Czechoslovak Mathematical Journal

Alois Svec
Deformation of surfaces in homogeneous 3-spaces

Czechoslovak Mathematical Journal, Vol. 18 (1968), No. 1, 137-143

Persistent URL: http://dml.cz/dmlcz/100817

Terms of use:

© Institute of Mathematics AS CR, 1968

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/100817
http://dml.cz

Czechoslovak Mathematical Journal, 18 (93) 1968, Praha

DEFORMATION OF SURFACES IN HOMOGENEOUS 3-SPACES

Avors Svec, Praha

(Received September 23, 1966)

The local existence questions of manifolds with prescribed properties are treated
in many papers. In what follows, I devote myself to the study of deformations of the
first order of surfaces in general homogeneous 3-spaces; I restrict my attention to
cases in which the fundamental system of equations is immediately involutive.

Be given a homogeneous space G/H and a manifold M, dim M < dim G/H.
Consider an embedding # : M — G[H and its lift IT : M — G. To IT, let us associate
the 1-form w : T(M) — g defined by

(1) (X)) = (ALggmy-1) (dIT),, X 5 X € T,(M);

L, : G — G being the left translation L,g = ag; the form w satisfies the integrability
condition

@) dofX, Y) = —3[o(X), o(Y)]
Let us write

() K(m) = b ® oT,(M)) for meM:
clearly, dim K(m) = dim b + dim M. Further, write

9) t' = veh|[nK] =K},

) £ = (veh|[nK] < b);

the spaces ' and 12 are Lie algebras. The lift IT : M — G is said to be a tangent lift
if there is a fixed space K such that

(6) K(m) = K foreach meM .

In [1], I proved the following assertion: Let my, € M be a fixed point and
(7 ' dim h/t'(m,) = dim K/h . dim g/K ,
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then there is a neighborhood O = M of my and a lift 1" : M — G of n : M — G[H
such that K'(m) <= K(my) for each point m € O.

Denote by Gréim¥(h) the Grassmann manifold of all*spaces K such that § =
c K = g, dimK = dim b + dim M. To the given embedding n : M — G/H, let us
construct the mapping p: M — Gr*™(h) as follows: choose an arbitrary lift
IT: M — G and set

(8) p(m) = ad(II(m))h for meM ;

obviously, the mapping p does not depend on IT.

Be given mappings 7 : M — G/H, n’ : M’ - G|/H; dim M = dim M’. Further,
let T: M — M’ be a diffeomorphism. T'is called a deformation of order k if, for each
my € M, there is an element g, € G such that

©) Jmo(P) = imotad (o) (»" > T)}

Jjk(q) being the k-jet of g at m. I have proved in [1]: Suppose N(h) = b, N(b) being
the normalizator of §. Then T is the first order deformation if and only if there are
lifts IT, IT" e T: M — G of the embeddings n,n" c T: M — G/H such that the form

(10) T=0 —o

is h-valued; the forms w, ' are associated to IT and IT" s T resp. according to (1).

Let us read “K satisfies the conditions £; n is arbitrary and (n’, T) depends on x
functions of y variables” as follows: “Be given manifolds M and M’, dim M =
= dim M’. Let us write K, = {K e Gr'™(h) | K satisfies 2}, and suppose that
dim K, = dim Gr*™(). Choose a point m, € M and an embedding = : M — G/H
subject to the only condition K(mg)e K,. Then there is a neighborhood 0, m, €
€ 0 = M, a diffeomorphism T: O — M’ and an embedding 7’ : T(0) - G[H such
that T'is a first order deformation without being an equivalence. T and n’ depend —
in the usual sense — on x functions of y variables.” It is easy to see how to understand
to similar statements.

Theorem. Be given a homogeneous space G[H, dim G/H = 3. By a surface
n: M — G[H we mean an embedding of a two-dimensional manifold. Let N() = b,
N(b) being the normalizator of V). Using the just introduced interpretation, we have:

Ay dimt' = dim ¥ = dim b — 2, [b, K] = g; (n, 7', T) depends on 4 functions
of 1 variable.

A,. dimf' = dimt* = dim} — 2, dim [h, K] = dimg — 1; = is arbitrary and
(n', T) depends on 2 functions of 1 variable. ‘

A,. dimf' = dimf* = dimb — 2, dim [h, K] = dimg — 2; = and 7’ are arbi-
trary and T depends on 2 constants.
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B,. dimf! = dimb — 2, dimt? = dim) — 3 and there is a ke K such that
[b, k] = g; = is arbitrary and (n', T) depends on 3 functions of 1 variable.

B,. dimf' = dim[ — 2, dim > = dimb — 3,dim [h, K] = dimg — 1; 7 and @’
are arbitrary and T depends on 1 function of 1 variable.

C. dimt' = dimbh — 2, dim ¥ = diml) — 4, and there is a ke K such that
[f, k] ® Y = K; n and ' are arbitrary and T depends on 2 functions of 1 variable.

D. dimf' = dimbh — 2, dim 2 =diml — 5; n and =’ are arbitrary and T
depends on 1 function of 2 variables.

E. dimf' = dimb — 2, dim? = dim ) — 6; n, n’ and T are arbitrary.

Proof. Let us write dimg = r + 3, and let us choose a basis e, ...,e,.; of g
such that ey, ..., e, is a basis of ). Writing

r+3

(11) [en ep] = clge, for a,f=1,..,r+3,
y=1

we get

(12) Git=cft=c=0 for i,j=1,..,r.

Be given a surfacen : M — G/H, its liftt IT : M — G and the associated form

r+3

(13) o=y we,.
a=1

The integrability condition (2) yields

(14) do* = =1 Y &0f Ao’ for a=1,..,r+3.
By=1

Let mye M be a fixed point, and let us investigate z in its neighborhood. Write
K = o(T,,(M)); obviously, dim K = r + 2. In what follows, we shall be interested
only in “general” surfaces satisfying dim f'(m) = r — 2, K(m) = (T,(M)). Each
surface of this type has a tangent lift such that K(m) = K; let IT be tangent. Let us
choose the basis of g in such a way that eq, ..., ., is the basis of K. The surface n
is given by

(15) =0,

the exterior differentiation yields

(16) llll A ot + '102 Awt? + C::?’r+2(1)'+1 At =0
where
(17) V=Y it a=1,2.
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From the Cartan’s lemma, we get

(18) — Awr+1 + (B + ch:ii,wrz) wr+2

l/’2 =(B - 1l r+2) ot + Ca'tE
If

(19) v=73 veeh, Zke +2k’+“

we get
r r 2
(20) [0,k] = ¥ (X ik + Y cfpedk™) vle +
ik=1 j=1 a=1
3 2 r
P IPYDNAS A LAV
Thus the Lie algebra ' is given by the vectors (19,) satisfying
(21) Sl =0; a=1,2;
similarly, f? is given by the equations (21) and
(22) ZCZtibv =0; a,b=12.

According to the assumption, we have dim ' = r — 2, the equations (21) are linearly
independent, and we have

(23) Yy Ay, £0.
Of course,
(24) NI I |

Now, be given another surface n’': M’ — G/H and a first order deformation
T: M — M'. Using a suitable lift of the surface 7', the form (10) is h-valued, and

(25) T =0
(26) ‘L"+1 — Tr+2 =0.
From (14), and analogous equations for ', we get
r+3
(27) ——Zcm(—t”—w”)/\t’; a=1,..,r+3
The exterior differentiation of (25) and (26) yields
(28) oA+, A2 =0,
@) Zc:‘:ia ioa=1,2;
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and

(30) Pat A O 4 Py A OTE=05 a=1,2;
(3]) (pab_zc:tibr > ’b = 1a2
The assumption dim £' = r — 2 is equivalent to

(32) QA @0,

From the Cartan’s lemma, we get
(33) (31

(34)  @u = Ayt + Ao, @ = Apott + A0t a=1,2.

Il

Alwr+1 +A2wr+2, @, :Azwr-)-l +A3wr+2;

A. Letdim £ = r — 2. The equations (22) are linear combinations of the equations
(21), and there are numbers of° such that

r+a ac r+3 . _ . P .
(35) 1r+h_zab |r+c’ a,b—l,2, l—l,...,l.

The expression (20) reduces to

() [k = S0V et 3K wt,
where ,
37) Wria ZC?TL oa=1,2;
2
(38) fo=Yodee+ Senss ab=1.2.

Let us write

} all al? abt ad?|l
(39) R, = rang | of' of® o3' a3? |; ;
oo 1|
obviously,
(40) dim[h, K] =r + R, .
The equations (30) reduce to
2 2
(41) Yo A (Yo t)=0; c=1,2;
a=1 b=1
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and we get
(42) W' Ay + (08 — i) Ay, — aPAy =0; a=1,2;
from (33).

Let Ry = 3. The equations (28), (41) are linearly independent as well as the equations
(42). The system (16), (28), (41) being in involution, we have proved A;.

Let R, = 2. Then one of the equations (41) is the linear combination of the second
one and the equation (28). Suppose, e.g., that (28) and (41;) are linearly independent;
substituting from (33) into-(41,), we get (42,). For a given surface 7, the couple
(7', T) is given by the involutive system (28) + (41,), and A, has been proved.

Let Ry = 1. The equations (41) are the multiples of (28). = and =’ being given,
T'is given by the completely integrable equations (26), and we have proved Aj;.

B. Let dim > = r — 3. Three of the equations (22) are linear combinations of the

remaining one and of (21); we may suppose the existence of numbers a5, ..., y3 such
that

(43)

rtl r+2

r+3 r+3 r+1 . r+3 r+3 r+1
Cipra = 0qCl Yy + 0pCi, Yo + 3Ci > Ci iy = Byciriy + Baci iz + Bacirin s
r+2 r+3 r+3 r+1 .
Cirtz = V1Ci,r1 + ¥2Ci, 52 + 3¢, 4y for i=1,..,7.

The expression (20) reduces to

(44) [U, k] = Z () e; + k'+1Wr+1(B1er+2 + er+3) + KW, ofres s +
i=1

+ kr+1wr+3(er+l + ﬁser+2) + kr+2Wr+1(°‘1er+1 + Y1er+2) +
+ K 2w, 5(008 1 + V2642 F €ra) + KW, 5(057 g + V3804 2) -
Let us write
Ho 0 1 ay oy o

By B2 Bz vi v2 735
1000 10|

(45) R, = rang

obviously, dim [, K] = r + R,. The equations (30) reduce to
(46) a4 P A c0"+2 + 0P, A wr+2 + 03 A (wr+1 + 0(3(1)r+2) — 0’
(Pl A (ﬁ[wr+l +,))1wr+2)+ (Pz A (Bzwr+1 +,y2wr+2)+
+ @3 A (B30 + y3072) = 0.
The polar matrix of the system (28) + (46) is
H wr+1 wr+2 0
(47) H axw’” (Xz(l)r+2 wr+1 + OC3CU'+2 E
[ B+ 0t Bt et Bt 4 g0

\
\
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Let us choose a vector k € K (19,). (44) yields that the space [, k] is spanned by the
vectors ey, ..., e, and
(48) gy = a k" e,y + (ﬁlkwrl + 7‘1kr+2) epar + K ey,

gz OC2kr+ze.—+1 + (ﬁzkHl + Vzkr+2) €4y + kr+zer+3 5

gs = (K" + a3k ) e,y + (BT + 93K ) ey

If dim [h, k] = r + 3 for some vector k € K, the determinant of (47) is not equal to
zero. Of course, dim [h, K] = r + 3, and the equations (28) + (46) are linearly
independent. This proves B;.

Let R, = 2. The equations (28) and (46,) are linearly independent, and (46,) is the
linear combination of them. The surfaces = and =’ being given, the deformation T
is given by the system (26) and the quadratic equation (46,). B, has been proved.

C. Let dim > = r — 4; the Lie algebra > be given by the equations (21) and

(49) =Y =0; a=12.

Hence, there are numbers og°, B;° such that

(50) :tib = Z (“ac :tic Bs Qci) .

Writing

(51) Yo= 20T a=12;
i=1

the forms @y, ¢, %1, X are linearly independent, and the equations (30) reduce to
(52) - él( o A O+ i, A ") =05 c=1,2.

Consider the vectors (19) such that v e . We have

(53) [ =5 (e + z ek e

If [T, k] ® ) = K for some vector k, the polar matrix of the system (52) is regular.
D. and E. are evident.
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