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Ito stochastic equation (1) where a(t, x, ) and B(t, x, ¢) are periodic in ¢ is
investigated in connection with the ordinary differential equation (2). These two
equations are close in the sense of 5), 6). The conditions 5), 6) are modifications of
vii), viii) from [1]. It is more difficult to verify conditions 5), 6) than vii), viii) from
[1], but, on the other hand, they guarantee the uniform convergence of solutions
of Ito equation (1) to solutions of (2) (in the sense of Lemma 1) even if a(t, x, ) and
B(t, x, ¢) are not bounded. The presented Theorems are applied to the parabolic
equation (3') and the existence of stable periodic solutions is obtained.

Notation and basic conditions. Let E, denote the n-dimensional Euclidean space,
x an n-dimensional vector, ¢ a small parameter and ¢t the real variable. Let an
n-dimensional vector a(t, x, €) be defined in <0, ) x E, x <0,4) and a matrix
B(t, x, ¢) of type n x n be defined in €0, ) x E, x (0, 8), where 6 is a positive
number. We define the norm of a vector a and the norm of a matrix B in the ordinary
manner, ie. we set |a| = /Yai, |B| = /Y.Bi. Let Q be an abstract space, F

7 ij

a o-field of subsets of Q and P be a probabilistic measure defined on #. The norm
of a random vector or of a random matrix z is defined by |z]| = \/E|z|*, where E is
the expectation.

In the sequel we shall assume that the following conditions are satisfied

1) a(t, x, €), B(t, x, ¢) are continuous in ¢, x for every z and |a(t, x, &) — a(t, y, )| =
< K|x — y|, |B(t, x, &) — B(t, y, &)] < K|x — y|.

2) Let wc(_t) be n-dimensional stochastic processes with independent increments
which are defined for ¢ = 0, ¢ > 0 and such that E(w(t,) — wJ(t,)) = 0, E|w,(t,) —
— w{t))|* = F(t;) — F,(t,), where F,(1) is a continuous function.

3) A continuous nondecreasing function F(¢) exists such that
F(t;) — F(t,) £ F(t;) — F(1,) .
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Denote % (1) the least o-field of subsets of Q which is generated by increments
wi(tz) — w(t;) for 0 < t; <1, £ t. We have #(1) = 7.

4) Let an initial value x, be a vector random value which is independent of all
Z (1), t 2 0 and E|xo|> < co. We say that x, is nonstochastic, if it is equal to a
constant vector almost everywhere. We assume that (Q, F, P) enables to construc
an initial value xo(w) for every given distribution function.

The assumptions 1), 2) and 4) are sufficient for the existence and the uniqueness of
a solution of Ito stochastic equation [1];

T

) xf) = xo + j ;a(‘t, (1), &) de + J Bz, x(z), &) dw,(z) .

0

For the sake of brevity the index ¢ at the solution of (1) will be omitted whenever
¢ > 0. We shall compare equation (1) with

() (1) = xo + Jwa(r, ¥(t), 0) dr .

The dependence of a(t, x, €) and B(t, x, €) on ¢ is subjected to
t
5) J (a(, ¥(z), &) — a(z, ¥(r), 0))dr - 0
(1]

as ¢ — 0 uniformly with respect to nonstochastic xq, t € {0, L) for every L > 0,
where y(r) is the solution of (2) with the initial condition y(0) = x,.

6) f |B(z, ¥(x), €)|* dF () - 0

as ¢ — 0 uniformly with respect to nonstochastic x,, t € <0, L) for every L > 0. y(t)
has the same meaning as in 5).

7) Let the elements of vector a(t, x, ¢) and matrix B(t, x, ¢), i.e. a; and B;j, have

lipschitzian partial derivatives with respect to x;.

Jj?

Definition 1. The solution Z(r) of
(3) - Z(t) =z4 + J' a(t, z(7)) dr + f B(t, z(1)) dw(r)

is called stable, if to every ¢ > 0 and , = 0 a (1o, &) > O exists such that |Z(t,) —
— z(to)|| < 8(to, €) implies ||Z(r) — z(1)| < & for t = to.
The solution Z(t) is called uniformly stable if & is independent of t,. The solutions
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of (3) are called uniformly exponentially stable if constants 8, 5,0 < f < 1,5 > 0
exist such that [zV(r) — zP(1)| = B||z"(te) — zP(to)|| for t =1, + S, where
z((1), z?(t) are arbitrary solutions of (3).

We may apply this definition to the ordinary differential equation (2) too. Then
the condition for exponential stability reads [y(t) — y@(1)] £ B|y"(to) — y@(to)|
fort =ty + S.

Definition 2. A process z(¢) is called periodic with a period T, if it is defined for
all ¢ and if for every integer s, for all numbers ¢, t,, ..., t, and for all Borel sets
Ay, Ay, ..y Ag we have P(z(t)) € Ay, z(t;) € Ay, ..., z(t) € A) = P(z(t; + T) € Ay,
Z(t, + T)e Ay, ..., 2(t, + T) € A).

Definition 3. A process w(f) is said to have periodic increments with period T, if for
every t, h > 0 and for every Borel set A the condition

P(w(t + h) — w(t)e A) = P(w(t + h + T) — w(t + T)e A)
is fulfilled.

Theorem 1. Let assumptions 1) to 7) be fulfilled, let a(t, x, &) and B(t, x, ¢) be
periodic in t with the period T and let the processes wy(t) have periodic increments
with period T. If the solutions of (2) are uniformly exponentially stable, then a posi-
tive number g, exists such that the solutions of (1) are uniformly stable and uni-
formly exponentially stable for 0 < ¢ < g,.

The proof of Theorem 1 is based on several lemmas. The first lemma gives us an
estimate of the difference of solutions of (1) and (2), which have the same initial
value.

Lemma 1. Let assumptions 1) to 6) be fulfilled; then to every n > 0 and L > 0 an
& > 0 exists such that sup E(|x(t) — y(1)|* | #©) < n almost everywhere for
L

B

0 < ¢ < ¢, and for all initial values x, fulfilling 4), where x(t) is the solution of
(1) with initial value x,, y(t) is the solution of (2) with the same initial value x,,
E(|) is the conditional expectation and F© is an o-field independent of F (1)
containing F(x,) with F(x,) being the least o-field generated by x,.

Proof. Suppose that x, is an nonstochastic initial value; then

(L1) %) — ()] = j(a@ (5).8) = ale, 3(9).0) dr*

f Bz, x(x), e)dw(r
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The second term of this inequality can be estimated by means of 1) and 5),

(1,2) !}Ut(a(r, x(1), &) — a(t, y(1), 0)) dtii < il t(a(r, x(1), &) — a(t, y(z), ¢)) d|| +

HEAY

jt a(z, y(z), &) — a(t, (1), 0) dT!Ji < Kf [x(z) — w(r)] dz +

0

4
T
+ } ‘(a(r ¥(z), €) — a(z, ¥(1), 0) drl < KJ [x(z) = ¥(x)]| d + @,(e)

where (pl(e) —0ase—0.
We shall estimate the last term in (1,1) by means of (4,7) from [1] and by 6)

(1,3) EU:B(L x(1), €) dwE(T)EI

E J( j ;Elé(n x(2) o) dFa(f)) <
<K \/(n J ;E|x(t) ) dF(r)) + \/(n DB(T, 12, )2 dFE(t)> <

< K4 [0 = O 47 + 009

where ¢,(¢) - 0 as ¢ > 0. .
According to (1,1), (1,2) and (1,3) we obtain

() - ()] = o(e) + K j [0 = (0 e + K, /( j ) = ) dF(r>).

By Lemma 2 from [1], lim sup |x(t) — »(r)] = 0 as ¢ - 0 provided x, is non-
o,L

stochastic. Since x(t) — y(t) is a Markov process and since x, is independent of all
increments of w,(t), the statement of Lemma 1 is proved.

In the following lemma we shall estimate the differences of four solutions which,
simlarly as in article [2], are used for the proof of stability of equations (1).

Lemma 2. Let assumptions 1) to 7) be fulfilled; then to every n > 0 and L > 0 an
g9 > 0 exists such that
up RO — X)) + )] £ i — 5]
x0(1),x0(2),1te{0,L)>
: for 0=¢e=Zg¢g,

where x(t), x\¥)(t) is the solution of (1) with initial value x{* and x§?, respectively
and y (1), y@(t) solution of (2) with initial value x§" and x(z) respectively (x{" and

x(? fulfil 4) in the sense that the least o-field containing both F(x{") and .%'(xf)z’)
is independent of 7 (1)).
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Proof. From equations (1), (2) we obtain
2.1 [x(t) = x@(1) = y1) + y2(1)] =
< [“f (a(z, xM(z), &) — a(r, xP(1), &) — a(z, y*(x), 0) + a(t, y*(1), 0)) d‘c" +
+ 'f'r (B(z, x(1), &) — B(t, x*(1), &) dw,(z) |

First, we shall deal with the first expression on the right hand side of (2,1),

Mt

(2,2) ‘l (a(z, xP(1), &) — a(z, xP(z), &) — a(z, y (1), 0) + a(z, yP(2). 0)) dt

< ? ”t(a('c, x(1), &) — alr, x*(1), &) — a(r, yP(7), &) + a(z, y (1), €)) de|| +
[ (@l 70 9) = ale 320 0) — ale 390 0) + al ¥, 0) | <
i:r (a(t, y(1), &) — alz, y*(z), &) — a(z, x(1), €) +
Jo
+ a(t, xXV(0)+ v P (1) — y P (1), €)) dr‘\% +
v j (a(e, xV(1) + 1) — 10(D), ) — alr, x2(), 1)) dt) +
+ ;ft(a(r, y(z), €) — a(z, (1), ) — a(z, y*(2), 0) + a(z, y*(z), 0) dT; .
Similarly as in [2] we can prove by 7) that
(2,3) la(t, x,€) — a(t, y,e) — a(t,u, &) + a(t,u + v — x,¢)| <
§K|y—xl]x—u],
and
) [ (o060, ) = e y2(01) = s 5006 0) + o 06, 0) ] =

< @s(e) [y2(0) — y(0)] for 1e<0,Ly, ¢s(e) >0 as &—0.

From these inequalities we obtain that (2,2) does not exceed

Kj VELOE) — y OO E(x06) — y @) | # O] de +
+ KJ‘\/E|x(“(T) — xP(t) — yO(1) + yP(1)]? dt + @5(e) VE|XED — xP|?,
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where #° is the o-field generated by x{", x{?’ such that the assumptions of Lemma 1
are fulfilled. Using Lemma 1 we obtain an estimate

t .
29) o) [ =] + K [ - <6 -6 + )]
0
Analogously we shall estimate the last term of (2,1). Recalling (4,7) from [1] we get

12

‘[‘(B (r, xV(x), &) — B(z, x2(z), ¢)) dwe(r)%i =n ﬁ) |B(z, x(x), &) —
— B(e, x®(2), 9)|* dF.(2) < 2n J Bz, xV(2), &) — B(z, x®(2), €) —
— Bz, y(1), ¢) + B(z, y*(1), ¢)|* dF(z) +

+ 2n J‘t ”B(‘L’, y(“(-c), 6) — B(‘r, y(z’(‘c), 8)”2 dFe(‘r) <

(2.6)

< 4n f | B(z, y*(7), &) — B(t, y¥(1), &) — B(z, x(x), &) +
+ B(z, x(1) + y (1) — yP(7), ¢)||> dF(z) +

+ 4n jt [B(z, xV(z) + y*(z) — y(x), &) — B(z, x*(2), e)|? dF(z) +
+2n j 1B(s, y (@), 8) — B(z, y(c), )2 dF.(x) .

We shall need the following inequality

(2.7) '[;IB(r, y (1), &) — B(r, yP(x), &)|* dF (1) < @3(e) [x§" — x&P|* .

Without loss of generality this inequality will be proved only for nonstochastic initial
values. Choose fixed indices i, j and set f(1, x, &) = B, (1, z(t), &) — B, (t, y*(t), ¢),
where y({) is the solution of (2) with the initial value x§* and z(f) the solution of (2)
with the initial value x + x{. According to 1) f(¢, x, €) is continuous in ¢, x and
lipschitzian in x. With respect to 7) the partial derivatives f/0x, exist, are lipschitzian
in x, f(t,0,¢) = 0, and by 6),

(2,8) Jﬂ |f(z, x, )| dF(r) > 0 as &—0

uniformly with respect to x{, x and te <0, L). Let Df(t, x, ¢) denote the vector
consisting of the partial derivatives of f(t, x, ¢) by x, at the point [t, x, €], and let
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(,) signify the inner product. First we prove that
t x 2

(2,9 j (Df(r, 0, ¢), ﬂ) dF(1)—>0 as &¢—0
0 X

uniformly with respect to all vectors x + 0, x{?? and to all ¢ € {0, LY. Actually, we
have

j;lf(r’ % )|* dF (2) =£ UO<Df(r, Ax, €), )di‘ dF(7) =
= J:KDf (, 0, ), x) + (¥(t, x), x)|? dF,(7)

where (1, x) = [ Df(t, xA, €) d2 — Df(1, 0, ¢). From this it follows that |y(t, x)| <
< Kzlxl/Z. From the previous relation we obtain

1) [l orane = I+ [ (or 0.0, —1) aF(3) +

+ 2 j 0 (Df(r, 0.9, I) (w 9 l) dF(5) + |x|2j (w(r 90 I) dF (7).

(2,12) and (2,11) is the estimate for the last and. the last but one term, respectively,

[[ (o0 2) (s ) o
s oo 1_1) I NECREO

2.12) J (![/(‘c, D ‘) dF(7) < KTZ

By (2,10) to (2,12),

J;lf (e x )| dF(7) 2 |x]? {L(Df(r, 0,0, I%I)z dF (z) -

- & [ (ere00 f;—i)’ ar ) ()~ FO) |}

If sequences of unit vectors x;, of vectors x(z) of numbers ¢; —» 0, t; € {0, L) and
a number g > 0 existed such that [¢' (Df(z, 0, a,), x;)? dF,(t) 2 g, then by choosing
6 = ¢*(F(L) — F(0)) * (2K,))™" we would obtain [{ |f(z, ©x, &)|* dF,(z) = ©0°¢/2

@.11)
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which contradicts (2,8). Relation (2,9) is proved. From (2,10) to (2,12) we obtain

(2.13) ﬂ[ f(z, x, ‘s)|2 dF(7) £
< 2x)? [ '[ ;(Df(r, 0, ¢), ﬁ)z dF(7) + I—? |x|? (F(1) — F(O))] :

By (2,8) there exists a function ¢4(e) > 0, @4(e) > 0 as ¢ » 0 and

[[176e 0 ar.) 5 0t

Put

t 2 2
0+(s) = max [3/%(8), 2 j <Df(t, 0,0), ﬁ) 4F(0) + 52 Y0ife) (F) - F(O))].
0

We have (1/|x]?) [§ |£(z, x, &)|* dF (1) < 3/ 0s(e) £ @4(e) for |x| = I pe(e), and by
(2,13) and by definition of ¢, we find (1/|x[?) [6 |f(z, x, &) dF,(t) £ @,(e) for
0 < |x| < 3/@e(e). Both these inequalities imply [§ [f(z, x, &) dF(z) < o(e) |x|*-
Since ¢,(¢) > 0 as & — 0, inequality (2,7) is proved in the case of nonstochastic
initial values. Since y(?(r) are solutions of the nonstochastic equation (2), inequality
(2,7) is true also for stochastic initial values. If we use inequality (2,3) in a similar
manner as in the case of estimating (2,2) and if we apply inequality (2,7) and the
assumption 1) we obtain that (2,6) does not exceed 4nK5 ¢4(¢) [§ [y (z) — y2(1)| .
dF(z) + 4K?n [ [x(7) — xP(z) — y (1) + y¥(7)|? dF(t) + 2n° @4(e) [x§ —
— x| From (2,1), (2,5) and the last inequality it follows that

R0 = 2010 = 500 + 570 5 00 i = 5+ [ ) -
— xP(7) — yI(r) + yP(r)| de +

t
# K ([ 100 = 200 = 500 + 201 aro).
0
By Lemma 2 from [1] we conclude that

150 = 220 = 500 + ¥ 5 0] 56 = x5

where @o(e) > 0 as ¢ — 0.

Now we are going to prove the stability of (1) under more general assumptions
than those formulated in Theorem 1.

Lemma 3. Let assumptions 1) to 7) be fulfilled with 5) and 6) replaced by:

) fﬁ@@ﬂ¢®~a@ﬂdmwr+0

to
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as ¢ = 0 uniformly with respect to to, t € {to, to + L) and to nonstochastic initial
values x, for every L > 0.

to+t .
6) J |B(z, y(z), &) dF (1) > 0 as &—0
t

o

uniformly with respect to ty, t € {to, to + L) and to nonstochastic initial values x,
for every L> 0. Let y(t) have the same meaning as in assumptions 5), 6). Let
a continuous function G(t) exist such that F(ty + 1) — F(t,) £ G(t) — G(0). If the
solutions of (2) are uniformly exponentially stable, then a positive number ¢
exists such that the solutions of (1) are uniformly exponentially stable for 0 < ¢ <
< &.

Proof. Constants 0 < f < 1 and S > 0 exist such that [y®(r) — y(1)|
< By ™M(to) — ¥P(to)| holds for t = t, + S and all solutions of (2). By Lemma 2
we can choose & > 0 for the given (1 — B)/2 and S such that ||x(f) — x®(1) —
— YD) + y2()| £ (1 = B)271 [|xPto) — xPt)| for t € {to, 1o + 25y, 0 < e <
< ¢,. According to 5'), 6') and to the existence of the function G(r) we can choose ¢,
independently of t,. The initial values were chosen so that y™(to) = x)(1,),
¥3(t,) = x*)(t,). From these inequalities we obtain easily

=]

IIA

[x() — x2(0)] < ‘%ﬁ [xD(te) — x(tg)]| for te<to + . to + 2.

Since the solutions of Ito equations are unique and continuable, we have

GO 500 = x@0] £ 2L x0(0) = x| for 1210+ S,

It remains to prove that every solution x(f) of (1) is stable. Choose a fixed solution
of (1) and denote it by X(t). Let ji(¢) be the solution of (2) with the initial vaiue j(t,) =
= X(to). The exponential stability of j(t) and the continuous dependence on initial
values imply that to every 7 > O and 1, = 0a & > 0 exists such that |[y(1) — j(t)| <
< n/3 for t = t, whenever |y(t;) — 3(to)| < 8. By Lemma 1, to 7/3 an &, > 0
exists such that ||x(r) — y(t)|| < n/3 for te<to, 1o + S), 0 < & < &,, where x(f) is
the solution of (1) with the initial value x(t,) = y(t,). From this we obtain

[x(t) = %O = [x() =y + %) = 5O + [5() = ¥O = n

for 0 <& < g and 1€y, 1, + S), where g = min (g, &,). Recalling (3,1) we
conclude that x(r) is stable. If a(t, x, 0) is periodic then 6 need not depend on t, and
it means that X(¢) is uniformly stable.

In the next part of the article the construction of a periodic solution will be
carried out. There are many methods which are suitable for the proof of the existence
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of a periodic solution and some of them can be used under less restrictive assumptions;
however, we utilise the uniform exponential stability of solutions in our construction
and therefore, the convergence of the method is rather rapid and the estimate (4,3)
holds.

Theorem 2. Let the assumptions of Theorem 1 be fulfilled; then equations (1)
have periodic solutions )?E(t) with period T for 0 < ¢ < &,, equation (2) has periodic
solution §(t) and lim sup E|%(f) — 7(t)|* = O where &, has the meaning given in
Theorem 1. &0t

Remark. Since the solutions of (1) are uniformly exponentially stable, the periodic
solutions are determined uniquely in the sense that their distribution functions are
determined uniquely.

The proof of Theorem 1 is based on Lemma 4. In order to simplify the wording
of this lemma and its proof we introduce a new notation. Let X(z, £, w) be a solution
of (1) with nonstochastic initial value X(t,, &, @) = & We can write x(t, xo) =
= X(t, xo(w), ) for general initial values fulfilling 4). Since every solution of (1)
is a Markov process, we have

F(t,/ll,...,/l,,)='[ j O(t, Aty oo Ao s Egs vos £2) AF(t0s Eps oy £1)

— 0 = 00

for the distribution functions of x(t, xo), where ®(t, Ay, ..., 4,5 to, &y, ..., &,) is the
distribution function of X(t, £, w). This dependence can be written in the form
F(t, 2) = 0,,{F(to, A)}. We say that F,(4,, ..., 4,) converge to F(4,, ..., 4,), if this
convergence has its ordinary meaning in all points of continuity of F(4,,..., 4,).
Obviously the expression

EG(X(, &, ) =r r YChts ooos 22 AB(E, Ay .oy Bty Epy o &)

is a continuous and bounded function of £, where y is any continuous and bounded
function. By Alexandrov’s theorem we obtain from this that the operator 0@, ,, is
continuous.

Lemma 4. Let the assumptions of Theorem 1 be satisfied, then to every distribu-
tion function F(0, Ay, ..., 4,), [|A|>dF(0, 4, ..., 4,) < oo a distribution function
F*(Ay, ..oy A) = lim 0,7 o{F(0, Ay, ..., 4,)} exists and [|A|* dF*(2y, ..., 4,) < o0.

Proof. Let xo(w) be a random value fulfilling 4) with distribution function F(0, 1)
and x,(w) be a random value fulfilling 4) with distribution function F(sT + qT, 1) =
= Oyrrqr,0{F(0, 2)}, where A =[A;,...,4,], s is the least integer with sT> S
(S is from Definition 1) and g is an arbitrary number from 0, 1, ..., s — 1. According

310



to Lemma 3,

(4,1) E|x(sTI, x,(w)) — x(sT1, xo(w))|* £
< BLEX(sT(l — 1), x,(w)) — x(sT(I = 1), xo(@))]* <
< BiE[xi(0) = xo(@))*, 0 <y <1.

This inequality yields for distribution functions,

F(ST(I + 1) + qT, /1) =< F(STI, A+ @’ye) + @ly,
F(sTI, 2) £ F(sT(I + 1) + qT, 2 + O'ye) + Oy

where © = 3/B,, 7 = max Y E|x,(w) — xo(w)|?,
q
F(t, ) = 0,0{F(0,2)}, e=[1,1...1].
Both previous inequalities imply that
(4,2) F(sTI, 2 — @'yje) — O, < F(sT(I + k) + qT, %) <

< F(STI, 2 + O'pye) + Oy, 7, = T—Lé :

lim sup F(sTk + qT, 1) — liminf F(sTk + qT, 2) <

k— o0 k=

< F(sTI, 2 + O'y,e) — F(sTI, A — O'y,e) + 20"y,

for arbitrary I. For proving that the distribution functions converge, put h(l, u, v) =
= F(sTl, ue + v + O'y,e) — F(sTl, ue + v — @'y,e), where u is a real variable
and v is a vector orthogonal to e. First we shall prove that there exists only
a countable set of values of u such that lim inf h(l, u, v) = 2p(u) > 0 for a fixed v.

1=

Consider a finite number of values of u for which lim inf h(l, u;, v) = 2p(u;) > 0 for

1=

a fixed v. There exists an I, with h(l, u;, v) = p(u;), 20'y, £ min |u; — u;| for
iy

i%j
I = 1,. Using the properties of distribution functions we obtain Y p(u;) < 1. Since
the values of p(u) are nonnegative, there can exist only countably many positive
values of p(u). This means that the distribution functions F(sT(I + k) + qT, 2}
converge to a distribution function F*(1) almost everywhere. By (4,2) we obtain
that F*(1) is independent of g, F(IT, 1) converge to F*(2) and

(43)  F(sTL, A — O'e) — O, < F*(A) < F(sTI, 2 + O'y,e) + Oy, .

Obviously, F*(4) fulfils the first condition of Lemma 4. From (4,1) we have
J|A|> dF(IT, ) < C where C is a constant independent of I and, by Helly theorem,
[|A]? dF*(2) < oo.

311



Next, turn to the proof of Theorem 2. Let xo(w) be a random value fulfilling 4).
F*() denote the distribution function which has been constructed in Lemma 4.
Let ¥(w) be a random value fulfilling 4) with the distribution function F*(2),
Let %,(f) be a solution of (1) with the initial value X§’(w). Since the operator @, ,, is
continuous, we have

Or o{ F¥(A)} = O1o{ lim F(mT, A)} = lim 07 o{F(mT, 1)} =

= lim 0(,,,+1)T,0{F(0, A} = F¥2),

where F(0, 4)is a distribution function of x,(w). We have proved that the distribution
function of X,(¢) is periodic in t with the period T. Since a, B are periodic in t and
w,(t) have periodic increments, (Definition 3) the solution X,(t) is also periodic
according to Definition 2. By Theorem 1 the solutions are uniformly exponentially
stable, and consequently, F *(,1) is determined uniquely.

By applying Lemma 4 to (2) we conclude that equation (2) has also a periodic
solution J(t). Let y*(f) be a solution of (2) with the initial condition y*(t,) = X(to)
for 0 < to £ Ts. By Lemma 1, |X,(t) — y*(r)| < o(e) for tety, t, + Ts) and
¢(e) > 0 as ¢ — 0. Since the solutions of (2) are uniformly exponentially stable we
obtain

ly*(to + Ts) = 5(to + T5)|| = BRt0) — F(to)]
and
[%(to + T5) = 5(to + Ts)|| < 0(e) + B|%(t0) — 3(to)] -
Since %,(t), y(t) are periodic, |%(to) — F(to)| < @(e) + B|X(to) — F(to)[, i-e.
It = 5] =2

Since the theory of Ito stochastic equations and the theory of parabolic equations
are closely related, it is possible to formulate a certain statement about periodic
solutions of parabolic differential equations.

Corollary. Let a(t, x, &) and B(t, g, €) fulfil the assumptions from Theorem 1 and
let some assumptions be satisfied such that the parabolic equations

2
i j ty 2
(3) W _yy LB 3. 2) Bults 2, ] _ y dadty.ep]
a dy; 0y, n
have fundamental solutions (see for example [3], [4], [5]), then for a sufficiently
small ¢ the parabolic equations (3’) have periodic solutions, initial values of which
are afo(y) where o are real numbers and fo() is a function (which has continuous
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second derivatives and depends on ¢). These solutions are relatively asymptotically
stable in the sense that for every solution u(t, y; f1()) of (3') with initial value f(y)
and [|y|? |fi(y)| dy < o, [f,(y) dy = a we have

K1 Kn
umj.uj@@yJ@m_u@ﬁﬁ@mdh“@h=o
t— o0 At An
uniformly with respect t0 Ly, ..., Ay i1y +- vy o

The equation (3') has a fundamental solution p(s, x; ¢, y) and with respect of
Remark 5,25 from [6] [ p(s, x; t, y) dy is a transition function of a Markov process
having the differential operator

o%u
0

1Y Bult, x, &) Bit, x, €) + Yagt, x, ) gli s
i i ox;

X; OX;

and which is the solution of stochastic equation

4) x(1) = xo + J‘ a(t, x(z), &) dr + JtB(r, x(), &) dw(1),

0 0

where w(f) is the Wiener process [6].

Let x(t, xo(w)) be the solution of (4) with the initial value xo(w), where Fo(2) is the
distribution function of x,(w). We can express the distribution function of x(f, xo(w))
by

HWJ@M§@=K fp&mgﬁﬁ@ﬂy

By Theorem 2 there exists a periodic solution )?(t) with the distribution function
F*(t, ). We have

A 0
j J p(0, x; T, y) dF*(0, x) dy = F*(0, ).

Obviously, F*(0, ) has a continuous density which we denote by f*(1) and for
which [% p(0, x; T, y) f*(x) dx = f*(y). This means that |2, p(0, x; 1, y) f*(x) dx
is a periodic solution of (3').

Let f,(y) be nonnegative and [|y|* fi(y)dy < oo, [fi(y)dy = 1. Let x,(w) be
a random value with, density f;(y) and let x,(w) be a random value with density f*(y).
If we use the random values just constructed in (4,1), we obtain in a similar manner
as by (4,2), '

F¥(A — O'ye) — O = F(IT, ) £ F¥(A + O'ye) + Oy,

where e = [1,1,..., 1], from this we can easily prove the statement of the Corollary
for « = 1. Other fi(), for which [|y|?|f,(y)| dy < oo are linear combinations of
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nonnegative initial functions and since equation (3') is linear, the statement holds for
such f1(y), too. The periodic solution u(t, y; f*(y)) depends on & and if j(t) is the
periodic solution of (2), then the last statement of Theorem 2 yields [|y — 0]
cu(t, y; f*(y)) dy > 0 as ¢ - 0.

References

[1] Vrkoc¢ I.: Extension of the averaging method to stochastic equations. Czech. Mat. J. 16 (91)
1966, p. 518—544.

[2] Kurzweil J.: Exponentially stable integral manifolds, averaging principle and continuous
dependence on a parameter. Czech. Mat. J. 16 (91) 1966, p. 380—423.

[3] Krzyzanski M.: Evaluations des solutions de ’équation linéaire du type parabolique & coeffi-
cients non bornés. Ann. Polon. Math. 17 1962, 253—259.

[4] Krzyzaniski M.: Une propriété des solutions de I’équation linéaire du type parabolique a coef-
ficients non bornés. Ann. Polon. Math. 72 1962, 209—211.

[5] Diideroman C. [1.: Tlapabonnyeckue cuctemsl. M3nat. Hayka Mocksa 1964.

[6] Hvinkun E. B.: Mapkosckue npoueccsl. I'oc. 3. ®u3s.-Mar. Jlut. Mocksa 1963.

Author’s address: Zitna 25, Praha 1, CSSR (Matematicky ustav CSAV).

314



		webmaster@dml.cz
	2020-07-02T20:56:36+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




