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INTRODUCTION

In general topology a considerable attention has been paid to compact spaces.
There are mostly studied Hausdorff compact spaces which are normal. Hence, it
follows that only completely regular spaces from Hausdorff spaces can be densely
imbedded into some Hasudorff compact space. On the other hand, A. N. TicHONOV
[11] has shown that any completely regular space Q can be densely imbedded into
a Hausdorff compact space. Among these compactifications there exists just one, in
a certain sense “the largest” one called Cech-Stone compactification of the space Q
and denoted B(Q), that was dealt with by E. CecH in [2] and M. H. Stone in [10].
In [12] H. WALLMAN studied for any T;-space Q a certain compact T;-space w(Q),
in which Q is dense. The space w(Q) is called Wallman compactification of the
space Q. The concept of a “T;-space’ can be obtained from the concept of a Hausdorff
space by a certain weakening of separating axioms. In this paper there are studied the
compactifications of separated closure spaces (see [5], 27 A.1, p. 487), whose axioms
can be obtained from axioms for Hausdorff spaces by omitting the axiom: M = M.

In Section 1 there are introduced basic concepts and theorems referring to the
theory of filters and topology used in the following. In Section 2 there is defined,
between compactifications (relative compactifications) Py, P, of a topological space Q,
a quasi-ordering < and an equivalence ~ so that P; ~ P, if and only if P, =
>= P, = P,. The relation < on the set of classes 2#(Q) (%(Q)) corresponding to this
equivalence is an ordering and it is shown that #°(Q) = %(Q) = R(1(Q)) ), where
I(Q) is the ordered system of filters a on Q such that a # o, a A g = o for any point
q € Q, while 7q denotes the filter of the neighbourhoods of the point g and o denotes
the filter containing the empty set. For completely regular compactifications Py, P,
of a completely regular space Q this definition of the relation X is equivalent to the
usual definition of the relation < : P; < P, if and only if there exists a continuous
mapping f of P, into P, such that f(x) = x for x e Q ([5], 41.D.1).

1y The definition and properties of ordered set N(G) for an ordered set G are described in [9].
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Among these compactifications of a topological space Q an important role is given
to the h-compactification denoted by h(Q) and described in Section 3. This compacti-
fication is characterized by the property that any continuous mapping of the space Q
into some compact space has a y-extension on h(Q). Also, a y-extension-of a continu-
ous mapping f of Q into a space R on a space P is a mapping F of P into R with the
properties: 1) F(x) = f(x) for x € 0, 2) for z € P and for a neighbourhood V of the
point F(z) there exists a neighbourhood U of the point z such that F}(U — Q) <
cVnfYQ)and F(Un Q) = fY(Un Q) = Vn Q).

In Section 4 there are studied spaces which have a one-point compactification and
it i1s shown that they are exactly the spaces which are non-compact and in which
every point has a neighbourhood relatively compact in the given space. Under
a one-point compactification we, naturally, mean a topological space mentioned
above (i.e. separated closure space in the sense of [5]). It is possible to construct
a one-point compactification, the so called Alexandroff’s compactification ([7],
§ 25), for a non-compact topological space in the usual sense. (For locally compact
Hausdorff spaces which are not compact, the construction has been presented in [1]).
From 4.2 and 4.4 and e.g. from [7] 25.5 it follows that this Alexandroff’s compactifica-
tion coincides with the one-point compactification introduced in this paper, if and
only if the original space is regular. In conclusion of this section, there are given
necessary and sufficient conditions for a space Q under which ordered sets #(Q)
and #(Q) are distributive or modular lattices.

1. FUNDAMENTAL CONCEPTS AND ASSERTIONS FROM THE THEORY
OF FILTERS AND TOPOLOGY

In this section, there are introduced fundamental concepts and assertions from the
theory of filters and topology, which are used in what follows. Naturally, we do not
present proofs when using the assertions mentioned in references. The definition of
topology is introduced in the same way as in [7], definition 4a; however, we have
a more general concept of topology in mind. Assertion 1.9 is almost evident.

Definition 1.1. A non-mepty system a of subsets of a set R will be called a filter if
the following axioms are fulfilled:

(Fy) Aj, Ayea=A; N A, €aq,

(F;) Aca, A< BS R=Bea.

([7], definition 3a).

Filters will be denoted by small German letters.

Definition 1.2. Let a be a filter on a set R. A system of subsets 2 of R will be called
a base of thefilter a,if A < a and for any A4 € a there exists A’ € WA such that 4’ < 4
([7], definition 3b).
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Definition 1.3. We put a < b for filters a, b on a set R, if Be a for any Be b ([7],
definition 3c).

The relation < is an ordering and F(R) will stand for the set of all filters on R
ordered by means of this relation. (In some sections of this paper F will have another
meaning but misunderstanding is excluded in these cases). The system of all subsets
of R forms a filter which is the least element in the set F(R) and this filter will be
denoted by o.

1.1. Let R be an arbitrary set. Then F(R) is a complete, distributive and strongly
atomic lattice®) ([7], 3.5, 3.9 and [8], § 7, Theorem 4).

Atoms of the lattice F(R) will be called ultrafilters. A filter (ultrafilter) a € F(R) is
called a free filter (ultrafilter), if NA(A € a) = 0. Infima and suprema in F(R) will,
as usually, be denoted by A, A, v, A. If there is no danger of misunderstanding the
least element in F(R) and in F(R’) will be denoted by the same letter o for different
sets R and R’. m being a cardinal number, exp m denotes the cardinal number of the
system of all subsets of a set the cardinal number of which is equal to m.

1.2. Let I be the system of all free ultrafilters on an infinite set M. Then card M =
= exp exp card M ([7], Exercise 3D).

1.3. Let R be an arbitrary set, a, € F(R) forvel + 0, a,b € F(R). Then the system
of all sets of the form

V=UA(el), Aeaq,

is a filter i = V{a,|tel} and a A b = o if and only if Aea, Beb exist such that
A n B = 0 (Follows from [7], 3.6).

Definition 1.4. Let ¢ be a mapping of a set R into a set R". If a € F(R), then the
system of sets {¢'(4) | A € a} forms a basis of a filter on R’ which will be denoted
by ¢(a). If a’ € F(R'), then the system of sets {¢p~*(4’)| A’ € a’} forms a basis of
a filter on R which will be denoted by ¢ ~*(a’) ([7], § 3, pp. 37).

1.4. Let ¢ be a mapping of a set R into R’ and let a be an ultrafilter on R. Then
@(a) is an ultrafilter on R’ ([7], 3.15).

Definition 1.5. Under the topology on a set R we shall understand a mapping t
of the set R into F(R) with the following properties:

peR,Uetp=>pel,
P.geER, p*Eqg=1p A 1q = DO.

2 ) A lattice S will be called strongly atomic if for s,, s, € S, sy F 0 F 55 F 54 there is 0+
+{ala=<s,aed}+ {ala=<s, ae A} + P, where 4 is the set of all atoms of the lattice S
and o is the least element of S.
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A pair (R, 1) is called a topological space or briefly space, elements from R are
called points of the space (R, t) and sets from the filter tp for p € R are called neigh-
bourhoods of the point p.

The other fundamental concepts, especially the concept of the closure will be defined
in the usual way. In the paper, fundamental theorems introduced in [4] or [5] will
be used without quotation. The topological space will sometimes be denoted by the
letter R only. The closure of a subset X of the space R will be denoted by X. E. Cech
called the space introduced in definition 1.5 an AH-space in [3], an H-space in [4]
and a separated closure space in [5]. If more is valid, i.e.if pe R= A V 19 £ 1p,
we get a topological Hausdorff space ([7], definition 8b). Uerp geU

Definition 1.6. Let R be a topological space, a € F(R), a + o and x be an element
of R. We shall say that x is a cluster point of a in R, if x belongs to NA4(4 € a). R is
said to be compact if every filter a € F(R), a % o has a cluster point in R ([5], 41 A.1
and 41 A.3). '

1.5. Every compact set of a topological space is closed in this space ([5], 41 A.11)

1.6. Every closed set of a compact space is compact ([5], 41 A.10).

1.7. A one-to-one continuous mapping of a compact space on a topological space
is a homeomorphism. ([5], Corrollary of 41 C.5).

Definition 1.7. A system & of sets of a space (R, 1) is called a cover (interior cover)
ofaset M < R,if for any p € M there exists X € & such that p € X(X e tp). (Similarly
like in [5], 1 E. 12, 12 A.1, 17 A.17 and in [4], 8.1.1).

1.8. 4 space is compact iff each interior cover contains a finite cover ([5],
Exercises, Sections 17—18, 5).

Definition 1.8. Let R be a topological space. A set @ < R is called relatively
compact in the space R, if any interior cover of the space R contains a finite cover of
the set Q ([4], definition 8.5.2).

1.9. Let R be a topological space, Q = P = R and let P be relatively compact
in R. Then also Q is relatively compact in the space R. A set-theoretic sum of a finite
number of relatively compact sets in R is again a relatively compact set in the
space R, (a similar assertions may be found in [7], the note following definition 11c
and assertion 11.8).

Definition 1.9. Let R be a topological space and Q be its subspace. The space R is

called a compactification (relative compactification) of the space Q if R is compact
(Q is relatively compact in R) and Q is dense in R.
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1.10. A locally compact Hausdorff space is regular ([7], 12.8).

Let M be a subset in R and let a € F(R). The system of sets {4 n M ] Aea}is
a filter on M and we are going to denote it by Spy(a) = Spya ([7], §9).

Let Q be a subset of a space (R, 7). Then, we shall denote S(R, Q) = S((R, 1), Q) =
= {Spotp|peR — Q}.

Further in this paper I presuppose the knowledges of fundamental concepts and
assertions of my paper [9].

2. ORDERED SET OF CLASSES OF COMPACTIFICATIONS

For a topological space (Q, t) we denote the set {a|ae F(Q), a 0, a A 1 =0
for each point g € (@, 7)} by I(Q, 7) = 1(Q) = 1.

2.1. For any space Q, the set 1(Q) L (o) ordered by means of inclusion in such
a way that o is the least element, is a distributive, strongly atomic lattice®) complete
from below with the least element o.

This lattice is a sublattice of the lattice F(Q). Every atom of the lattice I(Q) L (o)
is an ultrafilter on Q.

Proof. Let a,bel. Then (a v b) A 19 =(aA1g9) Vv (bA1q)=0 for each
point g € Q according to 1.1. Let " % 0, a, €1 for k e A". Then, according to 1.1,
a = Aayke #) exists and, evidently, a A tqg = o for each point g e Q. Thus,
I U (o) is a sublattice of the lattice F(Q) and it is complete from below. From this it
follows, according to 1.1, that it is also distributive. If b is an ultrafilter on Q and
ael, b £ a, then bel. Hence it follows, by 1.1, that I U (o) is a strongly atomic
lattice and any atom of this lattice is an ultrafilter on Q.

Thus the assertion is proved.

2.2. The space (Q, 7) is compact iff 1(Q) = 0.

Proof. I(Q) is the set of filters a € F(Q), a & o which fail to have a cluster point
in Q. From this the assertion follows.

2.3. Do not let (Q, t) be a compact space and let (P, ') be its relative compactifica-
tion. Then S(P, Q) e M(1(Q)). (Definition and properties of the operator 9 are
described in [9].)

Proof. I Evidently, Spy(t'p)€I(Q) for all points pe P — Q; consequently
S(P, Q) = 1(Q).

1I. Let p;, p» € P — Q, p; + p,. Then there exist disjoint neighbourhoods Vy, V,
of points py, p,. From this we get that Spy(t'p,) A Spe(t'p;) = 0. Consequently,
S(P, Q) fulfils the axiom ().
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II. Let aeI(Q) — S(P, Q), (a) U S(P, Q) have the property (h). Let us denote &
the system of all sets of the form P — X, where X € a. £ is evidently the interior
cover of the space P; consequently, there exists a finite cover Yy, ..., Y, of the space Q,
where Y, e for 1 v < n. Then for v = l,h,.. n we have P — Y, € a, thus
A= (](Pw Y)ea. Since Q < UY =P - ﬂ(P- Y,) =P — A, we have 4N

v=1

A Q = 0 which is a contradxcnon Consequently, S(P, Q) fulfils the axiom (II N).

24. Let (Q,7) be a dense subspace in a space (P, '). Let S(P, Q) e N(I(Q)).
Then Q is relatively compact in (P, t').

Proof. Let £ be an interior cover of the space (P, 1:’) which contains no finite
subcover of Q. Then the system of sets Q — UX(X e A), where A < 2 and
card A < NW,, forms a basis of a filter m € I(Q). According to 2.3 [(9]), ne S(P, Q)
and g € I(Q) exist such that g < m, g < n. X, € 2 exists such that X, is a neighbour-
hood of the point pe P — Q, where Spy(tp) = n. Then X, n Qeg, Q — Xpem;
consequently, Q@ — X, € g which is a contradiction.

2.5. Let N e W(I(Q)), where Q = (Q, 1) is a topological space. Then there exists
at least one compactification (P, t') of the space (Q, t) such that N = S(P, Q).

Proof. Put P = N U Q. According to 2.2, [9], N = 0. Let ny € N. The system of
sets {X|X=YuZu(ny), Y=N—K, cardK < ¥y, K SN, Zen,} forms
a basis of a filter 7'n, € F(P). The system of sets {X | X = (n) U Z, Z e n} forms for
neN — (ny) a basis of a filter t'ne F(P). For g€ Q the filter 1q € F(Q) forms
a basis of a filter v'q € F(P). Evidently (P, ') is a topological space, (Q, ) is a dense
subspace of the space (P, 1) and S(P, Q) =

Let aeI(P). If An Q = 0 for each A € a, then Spya € I(Q); consequently, accord-
ing to 2.3, [9], ne N and g € I(Q) exist such that g < 1, g < Spoa. But in this case
n A a > o, which is a contradiction to the assumption a €I(P). If 4, € a exists
such that 4, n Q = 0, then Spya eI(N). The subspace N is compact, by 1.8; con-
sequently, according to 2.2, we have I(N) = @ which is a contradiction.

Thus I(P) = 0 and by 2.2, (P, t') is a compact space.

Definition 2.1. If P, and P, are compactifications (relative compactifications) of
a topological space Q, let us put P, < P,, if there exists a mapping f of P, into P,
such that f(x) = x for x € Q with the following properties: if z € P, and Vis a neigh-
bourhood of f(z), then a neighbourhood U of the point z exists such that U n Q < V.

Remark. For complete regular compactifications P,, P, of a completely regular
space Q we usually define P; < P, iff there exists a continuous mapping f of P,

into P such that f(x) = x for x € Q ([5], 41 D.1). This definition of the relation =<,
for completely regular compactifications of a completely regular space, is equivalent

47



to definition 2.1: Let P,, P, be completely regular compactifications of the completely
regular space Q, P; < P, be in the sense of definition 2.1, let f denote a mapping
mentioned in definition 2.1, let z € P, and V be a closed neighbourhood of the point
f(z). Then, there exists an open neighbourhood U of the point z such that Un Q <
€ V. If z’ € U exists such that f(z) ¢ ¥, then a neighbourhood W of the point f(z’)
exists such that W V = 0. Then a neighbourhood U’ of the point z’ exists such that
U'n Q = W. Hence, it follows that Un U’ n Q = 0 which is a contradiction,
because U n U’ is a neighbourhood of the point z’. Thus, f4(U) < V from which it
follows that f is a continuous mapping.

2.6. The relation < is a quasiordering and for the mapping f occurring in
definition 2.1 we have fY(P, — Q) = P, — Q, where P, P, and Q have the same
meaning as in definition 2.1.

Proof. The assertion that the relation < is reflexive and transitive is evident. Let
(P4, 71), (P, t5) be compactifications (relative compactifications) of a non-compact
space Q and let P; < P,. Evidently, f/'(P, — Q) £ P; — Q. For pe P, — Q we
have Spy(thp) < Spo(t) f(p)). According to 2.3 we have S(Py, Q), S(P,, Q)€
€ N(I(Q)). Consequently, from [9], 2.6 if follows that U{Spo(t: f(p))} (pe P, — Q)=
= S(P,, Q). Thus f(P, — Q) = P, — Q.

If Q is a compact space, then the assertion follows from 1.5.

Definition 2.2. Let us put P, ~ P, for compactifications (relative compactifica-
tions) Py, P, of a topological space Q, if P; < P, and P, < P,. The relation ~ is
an equivalence and the relation < for classes of this equivalence is an ordering. Let
us denote #°(Q) (%(Q)) the set of all classes of this equivalence ordered by means of
the relation <.

2.7. Let Q be a non-compact space. Then #(Q) = #(Q) = NI(Q).

Proof. For compactifications (relative compactifications) Py, P, of a space Q we
have, according to 2.3, S(P, Q), S(P,, Q) € N(I(Q)) and, according to 2.6, Py X P,
exactly if S(Py, Q) < S(P,, Q). From this and from 2.5 the introduced assertion
follows.

Remark. If Q is a compact space and P its compactification (relative compactifica-

tion), then, according to 1.5, P = Q; consequently, #°(Q) = #(Q) = {Q}.

3. »-COMPACTIFICATION

Definition 3.1. Let Q be a topological space embedded into a topological space P.
Let f be a continuous mapping of Q into a space R. The mapping F of the space P
into R is a y-extension of the mapping f on P if F has the following propertles

1) F(x) = f(x) for x € Q,

48



2) for z € P and for a neighbourhood V of the point F(z) there exists a neighbour-
hood U of the point z such that F{(U — Q) £ V n f'(Q) and F (U n Q) = f{(U n
N Q) € VnfYQ)?)

3.1. Let Q be a dense subspace in a space P and let f be a continuous mapping
of Q into a space R. Then there exists at most one y-extension of the mapping f on P.

Proof. Let F, G be two different y-extensions of f on P. Then z € P exists such that
F(z) % G(z). Then there exist disjoint neighbourhoods Vj, Vg of points F(z) and G(z).
Neighbourhoods U and Uy of the point z exist such that F{(Uy n Q) € Vi, G'(Ug 0
N Q) € Vi The set U = Upn Ug is a neighbourhood of the point z and @ +
+fUNQ =F(UnQ) Vs 0+f(UnQ)=GYUn Q)< Vs which is
a contradiction.

Definition 3.2. Let (Q, 7) be a topological space and N € R(I(Q). Put P(N) =
=NuUQ and ¢y(X) ={a]|aeN, Xea} UX for X c Q. Denote ga = a for
ael(Q) and oq = tq for ge Q. Since PN(X NY) = @y(X) N @r(Y) for X c Q,
Y < Q, the system of sets {@(U) | U € op} forms a basis of a filter 7yp € F(P(N)) for
any element p e P(N). The pair (P(N), ty) will, sometimes, be denoted concisely
by P(N).

3.2. Let (Q, 7) be a topological space and let N € W(1(Q)). Then P(N) = (P(N), 1)
is a relative compactification of the space (Q, 7).

Proof. The pair (P(N), ty) is obviously a topological space in which (@, 7) is
dense and S(P(N), Q) = N € R(I(Q)). According to 2.4, P(N) is a relative com-
pactification of the space (@, 7).

3.3. Let f be a continous mapping of a space (Q, t) into a space (R, t"). Then
M = {f"YSpsr*r) | refHQ) — fY(Q)} = I(Q) and M has the property (h)
in 1(Q).

Let N € R(I(Q)), and let for any me M at least one filter n€ N exist such that
n<m. Let M' = {m’'|m’eN, there exists me M such that m = w'}. Then the
following assertions are equivalent:

(A) There exists the y-extension F of the mapping f on the space P(N) such that
FY(M) = f(Q) — £1(Q), F'(N — M') = f'(Q).
(B) For any filter ne N — M’ there exists q' € f'(Q) such that f(n) < t*q'.

3) The mapping f of a space X into a space Y is called @-continuous, if for any point x € X
and any neighbourhood ¥ of the point f(x) there exists a neighbourhood U of the point x such
that F1(U) < V. This concept was introduced by S. Fomin in [6]; he considered, however,
topological spaces in the common sense (i.e. AU-spaces, according to [3], ot general F-spaces
according to [4] or topological spaces in the sense of [5]). Evidently a y-extension of a continuous
mapping is a #-continuous mapping.
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Proof. L Let i, r,€fY(Q), ry # r,. Then Sprigt™ry A Spugrtr, =
= o, thus 71 (SPror™ry) A f7Y(Spsigt r2) = 0. For r;efY(Q) we have
SYSppot i) Z %41, Where g, €Q, f(q1) =ry. For r,efY(Q) — fY(Q) we
have then f~(Spsi(g)t*r,) A g = o for any g e Q. Since S Syt tra) * o,
we have also M < I(Q) and M has the property (k) in I(Q).

IL. Let N e N(I( Q)) and let N have the introduced property.

a) Let the assertion (A) hold and let ne N — M'. Let us put ¢’ = F(n). Then
q' € f(Q). Let Ve t7q’. Then, there exists a neighbourhood U of the point 1t € P(N)
such that f{(U n Q) < V. Since U n @ en, we have fY(U n Q) € f(n); thus Ve f(n)
which means that f(n) < t*¢'.

b) Let the statement (B) hold. For m’ e M’ exactly one filter m € M exists such

that m = w’. Furthermore, exactly one element r € f1(Q) — f%(Q) exists such that
S (Spyigrtr) = m. Let us put F(m') = r. Put F(q) = f(q) for ge Q. For ne
eN — M, g’ e f}(Q) exists such that f(n) < t*¢’. Let us put F(n) = ¢'. (Since for
q" € f1(Q) — (¢') we have t*¢q’ A t*¢q" = o, there exists exactly one point g).

Evidently, F{(M") < f1(Q) — f%(Q) and F{(N — M") < f*(Q). (From the assump-
tion on the set N it follows that F}(M’) = f1(Q) — f%(Q)). Let z e P(N) and V be
a neighbourhood of the point F(z). Denote X = f~Y(V f4(Q)). If ze Q, then
Xerz.If ze M', then X em, whereme M and m = z. Thus Xez. Ifze N — M/,
then ¥V n f1(Q) € f(z) (f is now considered as a mapping of filters), thus =%V n
N fY(Q)) = X € z. Consequently X € oz. (¢ has the same meaning as in definition
3.2). The set U = p,(X) is a neighbourhood of the point z and FY(U n Q) =
=fY(Un Q) =fYX) = VnfYQ). Let z’ e U — Q, and let ¥’ be a neighbourhood
of the point F(z'). Then X €z’ and V' n f}(Q) e Sppit* F(z'). Thus f~4V' n
N fY(Q)) € '; hence, it follows that £V’ n f(Q)) n X = 0, consequently V'
N N V=V nfYQ) nfYX) + 0. Thus F(z')e V n f(Q). The mapping F
is therefore the g-extension of the mapping f on the space P(N).

Thus, the assertion is proved.

3.4. Let (P, ©') be a relative compactification of a non-compact space (Q, t) and
let NeN(I1(Q)), N = S(P, Q) (S(P, Q) e W(I(Q)) according to 2.3). Then there
exists a mapping f of the space P(N) on P with the following properties:

a) f(x) = x for xeQ,

b) f{(P(N) = Q) =P - Q,

c) for xe P(N) and a neighbourhood V of the point f(x) there exists a neigh-
bourhood U of the point x such that f*(U — Q) < VA Qand f{(U)n Q SV Q.

Proof. The assertion follows from 3.3 if we put (P, ') = (R, t*) and f(x) = x.

Then we have M = S(P, Q) and by 2.5, [9] the mentioned condition for the set N
is valid. The set M’ is equal to the set N.
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Definition 3.3. A space (P, ') is called an h-compactification of a space (Q, 1), if
(P, 7') is a compactification of the space (Q, ) and if to any continuous mapping of
the space Q into some compact space there exists a y-extension on P.

According to 3.5 any topological space possesses an h-compactification and, accord-
ing to 3.6, it is “in the essential’’ one-to-one defined; we are going to denote it by

Q) = H(Q. 7).

3.5. For any space Q there exists an h-compactification. If Q is a non-compact
space and N, the set of all minimal elements of the set1(Q), then N € R (I1(Q)), N, is
the largest element of the system R(1(Q)) and the space P(N,) is an h-compactifica-
tion of the space Q.

Proof. I. If Q is a compact space, then the assertion follows from the remark fol-
lowing 2.7.
Suppose that Q is a non-compact space.

II. From 2.1 and [9], 2.8 it follows that N, € R(I(Q)) and that N, is the largest
element of the system R(I(Q)).

III. From II and 3.2 it follows that the space P(N,) is a relative compactification
of the space Q. Let £ be an interior cover of the space P(NO) and let us suppose that
for any point p € P(N,) there exists U € op such that ¢y (U) € 2 (o and @y, have the
same meaning as in definition 3.2). Thus there exist points py, ..., p, € P(N,) and

sets U; € opy, ..., U, €op, such that ¢y (U)e? for 1 <i<n and UU; = Q.
i=1

For neN,, io(1 £ iy < n) exists such that U n U;, & 0 for any U e n. The system
of sets {Un U, | U en} forms the basis of the filter n’ on the set Q. Obviously,
o < 1’ £ n. Since n is, according to 2.1, an ultrafilter on Q, we have n’ = n; thus

U, en, from whence it follows that ne @y (U,,). Consequently Ny € U oy, (U)).
i=1

n
Therefore P(No) = U ¢n,(U); thus P(N,) is, according to 1.8, a compactification of
the space Q. i=1

IV. Let f be a continuous mapping of the space Q into a compact space (R, t*).
Let us put M = {f "X(Spsir*r) | refH(Q) — fY(Q)}, M’ = {m' | m’ e Ny, me M
exists such that m = m’}. Let n e Ny — M. Let us admit that f(n) A t*q’ = o for
any point ¢’ € f(Q). Put 2 = {X | X = R — X*, X* e f(n)}. For q’ e f(Q) there
exists Vet q’, X*ef(n) such that ¥ n X* = 0. Therefore X = R — X*e2? n
nttq’. For re?ld(’Q—) — fY(Q) we have f™Y(Spsi*r) A m = 0; so there exist
disjoint sets X' € f~X(Spsigr'r), X" en. Next, fY(X") e Spsioyr*r, fH(X")ef(n)
and fY(X’) A fY(X") = 0. Consequently X = R — f}(X")e? nt*r. If reR —
— fYQ), then X = R — f{(Q)e? nt*r. Thus, £ is an interior cover of the
space R. There exists, according to 1.8, a finite cover &~ = {X,, ..., X,} £ £ of the
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space f1(Q) (see proof 3.7). For 1 £ i £ n we have R — X, e f(n) and since U X =
n i=1

2 f}(Q), we have U (R — X;) € R — f*(Q) which is a contradiction.
i=1

For this reason g’ € f(Q) exists such that f(n) A t7q’ > o. If there exists Ve
e t*q’ — f(n), then the system of sets {X n V| X e f(n)} forms the basis of the
filter n’ on the set R. We have o < n’ < f(1n) which is a contradiction because, accord-
ing to 1.4, f(n) is an ultrafilter on R.

Thus f (n) < "¢’ and according to 3.3, there exists a y-extension of the mapping f
on the space P(N,). Thus, the assertion is proved.

3.6. Let P,, P2‘ be )-compactifications of a space Q. Then there exists a homeo-
morphism h of the space P, on the space P, such that for x € Q we have h(x) = x.

Proof. If Q is a compact space, then the assertion follows from the remark fol-
lowing 2.7.

Let us suppose, in the following part of the proof, that Q is a non-compact space
and that (P, ') is an )-compactification of Q. Let N, have the same meaning as in 3.5.
According to 3.5, the space P(N 0) is also an h-compactification of Q. Let us put fi (x) =
= x for x € Q. Then f is a continuous mapping of the space Q into the space P(N,).
Thus, there exists a y-extension h of the mapping f on P.

h is a one-to-one mapping. Actually, if there exist different points p;, p, € P such
that h(p,) = h(p,) = p € P(N,), then Spytp; < op (¢ and in what follows ¢y, as
well, have the same meaning as in definition 3.2), Spyt'p, < op and Spyr'py A
A Spot'p, = 0. If peN,, then p is an ultrafilter and consequently p = gp =
= Spot'p; = Spot'p, Which is a contradiction. If p € Q, then for example p, e P —
— Q, thus Sppt'p, A op = o, which is a contradiction, too.

Let z € P, y = h(z) and let W be a neighbourhood of y in P(N,). Then there exists
Ueoy such that V = q)ND(U) < W. Since V is a neighbourhood of the point y,
a neighbourhood U’ of the point z exists such that h'(U’' n Q) € V n h'(Q) and
KU — Q) cVnh'(Q)=U.If neN,nT, then for X en we have X n U + 0
and thus, since 1 is an ultrafilter on Q, U e n, and consequently 1€ V. Thus Ny N
n U g Vfrom whence we get (since h is one-to-one), h'(U’) € V < W. Thus, h is
a one-to-one continuous mapping of the space P into the space P(N,). From 1.7 and
1.5 it follows that h is a homeomorphism P on P(N,). Hence, the statement is proved.

3.7. To any continuous mapping f of a space Q into a space R in which the set f(Q)
is relatively compact there exists a y-extension on the space H(Q).

Proof. The statement has been already proved in Section IV in the proof 3.5,
because we made use only of the assumption that f 1(Q) is relatively compact in the
space R.

Definition 3.4. A topological space P is called a D-space if it is Hausdorff and if
for any dense set H in P the set P — H is relatively compact in P.
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3.8. Let Q be a topological space. Then the following statements are equivalent:

(A) B(Q) is a Hausdorff space,
(B) Q is a completely regular space and h(Q) = B(Q) %),
(©) Qis a D-space.

Proof. I. Let (A) hold. Then to any bounded continuous function®) on Q there
exists a y-extension on b(Q). Since the set of real numbers in the natural topology is
a regular space, then this y-extension is a continuous extension. Thus §(Q) = (Q).
Consequently (B) holds.

II. Let (B) hold and let a dense set H exist in Q such that Q — H is not relatively
compact in Q. Then an interior cover 2 of the space Q exists such that for any finite
system 4~ < 2 we have X(X € #)non 2 Q — H. The system of sets {Y|Y =
=Q—-H-UX(XeX), # <2, card & < N,} forms a basis of a filter a € F(Q).
Evidently a €I(Q). Thus an ultrafilter beI(Q), b < a exists. Then Q — Heb.
If M < Q—H, then Q — M 2 H; consequently 0 — M = Q + Q — M.
Therefore M is not an open set so that b fails to be an open filter®); thus, according
to 3.5. h(Q) is not a HausdorfT space.

Therefore (B) — (C).

IIL. Let (C) hold and let h(Q) fail to be a Hausdorff space. Then, according to 3.5,
an ultrafilter b € I(Q) exists such that b is not open®). B € b exists such that for Ye b,
Y € B, Yis not open. Then X = Q — B — (@ — B) # 0. Since any point x € X is
a cluster point of the set Q — B = Q — X, the set Q — X is dense in Q.

If Yeb exists such that YN X =0, then Z = Yn Beb and Zn X = (. Con-
sequently Z = Q — Q — B, therefore Q — Q — Beband Q — Q — B is an open
set (Q is a HausdorfF space). Since Q — Q — B < B, we get a contradiction.

Thus YN X # 0 for all Yeb. Let us denote # = {Q — Y| Yeb}. Then 2 is an

interior cover of the space Q. Then Y;eb (1 < i < n) exist such that U (Q — Y)) 2
n i=1

2 X.Letusput Y=Y, Then Yeb and Q — Y 2 X; consequently X n Y =0,
i=1

which is a contradiction.
Thus (C) - (A).
The assertion is proved.

3.9. A D-space is normal.

Proof. Let Q be a non-compact D-space, X, Y & Q disjoint closed sets in Q. If
ae(P(No) — Q) n X n Yexists, where N, has the same meaning as in 3.5 and clo-
sures refer to the space P(N,), then systems of sets {A n X |Aea}, {AnY|Adea}

4) B (Q) denotes Cech-Stone compactification.
5) Under a function we understand a mapping into the set of real numbers.
%) An open filter is such a filter which has the basis consisting of open sets.
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form a basis of different filters b,’ceI(Q). Since b <a,¢<a, wehavea=b=c¢
which is a contradiction. Thus X n ¥ = 0. According to 3.5 and 3.8, P(N,) = B(Q);
consequently there exist disjoint open sets U, ¥ in the space P(N,) such that U 2 X,
V 2 Y. From this it follows that Q is a normal space.

3.10. Let 6 be the discrete topology on Q. Let t be some topology on Q. Then the
space b(Q, t) — Q is homeomorphic to some subspace of the space f(Q, ) — Q7).

Proof. If (Q, 7) is a compact space, then the assertion follows from the remark
following 2.7. Let us suppose, in what follows, that (Q, ) fails to be a compact space.
Let us denote No(Np) the set of all minimal elements in I(Q, ) (I(Q, 8)). From 2.1 it
follows that N, < N, and according to 3.5 and 3.8, we have §(Q, 1) = P(N,),
B(Q, &) = P(N}). For neh(Q,t) — Q = N, let us put h(n) = ne Ny = (Q, 9) —

— Q. Since for n e Ny, U € n we have ¢y (U) N Ny = {a| aeNo,Uea} = oy (U) N
A Ny, h is a homeomorphism §(Q, t) — Q into B(Q, 6) —

4. -COMPACT SPACES

Definition 4.1. The topological space P is called an I-compact space if any point
in P has a neighbourhood which is relatively compact in P.

4.1. A topological space P is l-compact iff the system of all neighbourhoods of an
arbitrary point p € P, which are relatively compact in P, forms a complete system of
neighbourhoods of the point p.

The proof follows from 1.9.

4.2. Let Q be a non-compact space. Then there exists a one-point compactification
P = Q u(w)(w¢ Q) of the space Q iff Q is an l-compact space. In this case the
system of sets (w) U (Q — X), where X is a relatively compact set in the space Q,
forms a complete system of neighbourhoods of the point w.

Proof. L. Let P = Q U (w) (w ¢ Q) be a one-point compactification of the space Q.

a) Let X = Q be a relatively compact set in the space Q. For any x € Q there
exist disjoint neighbourhoods U, and V, of the points x and w in the space P. The
system {U, | x € Q} is an interior cover of the space Q, so that there exists a finite

number x;e Q (1 i < n) such that U U,, 2 X. Since V = n . is a neighbour-

hood of the point w and VN X = 0, P X=(Mwuv ) is a neighbourhood
of the point w.

b) Let V be a neighbourhood of the point w and let 2 be an interior cover of the

7) B(Q, &) denotes Cech-Stone compactification of the space (Q, §).
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space Q. Put 2* = 2 U {V}. Then 2* is an interior cover of the space P. So there
exists a finite cover J* < #* of the space P. Then A = #* — {V} < 2 and
UY(Yex) 2 Q — V. Thus Q — Vis a relatively compact set in Q.

II. Let (Q, r) be a non-compact, l-compact space. Let us put P = Q U (w), where w
is a symbol which fails to be an element of the set Q. According to 1.9, the system of
sets {(w) U (@ — X) | X is a relatively compact set in Q} forms a basis of a filter
t'w e F(P). For g € Q, the system tq forms a basis of a filter t’q € F(P). Evidently,
(P, ') is a topological space and (Q, 1:) is a densely embedded subspace of the space
(P, v). If 2 is an interior cover of the space (P, 7'), then there exists Ve ? n t'w.
Actually there exists a relatively compact set X in Q such that X 2 P — V. A finite
system < £ exists such that JY(Ye#) 2 X. Let us put #™* = o U (V).
Then UY(Ye ™) = P, #'* =2 and card #* < X,. Thus (P, t’) isa compact space.

4.3. Let Q be a non-compact space. Then Q is an l-compact space iff the set I(Q)
has the largest element m. Then {m} € N(I(Q)) and the space P({m}) is a one-point
compactification of the space Q.

Proof. I If I(Q) has the largest element m, then the set {m}e 9N(I(Q)) and,
according to 3.2, the space P({m}) is a one-point compactification of the space Q.
From 4.2 it then follows that Q is an I-compact space.

Il Let Q be an l-compact space. According to 4.2, there exists its one-point com-
pactification P = Q U (w)(w¢ Q), P = (P, 7'). Let us denote Spy(t'w) = m. We
have m € I(Q) and, according to 2.3, {m} € N(I(Q)). According to 3.5, m = n for any
minimal element n of the set I(Q). From 2.1, consequently, it follows that m is the
largest element of the set I(Q). Evidently (P, ") = P({m}).

4.4. A Hausdorff lI-compact space is locally compact iff it is reqular.

Proof. Let Q be a Hausdorff l-compact space. If Q is a locally compact space,
then according to 1.10, Q is regular. ,

Let Q be a regular space and let g € Q. Then there exists a neighbourhood U of the
point g that is relatively compact in Q. Let us put ¥V = U. Then V a neighbourhood
of the point g. Let £ be an interior cover of the subspace V. Then to any x € V there
exists a closed neighbourhood W, such that we have Y, €2, W,n V < Y,. Let us
put W, = Q — V for xe Q — V. Then the system of sets {VV,c | xe Q} forms an
interior cover of the space Q. Thus, a finite number of points x;e V(1 £ i < n)

n n
exists such that {J W,, 2 U. Since sets W, (1 < i < n) are closed, we have J W,, 2
i=1

i= i=1

2 V; consequently |J Y,, = Vand Vis, therefore, compact, Q.E.D.
i=1

13

Example 4.1. Let Q = [0, 1] and let R denote the set of rational numbers. For
ge Qande > 0Olet us denote U(g, &) = Q@ n (g — & g + &) N (R v {q}). The system
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of sets {U(q, ¢) | &€ > 0} forms the basis of a filter 7q € F(Q). Obviously, (Q, 7) is
a Hausdorff space.

Let 2 be an interior cover of the space (Q, 7). Then ¢, > 0 and Y, € £ exist for any
g€ Q such that U(q,¢,) € Y,. Put ¥V, = Qn(q — &, q + ¢,) for any g€ Q. Then
the system of sets {V, | g € Q} forms an interior cover of the interval [0, 1] in the
natural topology. Thus a finite number g;€[0,1] (1 £ i < n) exists such that

n n n
UV, = Q. Then U U(q;¢,) 2 Rn Q and consequently | Y,, U Y, 2 U(x, ¢) for
i=1 i=1 i=1

an arbitrary point x € Q and an arbitrary number & > 0. Therefore, U(x, ¢) is a rela-
tively compact set in the space (Q, t) for any point x € Q and any ¢ > 0. So (Q, 7) is
an l-compact space.

Evidently, (Q, 7) is not regular; thus, according to 4.4, (Q, 7) fails to be locally
compact.

Definition 4.2. Let P be a topological space. If P is compact, then we put I(P) = 0.
Let n > 0 be an integer. If there exist, for 1 < v < n, mutually disjoint sets A, that
are not relatively compact in P, for M < A4,, then either M or A, — M is relatively

compact in P and |J 4, = P; then we put I(P) = n. In the other cases we put 1(P) =
— 00-8) v=1

4.5. Let P be a topological space, I(P) =% 00. Then P is an I-compact space.

Proof. If P is a compact space the assertion is evident. Let n > 0 be an integer
and for 1 < v < n let there exist sets A, with the properties introduced in definition
4.2. Let x € Ay and let U be a neighbourhood of the point x such that sets 4, " U
fail to be relatively compact in P for i < v < n, where 1 < i < n. In the other cases,
let these sets be relatively compact in P. Then there exists an interior cover £ of the
space P from which a finite cover of the set 4; n U cannot be chosen.

A neighbourhood X of the point x exists such that X € 2. If the set A; — X is
relatively compact in P, then there exists a finite cover J#° < £ of the set 4; — X.
Then, however, #" U {X} is a finite cover of the set A;, which is a contradiction.
Consequently, the set X n A; is relatively compact in P. Let us put V= U n X.
Then Vis a neighbourhood of the point x and, according to 1.9, sets V' n 4; are rela-
tively compact in P for 1 < j < i. From 1.9 it follows that for any point x € P its
relatively compact neighbourhood in P exists, Q.E.D.

4.6. Let Q be a topological space and let n be a non-negative integer. Then the
following statements are equivalent:

8) With respect to the statement 8.6 one could define 1(P) = card (§(P) — P); but in this paper
there are not studied spaces P with the property card (§(P) — P) = ¥, and for this reason I have
defined 1(P) = oo for these spaces.
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(A) card (5(Q) — Q) = n,
(B) card I(Q) = 2" — 1,

(©) 1(Q) = n.

Proof. I If n = 0, then the equivalence of the introduced assertions follows from
2.2, 3.5 and from the remark following 2.7.
Thus, let us suppose, in what follows, that n > 0.

IL. Let (A) hold. Then Q is non-compact according to the remark following 2.7.
If we denote N, the set of all minimal elements of the set I(Q), we have, by 3.5, Ng €
€ N(I(Q)) and P(N,) = H(Q); consequently Ny = {n,, ..., n,}, where n, are mutually
different ultrafilters of the set Q for 1 < v £ n. From 2.1 it follows that the assertion
(B) holds.

Let us put n = V n,. According to 2.1, 1 is the largest element in I(Q) and according

v=1
to 4.3, {n} e M(I(Q)) and P({n}) is a one-point compactification of the space Q.
In B(Q) there exist mutually disjoint neighbourhoods Uy, ..., U, of points 1, ...

n—1

o Letusput 4, =U,nQforl =v=n —1,4,=Q —UA, Then 4,en,

v=1
for v =1,2,..., n. The set 4, is not relatively compact in Q (1 £ v < n). Actually,
A, were relatively compact in Q then by 4.2 we would have Q — A, en;thus Q — A, €
€ n,, which is a contradiction. Let M < A,. If U e n, exists such that Un M = 0,

then U n | 4, € n; so there exists, according to 4.2, a relatively compact set X in Q
i=1
i*v n
such that Q — X € Un U A4;. Then we have X 2 M and, according to 1.9, M is
i=1
iFv
relatively compact in Q. If U n M =+ 0 for all sets U € n,, then the system of sets
{Un M| Uen,} forms a basis of a filter n’ € I(Q), 0’ < n,; thus n = n,. But then
Men, M n (4, — M) = 0and, according to what precedes, 4, — M is a relatively

compact set in Q. Consequently, (C) is valid.

III. Let (C) hold. Let A4, be, for v = 1, ..., n, the sets described in the definition
4.2. According to 1.9, the system of sets {Av - X lX is relatively compact in Q}
forms a basis of a filter n, € F(Q). Since 4, is not relatively compact in Q, then,
according to 1.9, we have n, > o. From 4.5 it follows that n, eI(Q).

If ny e F(Q), 1y < m,, then there exists Meny, — n,, M = A,. Then 4, — M
fails to be relatively compact in Q and consequently, M is relatively compact in Q;
thus 4, — M e n,, from whence n, = o follows. Therefore, n, is an ultrafilter on Q.

Since the sets 4, are mutually disjoint, ultrafilters n, ..., n, are mutually different.

If there exists an ultrafilter n’ e I( Q), n % n,for1 £v < n, then we have M e,
M¢n, for 1 £v < n. Then 4, — M e n,, consequently a relatively compact set X,
exists in Q such that 4, — X, € 4, — M from whence X, 2 M n 4, follows.
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According to 1.9, M = U (M n A,) is relatively compact in Q. From 4.5 and 4.3 it

follows that I(Q) has the largest element m; from 4.3 and 4.2 we then getthat Q — M €
€ m. Thus, Q — M e n’ which is a contradiction.
From 3.5 it follows that card (h(Q) — @) = n. Thus, (A) is valid.

IV. If (B) holds the set I(Q), according to 2.1, possesses n minimal elements and,
according to 3.5, we have card (§(Q) — Q) = n. Thus, (A) is valid.
In this way the assertion is proved.

4.7. The function 1(P) defined in definition 4.2 is a one-valued function.
The proof follows directly from 4.6.

4.8. Let Q,, Q, be disjoint topological spaces; Q, + Q, denotes a topological
sum of spaces Q, and Q, and expressions a + o0, 00 + a stand for oo for a =

=0,1,2,..., 0. Then (Q; + @,) =1(Q,) + 1(Q,).
Proof. L If 1(Q;) = 1(Q,) = O, then evidently 1(Q, + Q,) = 0.

II. Let I(Q,) = ny where n; > 0 is an integer and let A%, v = 1,2, ..., n, be sets
possessing the properties mentioned in definition 4.2 with respect to the space Q;.
If I(Qz) = n,, where n, > 0 is an integer, then let Af, v =1,..., n, be sets having
the properties introduced in deﬁnition 4.2 with respect to the space Q,. Let us put
n=n; +n, B =Al.., A,fl, B,+1 =A%,..,B, 4, =B, =A. If
1(Q,) = 0, let us put n = ny, B1 = A4}V Q,, B, = 43,...,B, = B, = A} Accord-
ing to 1.9 the sets By, ..., B, have the property introduced in definition 4.2 with
respect to the space Q; + Q,. Consequently 1(Q, + Q,) = n = 1(Q,) + 1(Q,).

IIL Let 1(Q;) = co. According to 1.6 we have I(Q, + Q,) + 0. If 1(Q, + Q,) =
= n, where n > 0 is an integer, then let 4,, ..., 4, denote sets mentioned in definition
4.2 with respect to the space Q, + Q,. Since Q; cannot be relatively compact in Q,
(then Q, would be a compact space), then according to 1.9, v, (1 < vy < n) exists
such that 4,, N Q; is not relatively compact in Q. Let us assume that sets 4, n Q,
are not relatively compact in Q; for 1 < v = vy, where 1 < v, < n and for v, <
< v £ n are relatively compact in Q. Let us put B; = (4, u U A4,)n Q,, B, =

vi<vzn
=A,n Q,for2 < v £ v,. From 1.9 it follows that sets By, ..., év, have the properties
mentioned in definition 4.2 with respect to the space Q,. Consequently l(Ql) =y,
which is a contradiction.
Since @, + @, = Q, + Q,, the assertion is proved.

Example 4.2. Let Q be a set, card Q = exp exp X,, and denote U the system of all
free ultrafilters on Q. Let us choose M = Q, card M = N, and let us denote B the
system of all free ultrafilters v on Q with the property: Vev = Vn M + 0. Since
for v,, v, € B, v, F 1, Spy vy, Spy v, are different free ultrafilters on M we have,
according to 1.2, card B = exp exp N,.
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For any ae A — B there exists Aea, An M = 0; thus Q — M € a. Let us put
b =Va (ae A — B). According to 1.3 b is a free filter and Q — M e€b. Conse-
quently, according to 1.3, b A v = o for any v € B, because M € v for v € B.

Let us choose v, € B and a one-to-one mapping f of a set B; = (B — {vy}) U (D)
into Q. Let us put g = {X U (q)|X ef~Y(q)} for g e f4(B,), 1 = {X |qe X < 0}
for ge Q — f(B,). For ge Q we have evidently tq € F(Q) and for ¢4, g, € 0,
41 * 45, according to 1.3, tq; A tq, = o; thus, (Q, 7) is a topological space.

Evidently, 1(Q, ©) n % = (v,) and if a, is a free filter on Q, vy + a; =+ o, then
according to 1.1, there exists a, € & — (v,), a; = a,. From this a, ¢1(Q, 1) easily

follows. Consequently, card I(Q, t) = 1 and, according to 4.6, we have 1(Q, 7) = 1.

4.9. Let Q be a topological space. The ordered sets #'(Q) and #(Q) are modular
(distribu{ive) lattices exactly when 1(Q) < 3(1(Q) < 2).%)

Proof. If Q is a compact space, then I(Q) = 0 and, according to the remark fol-
lowing 2.7, we have %#'(Q) = #(Q) = {Q}, which is a distributive lattice. If Q is
a non-compact space, then 1(Q) = 0 by 2.2 and r(I1(Q)) = card N, = card (h(Q) —
— (Q)) by 3.5, where the mapping r is defined in definition 2.4, [9] and N, is the set
of minimal elements in I(Q). Now, the assertion follows easily from 4.7, [9] and 4.6.
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