

i,,=min{i:ieN, né’—(%l—)}, j,,=n—l"(42——1).

Obviously, for every x € X,

limf,(x) =0, limg,(x)=0.

n—oo n—+o

Therefore
P*{x:limf,(x) =0} =1, P*{x:limg,(x)=0}=1.

n— oo n—oo
Further, forevery 0 < e = 1

{x:|fn(x>|ze}=(o,%—> (Qf_> KX XX x ..
1 l"

n l'l

n

xil|gx)| 2z e} = (0,$> x(0,1) x X x X x ...
1
Hence

lim P*{x : |f,(x)| = &} = lim l =0,

n-> o noowo 1,
lim P2(U {x:[f,(x)| z ¢}) = 1,
lim P*{x : |g(x)| 2 &} = 1.
Now we proceed to the study of relations between the four types of consistent

estimates defined above. The following assertions are immediate consequences of our
definition.

Proposition. Every superconsistent estimate for ¢ on 2 is also a wide sense

superconsistent estimate for ¢ on 2 and, at the same time, a consistent estimate
for @ on 2. Every consistent estimate is also a wide sense consistent estimate.
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A nontrivial question is whether the existence of a wide sense consistent estimate
for ¢ on £ guarantees the existence of a consistent estimate for ¢ on 2. The answer
is in the negative. Even the existence of a wide sense superconsistent estimate does not
imply the existence of a consistent estimate as the following example illustrates.

Example 2. Let X = (— o0, 4+ ), Z be the class of all Borel subsets of X, (M, o)
be the one-dimensional Euclidean space, 2 be the class of all probability measures
on Z and B be an unmeasurable subset of X, i.e. B¢ Z. Let us define a mapping ¢
of # info M by putting

@(P) =1 ifthereisan aeB suchthat P{a} =1,

@(P) = 0 in the other cases .

If, for ne N and x = (xy, X5, ...) € X*, f,(x) is defined by

Fux) = xa(x4) inzx{x.-l}(xi)

then { f',,},,EN is obviously a wide sense superconsistent estimate for ¢ on 2.

Let us assume now that a consistent estimate for ¢ on 2 exists. Let {f,},ev be such
an estimate. Let us denote

o0 o0 [=e} 1

C=N N U{x:]f,,(x)|<—}.
k=1 m=1n=m : k

The 2"-measurability of f, implies that

(3 Cex".

Let us mention that if {h,},.y is a sequence of measurable functions that converge to
a constant ¢, in probability measure u then

sz 1 if e =
(QMQ”U{ ) = el < k}>_{0 it c%c.

P=(C)=1 if @(P)=0,
Po(C) = 0 if ¢(P) =

Therefore

For a € X let P, denote the probability measure on Z such that P,{a} = 1. Obviously
Py{(a,a,...,a,..)} =1 and since ¢(P,) =0 for a€X — B and ¢(P,) = 1 for
a € B, we have

4 (a,a,...,a,...)eC for aeX — B,
(a,a,...,a,...)¢C for aeB.
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Let # be the class of all subsets E of X* such that
{a:(a,a,..,a,...)eE}eX .

From (4) it follows that

) Ce¢s.

]
It is easily seen that & is a ¢-algebra containing all sets of the form E = X E; where
i=1
E;eZ,i=1,2,...Hence * < . But this contradicts to (3) and (5). Thus we have
proved that the consistent estimate for ¢ on 2 does not exist.
We proceed now to establish the fundamental result concerning the relation between
[wide sense] consistent and [wide sense] superconsistent estimates. First of all, we
state two lemmas. :

Lemma 1. Let \y be a continuous mapping of a separable metric space (M, 0) into
some separable metric space (Ml, 01).If {f,,},,sN is a consistent [ wide sense consistent,
wide sense superconsistent or superconsistent] estimate for ¢ on P then {Y(f,)}.en
is a consistent [wide sense consistent, wide sense superconsistent or superconsistent
estimate for Y(p) on 2. ‘

Proof. Since ¥ is continuous, there is for every ¢ > 0 and P € 2 a positive number
(e, P) such that

{x 1 (W(Alx) (o(P)) 2 &} = {x : e(filx), 9(P)) 2 5(e, P)} -

Obviously, ¥(f,) is an X"-measurable mapping into (M,.#,) where .4, denotes the
o-algebra of all Borel sets of the metric space (M}, ¢,) and if f,, is Z"-measurable then
¥(f,) is also Z"-measurable.

Hence, assertions of the lemma follow from the monotony of outer measures.

Lemma 2. Let f be a real measurable function defined on the measurable space
(X=, ") such that .

0= f(x)=1
and let for every nonnegative integer i T' be a mapping of X* into itself defined by
Ti(xy, Xps o) = (Xi4 15 Xig2s-.2) -
Then, for every ¢ > 0, every k € N and every probability measure P on &,

P” {x:

= e §—1~.
&2k

Ly () - J' fap=
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Proof. It is clear that functions g; defined on the probability space (X, ', P*)
by

g{x) =f(T"x), i=1,2,..

are independent equally distributed random variables with
g - jfde . Dg <1,
Hence, our assertion follows from Tchebycheff’s inequality.
Theorem. If there exists a wide sense consistent estimate for ¢ on P then there

exists also a wide sense superconsistent estimate for ¢ on 2. If there exists a con-

sistent estimate for @ on P then there exists also a superconsistent estimate for ¢
on 2.

Proof. Let {,},cy and {B,},.y be two sequences of positive numbers such that

lima, =0
and
(6) Y By < 0
and let k, be an increasing sequence of positive integers such that
1
@) ky,2— n=12..
Buon

I. We shall first suppose that M is the interval {0, 1> and the metric ¢ in M is
defined by

o(m, m) =|m — m|.

Let {f,,},,eN be a wide sense consistent estimate for ¢ on 2. We shall prove that for
every ¢ > 0 and Pe 2,
Z 8}) - 0

_ <) 1 kn—1
(8) lim P*® <U {x :
Since {f,}sen fulfils condition (ii), there is for every P e # a sequence {¢,(P)},cy

Y, £(17%) = o(P)

where T* is the mapping defined in Lemma 2.

m— oo n= ’ E,—I i
such that
lim ¢,(P) = 0

n— oo

and

tim P2{x : (x) — o(P)| 2 (P)} = 0.

n—oo
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If F € X" then, obviously,
P*(F) = inf {P*(E): F <« E€Z"}.
Hence it follows that for every P € 2 and n € N there exists a set F, p € Z" such that
{x:|fulx) — o(P)| 2 &(P)} = F,

and
P*(F,p) < P*{x :|f(x) = @(P)| Z &(P)} + /(P).

For every n e N and P € 2 let us define mappings h,  and h, » of X® into M by

+
hn,P

h,p

min {QD(P) + EH(P)’ 1} XX“’—Fn,P + XFn,P ’
max {¢(P) — &,(P), 0}( XX®—Fnp*

I

Obviously, both h,p and h, p are Z"-measurable and it holds

© hop < fu < By
(10) lim Eph, p = lim Eph, , = ¢(P)
n— o0 n—oao

where the symbol E, denotes the expectation with respect to the probability measure P.

It follows from (9) that
1 kn—1 1 kn—1
{ ) f(T"‘ X) — Eshp 2 a} - {x:—k— S BT = Ephp 2 }

and according to Lemma 2 and (7) the P®-measure of the set on the right hand side
of this inclusion is less than f, and consequently

kn—1
F”{ ;(1— 2 FAT"x) — Ephyfp 2 zx} < B,

n

Analogously we can prove the inequality
_ kn—1
pw{ = Zf(T"‘x)—Eph,,,,_—oc}§/3,,.

According to (10) there is for every P € 2 and ¢ > 0 an integer no(P, €) such that for
all n = ny(P, ¢)

o(P) — Ephyp + &> ,, @(P) — Ephyp — & < —a,.
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Evidently, for n = no(P) we can write
l kn—1

¥ A1) - qo(P)! > } <

n i=0

K= 1
< P” { — ¥ f(T"x) —EPth_‘P(P)*EPth+5}+

CntO

_ 1ot -
+ pw{ — Y flT"x) = Ephyp < @(P) — Ephy, — a} =

nlO

kn—1
<P { L Y fTVx) — Eph,p = “n} +

" i=0
_ 1 kn—1
e 2o L LT - i < —n) <o,

This inequality together with the countable subadditivity of outer measures and with
assumption (6) immediately imply (8).

II. Now, let us assume that (M, @) is a subspace of the Hilbert cube. Therefore
every point m € M is a sequence of real numbers m = {m,},eN such that0 < m, < l/t,
t =1, 2,..., and the metric ¢ is defined by

0
o(m,m) = ||m —m'| = \/(t;(m, — my)?).
Let {f,},ev be a wide sense consistent estimate for ¢ on 2. Let us define the map-
pings g,, k = 1,2, ... of X* into M by
gi(x) =fk(x) for k=1,2,..,k —1,

gi(x) = ;c— Zf(T'“x) for nk, <k <(n+ 1)k, .

n =0

Obviously, g, is X*-measurable. If f; is Z*-measurable then g, is also Z*-measurable.
Evidently, we can write

(11) tim P {x: [0.09) = o(P)] 2 ) =
(5 e [ - )
< lim P* <§m {x ,‘i ( . Z L(T"x) — w"’(P)> é > <

*3)

- Z SA(Tx) — o“Y(P)
w i=0
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where i, is such an integer that

N

O £

Y 4<Z
i=icr1 02 4
and f{"(x) and ¢‘”(P) denote the t-coordinate of f,(x) and ¢(P) respectively.

Since (8) implies that every summand on the right hand side of the second inequality
in (11) is equal to zero, Theorem is proved provided that (M, @) is a subspace of the
Hilbert cube. However, according to Urysohn’s Embedding Theorem, every separable
metric space is homeomorphic to a subspace of the Hilbert cube. Consequently, in
view of Lemma 1, it follows that Theorem holds in the general case.

Let us remark that the second assertion of Theorem is proved in a different way in
[3] (see Theorem 2.9) where necessary and sufficient conditions for the existence of
a superconsistent estimates are also given.
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