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ON COUPLES OF LINE CONGRUENCES
WITH THE PROJECTIVE CONNECTION HAVING ROZENFELD
IMAGE WITH THE CHARACTER SMALLER THAN 5

JINDRICH VEVERKA, Brno
(Received January 6, 1969)

Let a couple L, L, of the line congruences in a three dimensional projective
space P be given formed by the corresponding lines p = p(u, v), ¢ = q(u, v) where
(u,v)€ Q = E,. To each couple of the corresponding lines we associate a frame
consisting of linearly independent analytic points 4, A,, A3, A4 (vertices) such that

(1.1) [Ay, Ay, A5, A,] = 1

and (Al’ AZ) = P, (A3: A4) = q'
Fundamental equations of this moving frame are

(12) d4; = of4,, i, k=1,2,34

where * are linear differential forms depending on two principal and fifteen second-
ary parameters and satisfying the structure equations of the projective space

(1.3) dof =l A df, j=1,..,4.
The normalization (1.1) of vertices gives
(1.4) ol + i+l +oi=0, sl+ni+ni+ai=0

where ¥ is the usual notation for % if the differentials of the principal parameters
annul.

If we denote by [i, k]| the analytic line [ 4;, 4,], then
(L5)  d[i, k] = (o} + o) [i, k] + @[j, k] + &i[i,j], for j+ik.

From (1.5) for i = 1, k = 2 and for i = 3, k = 4 we obtain that the principal forms
are

3 4 3 4 1 2 1 2
(1'6) (2 wl’ @3, wZ 3 (D3, CD3, CO4, CD4 .
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We shall specialize the frame in such a way that we place its vertices 4; into the foci
of the congruences L,, L,. For n§ we have n§ = 0 (i = k).

Now we assume the forms oF and w} to be independent (here we eliminate from
our considerations the couple © of Popov, see [2]) and since the principal forms
in (1.6) depend on two independent parameters, we have

4 3 1 3 3 1
(1.7) o7 = 4,07 + 4,03, ©; =ow; + fao;,
4 3 1 2 % 3 % 1
0; = biw] + b3, 5= a0 + ajo;,
1 3 1 2 % 3 % 1
0y = f*o; + a*w;, o; = bwi + bio;.

Considering that the points of the frame {4,}{_, are situated in the foci of the
congruences L, L, we obtain

(1.8) a,=ai=0,
ab, — Bby = a*bs — B*bT =0,
(bz - 13‘11) (b; - ﬁ*af) +0.

By the exterior differentiation of (1.7) and by Cartan’s lemma we obtain for the
remaining secondary parameters

(1.9) Su + ofn —73) =0, Sa* + o*(n3 — n3) =0,
5B + B(2m3 — =i — n3) =0, OB* + *(2n} — 73 — n§) = 0.

Using these relations we make the following normalization of vertices

(1.10) 1° a =1, m -7 =0,
2° ¥ =1, -1 =0,
3° pp*t=1, 3} —nd)+n3—nt=0.

By this normalization we exclude the so called T — couple and therefore also the so
called stratifiable couple of congruences (see [2], p. 71).

By the choice (1.10) the frame {A4;}{-; of the couple of congruences L,, L, is
completely canonized. If we denote with use of (1.8)

‘ b, b

(1.8’) —;=-j=€0, a1=‘//a
bY  b¥
-ﬁ‘:=oc_:‘=~q)*, af=‘//*,

(@ =¥)(o* —y*) +0,
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we may write the equations of the infinitesimal motion of our canonical frame {4} as
follows:
(1.11) d4, = (ejw] + Biw}) 4; + (0,0} + 0,03) 4, + ©}4; + YyoiA,,
d4, = (')’1(01 + 720)3) Ay + (“2‘91 ﬁ%wé) A, + (wi + ﬁwé) Az +
dA4; = w34, + Y*wid, + (“3”1 gwé) Az +
+ (c307 + olw3) Ay,
d4, = (ﬂwi + wé) Ay + (P*(ﬁwi + w%) A, + ('Yzwl + ')’1‘03) A +
+ (“4601 Biws) As .
Here the invariants o, ! are related by
(1.12) af +os +ay+af=0, Bi+BI+BI+BI=0.
From (1.11) we obtain
(1.13) do} = Q@] A w3), do}= —0%w] A )
where
Q=P —Bi+of—or+yyi, Q*=0i—03+01f— 07+ Y*y.")

Relations (1.13) together with equations of structure (1.3) are integrability conditions
for (1.11), see [1], pp. 17—18. Since there are 13 independent quadratic relations in
integrability conditions and since there are 19 unknown functions in (1.11) the couple
of congruences is determined depending on 6 functions of 2 arguments.

From (1.11) there follows that

(1.14) 1° ¥ =43 +y4,, 3° ¥*=A4,+Yy*4,,
2° & =A3+ @A, 4° O* = A, + ¢*4,

are the points of intersection of the focal planes (having the tangent points A4, 4,,
A3, A, with respect to the focal surfaces (4;), (4s), (43) (44)) with the rays (43, 4,),
(4,, 4,).

The quadric going through two consecutive rays (4;, 4,) and (43, 4,) for w3 = 0
and w} = 0 and through another ray (4s, 4,) and (4;, 4,), respectively, will be
denoted by I and I*, respectively. If we denote by Fy,(Fs4) the intersection point of
the ray (4;, 4,) (43, 4,)) with the polar of the point 4,(4,) with respect to I(I*) we
obtain, respectively

(1'15) Fi, =4, — 4,, F34=A3"A4

1) Note that in [1], there is incorrectly exchanged the term ﬁg - B{ by a} — ag.

536




From this there follows that the point
(1.16) Ej, =4, +4, and E; = A; + A,

is harmonically conjugated to F,, or F3, according to A,, A; or A,, A,, respectively.
The uniquely determined unit point of the frame {4} is then

(1.17) I=E,+E;,=A; + A, + A; + A,.

The geometric meaning of invariants ¢, ¥, @*, y* can be easily derived from
(1'18) ¢ = DV(ASs A4, (p’ E34) s l/l = DV(A3’ A4’ III’ E34) s
' @* = DV(Ay, A, @*, E;;), ¥* = DV(Ay, A;, ¥*, Ey,)

(where DV is used to denote the cross-ratio); (1.18) follows from (1.14) and (1.16).

Definition 1.1. The line congruence L in an n-dimensional projective space P,
(n = 3)is an arbitrary two-parameter system of lines p = p(u, v) where the admissible
values of the parameter u, v range over a certain two-dimensional domain Q.

Then by the character m of the congruence L (see Svec [6], pp. 11— 12) we under-
stand the natural number defined in the following way.

Definition 1.2. Let V;(L) be the “point extension” of the congruence L, i.e. the
three-dimensional manifold formed by all points of all lines of L. If m is the least
dimension of the subspace t(u, v) (S P,) containing all tangent spaces of V(L) at the
points of a fixed line p, = p(uo, vo) € L then we say that p, posseses in L the character
m. If the character of all lines p(u, v) € Lis equal to the same number m, then m is
said to be the character of L.

Remark 1.1. For the character m = dim 7 there is obviously 1 < dim 7 < 5 (see
Svec [6], p. 12).

Denoting by M, M,, M3, M,, M5 and M, respectively the K — points which are
Klein-Segre images (in a Ps) of the lines (A4, 4,), (43, A4), (A2, 43), (41, As), (Ay, A3)
and (Ag, A,), respectively then (4;, 4,) = pe Ly(p), (43, As) = g € Ly(q). M,, M,
generate in Ps two-dimensional manifolds (M,) and (M,) since they depend also
only on two parameters u, v.

The line correspondence C : [1,2] — [3,4] betwen the congruences L, L, induces
in P the point correspondence C* : M; — M,. The line joining the corresponding
points of the manifolds (M,) and (M,) is called their Rozenfeld image.

Definition 1.3. By the Rozenfeld image of a couple of congruences L;(p), L1(q)
of P, we understand the line congruence Li,(s) formed by ali Rozenfeld images s
belonging to L,, L,.
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To Ly,(s) in Ps we adjoin the frame formed by the analytic points M, M, ..., M
(brief notation: {M}).

Remark 1.2. It is a well-known fact (see [2], p. 196) that the character of Rozenfeld
image of a couple of congruences L, L, of P isequal to 3iff L,, L, is a T — couple.
In general, the character m of a congruence is equal to 5.

In 1962 Professor J. KLAPKA posed the following question. What is the geometric
meaning of the case in which the above congruence L, of Klein space Ps has the
character m = 4? This question will be investigated in the following.

Theorem 1.1. The character m of the congruence Ly,(s) derived from the couple
of congruences Ly(p), Ly(q) of Py is smaller than 5 iff the invariants of Ivlev of

Ly(p), Ly(q) satisfy
(1.19) oU* — ¥ =0,

Proof. 1° Necessity: Let m < 5. The subspace determining m is generated by the
points

*.
e

(120) M,
M,
d'M, = {(af + o) M, — M3 + oM, + Ms + yM¢} 03,
"M, = {(p1 + 3) M, + BoM, + pMs} 03,
d'M, = {(“g + “2) M, — ¢*fM; - ﬂMs} a)i s
d"M, = {(B3 + Bi) My — 0*M5 + My — M5 — y*M} o}

where e.g. d'M | = (M) 4,120, d"M,; = (dMy)g,3=0. m < 5if the rank of the matrix

1 0 0
0 1 0
ay + o3 0 ~1

Bi+B O 0 B
0 al + af —o*B
0 B3+ B: —o*

is smaller than 6, i.e. if this matrix is singular. But this means that

o8 8 ©0

0
0
1
B
-8
-1

*

<ocow oo

-1 o 1 ¥
0 B B O

must be singular what gives the desired relation (1.19).
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2° Sufficiency: Let. there hold (1.19). The tangent space of the congruence L, , at
s=(M,M 2) is determined by

(1.21) (M, My, dIM,, d"M, d1M,, d"M.,) .
If we substitute (1.20) into (1.21) we obtain that

(My, M, d'M,, d"M, d'M,, d"M,) =
= _BZ((p‘p* - (P*l//) (Mla MZa M3> M4’ MS’ MG) .

By assumption we have gy* — @*J = 0, but  and (Ml, M,, ..., M6) are non-zero
so that

(Mla MZ’ d[Ml, dHMla dlMZs dHMZ) =0 >
i.e. the rank of this matrix is smaller than 6, which gives m < 5, q.e.d.

Theorem 1.2. The character m of the congruence Ly,(s) of the couple of congruences
Ly(p), L,(q) from P, is smaller than 5 iff there is a common tangent linear complex
in the corresponding lines pe Ly, q € L,.

Proof. 1° Necessity: Let m < 5. Then by Theorem 1.1, (1.19) is true. This implies
by [1], p. 24 the existence of a common tangent linear complex in the mentioned
corresponding lines.

2° Sufficiency: Let there exist a common tangent linear complex in the mentioned
corresponding lines. Every tangent linear complex of Ll(p) at p = (Al, AZ) has for
Klein image the intersection of Klein quadric with the hyperplane of Ps containing
the plane determined by the points M, d'"M,, d"M . Further, every tangent linear
complex of Lz(q) atq = (4,, A.4) has for Klein image the hyperplane containing the
plane determined by the points M,, d'M,, d"M,. For the existence of a common
tangent linear complex of congruences Ly(p), L,(q) at P in the corresponding lines
P, q it is necessary and sufficient that these planes meet. But this is guaranteed (as it
is obvious from the above) just by (1.19), q.e.d.

Theorem 1.3. The character m of the congruence Ly,(s) in Ps of the couple of
congruences Ly(p), L,(q) of Py is smaller than 5 iff

(1.22) DV[Ay, A,, P*, &*] = DV[A,, A,, ¥, @] .

Proof. 1° Necessity: Let m < 5. Then by Theorem 1.1, (1.19) is true, i.e. py* —
— ¥y = O.LH_ence we obtain

(1.19) v
' ¢

‘Sl‘%
* | %
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But DV[A, A,, ¥*, &*] = y*/p*, DV[As, Ay, ¥, ®] = Y/p. From (1.19') the
equality of the both cross-ratios follows.

2° Sufficiency: Let there hold the equality (1.22). Then (1.19") is valid and hence
(1.19) follows which is necessary and sufficient for m < 5, q.e.d.

2

Let the line congruence with the projective connection be defined as in [4], p. 291
in the following way: Let Q be a region in the 2-dimensional Euclidean space E,. Let
to each point (u, v) € Q correspond a 3-dimensional projective space Py = P3(u, v),
the so called local space. Let us consider a line p = p(u,v) in this space. If points
(41, v;) € Q, (uy, v,) € Q are joined by an arc y = Q, then a certain collineation K,
between the spaces Ps(uy, v;) and P5(u,, v,) is determined. The line p(u, v) is in this
case the generatrix of Konig’s manifold of the type 27 ;, namely, of the congruence
&, with the projective connection. Let g = g(u, v) be another line of the space P3(u,v)
which is skew to p(u, v) and which forms the generatrix of another congruence %,
with the projective connection. We have obtained a couple ¥, &, of congruences
with the projective connection; this couple is particular since the corresponding lines
p(u, v), q(u, v) lie in the same local space P;(u, v).

Under these assumptions the moving frame {4, ..., 4,} can be chosen in P5(u, v)
in such a way that

p(u,v) = [A4y, 45], a(u, v) = [43, 44]

and simultaneously the following system of equations is satisfied

(2.1) VA, = oid;, ij=1,..4
where

(22) o} = a(u, v) du + bl(u, v) dv
and

(2.3) [Ay, 4y, A5, A] = 1.

From (2.3) by means of (2.1) there follows
(24) o + 0} + o} + 0l =0.

If the arc y joins the points (uy, v,), (4, v,) in Q as before then its parametric equa-
tions can be assumed in the following way

(2:5) u=u(t), v=1t)
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where the parameter ¢ satisfies the conditions

(2.6) u(0) = uy, v(0) =,
u(l) =uy, o(l)=n0,.

After substituting (2.5) into (2.2), Pfaff’s forms } are changed into the following
differentials

(2.7 pi(t) dt = {a[u(?), v(t)] w'(t) + bi[u(t), v(t)] v'(2)} dt
and the whole system (2.1) represents the linear differential system

2 — Bl A1)

(2.8) =

If By, ..., B, are points satisfying (2.8) and dependent on ¢ in such a way that for
t =0,¢ =1wehave B; = A;, B, = B, respectively, then we can write

(2.9) KB, = 4;, i=1,..4

where K is the mentioned collineation between Pj(u,, v;) and P4(u,, v,). To each
curve in Q passing through the point (44, v,) one can associate the following objects:

1. Four curves At) through A(uy, v,) and their developments into P3(u,, v;) as
integral curves of (2.8) with the initial condition that they are passing through the
points A(uy, vy).

2. Ruled surfaces R;; generated by [A(t), 4,(t)]- These are Kénig manifolds of
the type 2} ; by whose development into P;(u;, v;) we understand then the ruled
surface with the basic curves obtained by developing the curves A(t), A,(t).

The curve y = Q gives also a couple of ruled surfaces generated by the line p(t) =
= [A4,(t), A5(t)] of the congruence £, with the projective connection and by the
line g(t) = [A5(f), A4(t)], respectively. Similarly the curve y = Q gives a couple of
ruled surfaces which are developments of both surfaces of the couple into P3(t) =
= P[u(t), v(t)] of an arbitrary couple of lines p(t) = p[u(t), »(t)], a(t) = qlu(z), v(t)].

Now consider the situation similar to that of the study of couples of congruences
Ly, L, in a projective space. A frame {4,}{., where 4, A, were foci on p = [4;, 4,]
of congruence L, and A, A, were foci of the corresponding line g = [A3, A4] of the
congruence L,.

For this reason write differential equations of the developable surfaces of the both
congruences. As it is well known, in each congruence developable surfaces generate
two layers in the general case and one layer of the surface in case of a parabolic
congruence. In the sequel we shall not consider parabolic congruences. Further
assume that no layer of the developable surfaces of the congruence %, corresponds to
either of both layers of the developable surfaces of the congruence Z;.
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For the congruence £, the equation of the developable surfaces has the determinant
form

(2.8) |4y, A5, VA, VA, =0,
and similarly for the congruence .Z,

(2.9) |43, g, VA3, VA, =0
which means by (2.1) and (2.3) that

(2.8) oot — otol =0,
and
(2.9) wlnd — ool =0,

respectively. From this we obtain using (2.2)

(2.10) (aia; — a3a?) du® + (a3b3 + a3bi — a3bt — atbh3)dudv +
+ (b3b5 — b3b}) dv* = 0

and

(2.11) (a3ai — aja3) du® + (a3bs + alby — a3bi — azb3)dudv +
+ (b3b; — b3by) dv* =0,

respectively. Under our assumptions neither of equations (2.10), (2.11) has a multiple
root du : dv and both equations have no common roots.

For the variable ratio du : dv the planes

(212) [VAy, Ay, A,], [VAy, Ay, A)], [VAs, A3, A, [VAs, A3, AL],

i.e. the planes

(2'13) wi[Ala A25 A3] + wﬂ:Als AZa A4] ’ wg[Ala AZ: A3] + wg[Al’ AZ, A4] s
wé[Al’ A35 A4] + wg[AZS A35 A4] B wi[Al’ A35 A4] + wi[AZQ A3’ A4J

are fixed if and only if

(2.14) of = yoi, of =9¢0), o=y, o=q¢*o,

where ¥, @, Y*, o* are scalars (i.e. independent of du : dv); simultaneously there is
assumed that

(2.15) wioioiol + 0.
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The system (2.1) has the form

(2‘16) VA, = (DiA1 + oA, + Q’i(Aa + ‘/’A4) ,
VA, = 034, + 034, + 0}(4; + 94,),
VA3 = 03(4; + ¥*4;) + 0345 + 0id,,
VA, = 03(4; + 0*42) + 03d; + 0i4,.

The planes (2.12) are the focal planes at A;, 4,, A3, A,. There follows from (2.16)
that the points

(2.17) Y =43+ y4,, @ =45+ 04,
and
(2.18) PE = A, + Y*A,, OF = A, + ¢*A,

are the points of intersection of ¢ = [A43, A4] and p = [4,, A4, ], respectively, with
the focal planes at the points A, 4, and A3, 4,4, respectively. The notation ¥, @, ¥,
o*, ¥, ®, ¥* and &* is chosen by the similar way to that of [1], p. 20, equation (19).

A. Svec introduced in [4], § 12, p. 317 the notion of Klein space #'(Z;) with the
projective connection associated to a congruence #;. But in our case A (,?1) =
= #(¥,) because Klein space depends only on the local space P4(u,v), as it is
obvious from this definition of A. Svec:

Definition 2.1. To each point (u, v) € 2 let there correspond a line p(u, v) € &
lying in the local space Ps(u, v) containing a moving frame {4;}{-;. To (u,v) let us
attach further a 5-dimensional projective space Ps(u, v) with the corresponding hyper-
quadric R(u, v) which is Klein image of the full line space with respect to P3(u, v).
In Ps(u,v), a moving frame determines a 6-tuple of points M;; which are Klein
images of p;; = [4;, 4;], i.e. they are the points

(2.19) My, i,j=1,..,4; i<j (M;=—-M;).
The couple of the corresponding lines

(2.20) P12, v)€ Ly, pasu,v)e L,

is mapped onto R(u, v) as the couple of points determining the line
(2.21) s(u, v) = [My5(u, v), M3y(u, v)]

which will be considered as the generating line of the 2-parametric system %, which
may be considered as a generalization of Rozenfeld transformation for a couple of
congruences %, &, with the projective connection.

To be able to consider Z,, as Konig manifold we complete the definition:
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Definition 2.1. It suffices to define the connection for those spaces Ps(u, v) deter-
mined by

(2.22) VM;; = oiMy; + ofM,,

which are in fact Svec’s equations given in [4], p. 318.

The significance of this choice follows from the fact that it is possible the 1-para-
metric systems (curves, ruled surfaces etc.) to transfer the notion of their development
into a fixed space Ps.

Using the foregoing considerations let us start to solve the following problem:

a) Is it possible to define the character m of the line s(u, v) of Rozenfeld transforma-
tion £, of the couple .Z,, &£, of congruences with the projective connection by
a way similar to the case of the couple of congruences of a projective space?

b) Does a similar relation exist betwen the character m and double ratio of the
point quadruplets

(2.23) Ay, Ay, U*, B*, Ay, A, ¥, O

as in the case of a couple of congruences in a projective space as it was found in the
first paragraph of the present paper?

a) Definition 2.2. By the character of the line (2.21) of Rozenfeld image Z, of the
couple %, &, of the congruences with the connection we understand the dimension
of the tangent space t(u, v) of the line s(u, v), i.e. of the subspace in Ps(u, v), given
by the points

(224) Mlzs M34’ VuMIZ’ VuMlz’ VuM34’ V0M34

where e.g. V,M;, = (VM13)4=0-
The question b) is answered by

Theorem 2.1. The character of the line s = [My;, M3,] € £, being the image
under Rozenfeld transformation of the couple £, £, of congruences with the
projective connection is m = 5 or m < 5 if the double ratios of both quadruplets
of the points (2.23) are different or equal, respectively.

Proof. By (2.19), (2.22) and (2.1) we have
(225) VM, = (0] + @3) My, + 03M 5 + 0w3M s — 0iMy; — YoiM,,

VM3, = — wiMy3 + ©3My, — @*0iM,; +
+ Y*oiM,, + (wg + mi) M;,,
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ie.

(2-26) V.M, = (ai + a%) My, + a3My;5 + pazMy, — aiM,; — yaiM,, ,
V.M, = (bl + b3) My, + b3M 5 + @b3M,, — b3M,, — YbIM,, ,

VMM34 = - aiMIS + a:lgM14, —_ (P*aiM23 +
+ Y*aiM,, + (a3 + af) M3,
VM3, = - biMy; + biMy — @*biM,5 +

+ Y*biM,4 + (b3 + b3) My, .

As the points M;, M3, M4, M33, M54, M3, do not belong to the same hyperplane
of the space Ps(u, v) (as they are Klein images of the edges of the frame {4,}{-; not
belonging to the same linear complex) the dimension of the space t(u, v) is equal to
the rank of the following matrix

(2.27) 1 0 0 0 0 0
0 0 0 0 0 1
ai +a> a3 ga} —a; —ya 0
b} 4+ b3 bj b3 —b;  —yb; 0
0 —a; a3 —o¢*a; Y*a 4] + ag
0  —bi by —@*b) Y*b} b3 + b}

minus 1. The maximal rank of this matrix equals to six, i.e. the character m of the line
s(u, v) € &4, is at most 5. For m = 5 and m < 5, respectively it is necessary and
sufficient that

D+0 or D=0, respectively,
where
(2.28)

D=| o e -al —vyai
b b3 ~b: - b
—ab ol —gtal ial| = (aib} - a2b?) (albh - alb)) (ot — o¥Y).
—bi by —g%bl o}

The first two terms of the product on the right hand side of (2.28) cannot be zero. If
the first or second terms are zero then

(2.29) o} Aw}=0 or o} Aw;=0, respectively.

For example the first of these equations expresses that o} and 3 are linearly depen-
dent Pfaff forms, i.e. for example for w} % 0 we have 3 = Aw3, where A is a scalar.
Then the first equation (2.25) yields

(2.30) VM, = (0] + @3) My, + w?[l(Mw + oMyy) — (My3 + YMy,)]
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so that the point VM, (for fixed u, v and variables du, dv) does not generate a plane
but a line, the case which we eliminated from our considerations. The second equation
from (2.29) leads to a similar result. Therefore there remains the equation

Yo* — oY* =0

which is identical with (1.19). This gives the equality between the both double ratios.
Thus the theorem is proved.

We see that for a couple %, &, of congruences with the projective connection and
for its Rozenfeld image the same theorem holds as for a couple of congruences L,, L,
in a projective space.
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