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1. Introduction. A convex I-subgroup C of an I-group G will be called a lex-subgroup
if C is a proper lexicographic extension of a convex l-subgroup. These subgroups are
extremely useful in determining the structure of G. The main reasons for this are
that two lex-subgroups are either disjoint or comparable, and a maximal lex-subgroup
is the double polar of a special element. In Section 3 we derive these and other useful
properties of lex-subgroups and use them to determine structure theorems for I-groups.
In particular, we obtain the main structure theorems in [3] and [7] as corollaries of
Theorem 5.1.

The author wishes to thank RICHARD BYRD, ALFRED CLIFFORD and NORMAN
REILLY, each of whom made many useful suggestions when this material was pre-
sented in a seminar at Tulane University.

Notation. We shall use the standard notation for Il-groups (see for example [5]).
If {4,:2€eA} is a set of l-groups, then ) 4, ([]A4,) will denote the small (large)
cardinal sum of the A4;. In particular, if 4 = 1, ..., n is finite, then 4; ® ... ® A4,
will denote the cardinal sum (that is, the direct sum, where (ay, ..., a,) is defined to
be positive if each a; = 0). If X and Y are subsets of an Il-group G, then [X] will
denote the subgroup of G that is generated by X and X | Y will denote that X and Y
are not comparable with respect to inclusion, and X \Y will denote the elements in X
that are not in Y. If g € G, then G(g) will denote the principal convex I-subgroup that
is generated by g. Thus

G(g) = {x€ G :|x| < n|g| for some n > 0} .

2. Lex-extensions and polars. In this section we collect some well known facts
that will be used throughout this paper. The material on prime subgroups and lex-
extensions may be found in [3] and [4], and most of the material on polars is due
to Sik [8] and [9]. Throughout this section let G be an I-group.

') This research was supported by a grant from the National Science Foundation.
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A convex [-subgroup C of G issaid to be primeif the lattice of (right) cosets of C.
in G is totally ordered. In particular, if C < G, then G/C is an o-group. Moreover,
the following are equivalent

(1) Cis prime.

(2) If a, be G*\C, thena A be G*\C.

(3) The convex I-subgroups of G that contain C form a chain.

G is a lex-extension of a convex I-subgroup C if
(i) Cis prime, and
(ii) g € G*\C implies g > C.

If C = 0, then (ii) implies (i). An element a € G is a non-unitifa > OQanda A b =0
for some 0 < b e G. If N is the set of all non-units of G, then [N] is an I-ideal of G

Theorem 2.1. Let C be a convex l-subgroup of an l-group G. G is a lex-extension
of C if and only if C 2 [N], and all other convex l-subgroups of G are contained
in [N].1f 0 % C <= [N], then there exists a prime subgroup D of G such that C | D
and hence [N] is the smallest (non-zero) convex I-subgroup of G that is comparable
with every convex l-subgroup of G.

If G is a lex-extension of C, and C < E, where E is a convex l-subgroup of G,
then G is a lex-extension of E. Finally, the following are equivalent for C =% 0.

(1) G is a lex-extension of C.
(2) C is comparable with all other convex I-subgroups of G.

There are two other characterizations of [N] due to Lavis [6]. For g € G Lavis
defined g =~ O if there exist g, ..., g, € G such that

glglal--lg.]o.

Theorem 2.2. [N] = [{geG:g|0}] ={9eG:g ~0org =0} ?).

We shall call [N] the lex-kernel of G and denote it by L(G). A value of 0 + g G
is a convex [-subgroup of G that is maximal without containing g. Each value of g
is prime, and g > 0if and only if M + g > M for all values M of g. If M is the only
value of g, then g is said to be special and in this case M is also called special.

The polar of a subset X of G is the convex I-subgroup

X ={geG:lg| A |x| =0 forall xeX}

Sik [8] has shown that the set of all polars in G is a complete Boolean algebra.

2) Lavis used the convex hull of K = [{g €G:yg| 0}], but for /-groups K is convex. Also it
can be shown that [N] is the join of all the minimal prime subgroups in the lattice of convex
I-subgroups of G.
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Theorem 2.3. For a convex l-subgroup A % 0 of G the following are equivalent.

(a) A is an o-group. (e) A" is a maximal convex o-subgroup.
(b) If0 < aed, thena = A'. (f) A” is a minimal polar.

(c) A’is a prime subgroup. (g) A’isa maximal polar.

(d) A’ is a minimal prime subgroup. (h) Each 0 # a € A is special.

Proposition 2.4. If A and B are convex Il-subgroups of G and 0 = An B =
= (A @ B), then A” = B'.

Proof.SinceANB=0,4 < B andhence A" < B" = B.A' nB < (4A® B) =
= 0 and hence B’ < A".

3. Lex-subgroups. A convex Il-subgroup C of an I-group G is a lex-subgroup if C
is a proper lex-extension of a convex I-subgroup. If, in addition, there does not exist
a proper lex-extension of C in G, then C is a maximal lex-subgroup. A po-set S is
a root system if for each se S, {x eS:x = s} is totally ordered.

In the next four propositions we shall assume that 4 and B are lex-subgroups of G
and that A(B) is a proper lex-extension of U(V).

31. If A || B, then A n B = 0. In particular, the set of all lex-subgroups of G
form a root system with respect to inclusion.

Proof. Select 0 <aeA\(BuU) and 0<beB\(Au V). Since An B is
a convex Il-subgroup of 4, it is comparable with U (Theorem 2.1). If An B = U,
thena > U 2 An Band if An B 2 U, then by Theorem 2.1, A4 is a lex-extension
of A n B and once again a > A n B. Similarly b > A n B and hence since a A be
€ A n B, it follows that a A b is the largest element in 4 N B. Therefore 4 n B = 0.

3.2. (Clifford) (A @ A')* = {x e G : x does not exceed every element in A}. In
particular, G = A @ A’, provided that A is not bounded in G.
This is part of Lemma 6.2 in [3].

33. If ae A\U, then a’ = A’ and a" = A" is a lex-extension of A and of U, and
a maximal lex-subgroup of G. If U = 0, then A" is the largest convex o-subgroup
of G that contains A. If U £ 0, then U' = A" and U" = A" is the largest lex-
extension of U in G.

Proof. If U = 0 and O # a € A4, then A4 is an o-group and hence by Theorem 2.3,
a = ]a[’ = A" and A” is a maximal convex o-subgroup of G. If M is a convex
o-subgroup of G and M = A4, then M n A” 2 A #+ 0 and hence by 3.1 M < A4".
Therefore A” is the largest convex o-subgroup of G that contains A. )

Suppose that U + 0. Clearly A’ = U’. If 0 < x € U'\4’, then x A y > 0 for some
0<yeAdand hence x =2 x A y = u > 0 for some u € U, but this contradicts the

88



fact that x e U’. Therefore U' = A". If a € A\U, then a > U and hence G(a) > U.
Thus a’ = G(a)’ = U’ = A" andsince a€ 4, a’ 2 A’. Therefore a’ = A" = U’. Now

GoA"@A 240 4.

If 0 < ge A"\A, then g e G*\(A4 @ A’) and hence by 3.2 g > A. Thus U” is a lex-
extension of A4 and hence a lex-extension of U. If M is a proper lex-extension of U
in G, then by the above argument M = M” = U". Therefore U” is the largest lex-
extension of U in G.

3.4. If C is a convex I-subgroup of G and C > A", then C 2 A" @ D for some
non-zero convex l-subgroup D of G.

Proof. Let D be the polar of A" in C. If D = 0, then by 3.2 cach 0 < x € C\4"
must exceed A”. Thus C is a proper lex-extension of 4”, but this contradicts the fact
that 4” is a maximal lex-subgroup.

The following theorem is an immediate consequence of 3.3.

Theorem 3.5. Let M = 0 be a convex l-subgroup of G. The lex-extensions of M
in G form a chain in M". In particular, a non-zero polar admits no proper lex-
extensions, and the set of all lex-subgroups of G form a root system with respect to
inclusion. If M is a lex-subgroup of G or if M admits a proper lex-extension,
then M" is a maximal lex-subgroup and the largest lex-extension of M in G.

The following theorem is proven in [4].

Theorem 3.6. For g € G the following are equivalent.
(1) G(g) is a lex-subgroup.

(2) g is special in G.

(3) g is special in G(g).

3.7. For 0 < g € G the following are equivalent.

(a) ¢ ¢ L(G) the lex-kernel of G.

(b) g is special and a unit.

Proof. a) - b). If 0 < g € G\L(G), then G(g) is a proper lex extension of L(G)
and hence by Theorem 3.6 g is special and clearly g is a unit.

b) — a). By Theorem 3.6 G(g) is a proper lex-extension of U = L(G(g)) and g €
€ G(g)\U. Since g is a unit, " = O and hence g” = G. By 3.3 G = g" is a lex-extension
of U and hence by Theorem 2.1 U 2 L(G). Therefore g ¢ L(G).

Theorem 3.8. For a convex I-subgroup A of G the following are equivalent.

(a) A is a lex-subgroup.

(b) G(a) = A < a” for some special element a of G.
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Proof. a) — b). Let U = L(A4) and consider 0 < a € 4\U. By 3.3
UcGla)cAc A" =a"

and a” is a lex-extension of U. Thus G(a) is a proper lex-extension of U and hence
by Theorem 3.6 a is special.

b) — a). By Theorem 3.6 G(a) is a lex-subgroup and hence a proper lex-extension
of ¥V = L(G(a)). Clearly a e G(a)\V and hence by 3.3 a” is a lex-extension of V.
Therefore A is a proper lex-extension of V.

Note that if 4 is a maximal lex-subgroup, then 4 = a”.

Corollary 1. For a convex I-subgroup A of G the following are equivalent.
(a) A4 is a maximal lex-subgroup.

(b) A = a" for some special element a of G..

(c) A is a lex-subgroup and also a polar.

In particular if a is a special element of G, then a” is a maximal lex-subgroup
and lal > L{a").

Proof. We have shown that (a) implies (b). If (b) holds, then by the theorem 4
is a lex-subgroup and clearly A is a polar. Finally since a non-zero polar admits no
proper lex-extensions (Theorem 3.5) it follows that (c) implies (a).

Corollary IL. If a,, a,, ..., a, are disjoint special elements of G and no a7 is
bounded in G, then G = a] ® a3y ® ... ® a, ® D for some convex l-subgroup D
of G.

Proof. Since af is a lex-subgroup, we have by 3.2 that G = a| @ af. Consider a;,
i # 1. Since a; € a}, aj < a;. By Theorem 3.6 a; is special in G(a;) < a and hence
by Theorem 3.6 a; is special in a. Thus by induction a] = a, @ ... ® a, ® D, and
hence G =a| ® ... ® a, ® D.

Theorem 3.9. For an I-group G the following are equivalent.

(a) There exists a maximal disjoint subset {s,: 1€ A} of G, and in addition
each s, is special and no s} is bounded in G.

(b) There exists an l-isomorphism ¢ of G such that
YA, € Go < [[4,(2€ 4)

where A, is an l-group and A, + L(A,) for each . € A. In any such representation
{A,67" : L e A} is the set of all unbounded maximal lex-subgroups of G, where

A, =X )el]Ay i x, =0 forall uw+ 2}.
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Proof. a) - b). By Corollary I of Theorem 3.8 each s is a maximal lex-subgroup,
and hence by 3.2 G = s} ® s for each A € A. Thus each g € G has a unique representa-
tiong = g, + g%, where g, € 57 and g* € 5;. The mapping g — g, is an I-homomorph-
ism of G onto s} with kernel s}. Define

go=(...g;...)e]]si-

Then ¢ is an I-homomorphism with kernel (s} and since {s; : 1€ A} is a maximal
disjoint subset, (s} = 0. Therefore ¢ is an l-isomorphism of G into []s;. Consider
0<xesy. Ifo= A thens, A s, = 0and hence s, €s;. Thus x A s, = 0 and hence
x € s,. Therefore

(x0), = {x if «=24

0 otherwise
and it follows that ) s = Go < []s}.

b) — a). For each A€ A pick 0 < a, € A,\L(4,) and let a, be the element in [[4,
with A-th component a, and all other components 0, and let s, = @,6~'. Then
{@,: 2 e A} is a maximal disjoint subset of Go and hence {s, : 1 € 4} is a maximal
disjoint subset of G. Moreover, a; = A4, which is an unbounded lex-subgroup of Go.
It follows that s} is unbounded in G and that G(s,) is a lex-subgroup. Thus each s, is
special.

Suppose that {M, : « € A} is the set of all unbounded lex-subgroups of G. By 3.1
M, M, = 0if « #+ f and hence by Theorem 2.1 in [3]

M =[UM.] = ¥'M,.

By Theorem 3.9 there exists an l-isomorphism o of M” such that
YM, < M's = [[M,.

Now G 2 M" @ M’ and it would be useful to know under what conditions G =
= M" ® M’; but the author has not been able to answer this question.

Theorem 3.10. The subgroup S of an l-group G that is generated by the speczal
elements of G is an l-ideal.

Proof. Suppose that 0 < a € G is special and consider 0 < x € G(a). Then a <
< a + x € G(a) and hence G(a) = G(a + x). Thus by Theorem 3.6 a + x is special
and hence x = —a + a + x € S. Thus we have shown that G(a) = S and it follows
that

S = [U{G(a) : a is special in G}] = VG(a)

and hence S is a convex I-subgroup of G. If G(a) is a lex-subgroup, then so is G(—g +
+ a + g) for each g € G. Therefore S <« G and hence S is an l-ideal of G.
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If {C, : w € A} is a chain of lex-subgroups of G, then C = |JC, need not be a lex-
subgroup or a polar.

The following theorem gives an important relationship between lex-subgroups and
polars (see Theorem 5.2). An I-group G is said to be finite valued if each 0 + g€ G
has only a finite number of values or equivalently if each value of g is special (Theorem
3.8 in [4]).

Theorem 3.11. For an l-group G the following are equivalent.

(1) The lattice of all filets of G satisfies the DCC (descending chain condition).

(2) G is finite valued and the root system M(G) of all maximal lex-subgroups of G
satisfies the DCC.

Proof. A filet chain is a set of strictly positive elements of G

ag
VRN
a, bz
/N
as bs

such that a; A b; =0 and a; = a;,; v b;,;. MCALISTER ([ 7] Proposition 2.1) has
shown that (1) holds if and only if each filet chain is finite.

1) > 2). If a] > a3 > ... is a descending chain in M(G), then by 3.4 a] = af,; @
® B;,1, where 0 & B;, is a convex [-subgroup of G. Thus by selecting 0 < b;,, €
€ B,,, we get a filet chain which is necessarily finite. Thus there are only a finite
number of a} and hence M(G) satisfies the DCC.

Suppose (by way of contradiction) that 0 < g € G has an infinite number of values.
Then by Theorem 3.8 in [4] at least one, say G,, is not special. Let G* be the convex
I-subgroup of G that covers G, and let G; be another value of g. Pick 0 < ae
€(G*\G,) n Gy and 0 < be(G*\Gy) n G,. Then it follows by Theorem 3.8 in [4]
that a has an infinite number of values. Without loss of generality we may assume
that g exceeds a and b. Moreover

"a=a A b+ a. aeG\G, and hence has an infinite number of values.
b=anb+bbeG\Guanb=0.

Thus we can construct an infinite filet chain
g
/ N\
a b
VRN
but this contradicts (1).
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2) — 1). Suppose (by way of contradiction) that
as
VRN

az
VRN
is an infinite filet chain. Since each b; is the join of disjoint special elements, we may
assume that each b; is special. Also a; = ¢; + ... + ¢,, where the ¢; are disjoint and
special. Thus without loss of generality we may assume that ¢ = ¢, exceeds an
infinite number of the b;. Pick i > jsuchthatc > b,and b;. If ¢ A a; = ¢, thena; =

= ¢ > b;, a contradiction. If ¢ A a; = ¢ A a;, then ¢ A a; = bj, a contradiction.
Ifc A a; =Db;, thenc A b; = b; = ¢ A aj, a contradiction. Therefore

c

RN

cna; b;
VRN
caa; b;

and hence we have an infinite filet chain in which the largest element is special.

Now repeat the argument on ¢ A a,, where k is the least positive integer such that
¢ > b,. In this way we get an infinite filet chain of special elements, but this contradicts
the fact that M(G) satisfies the DCC.3)

4. Root systems. The proofs in this and the next section are conceptually simplified
by the following abstraction of the root system M(G) of all maximal lex-subgroups
of an I-group G.

Let S be a root system that satisfies the DCC and consider s € S. Each chain in S
for which s is an upper bound is a well ordered set and hence has an ordinal number
for its “length”. We define the length of s to be the least upper bound of the lengths
of the chains strictly below s. In particular, the minimal elements of S have length 0.
The a-th level of S consists of the elements of length o together with those elements b
of length 8 < asuch that b is maximalin S or b is covered by an element of length >a.

4.1. If a & b belong to the a-th level of S, then a ]] b.

Proof.If a > b, then b has length <« and is not maximal in S. Thus b is covered
by an element ¢ of length >o and hence @ = ¢ > b, but this means that a has length
>a, a contradiction.

4.2. Each o-permutation n of S permutes the elements in the o-th level.

Proof. a has length « if and only if ax has length «. a is maximal in S if and only
if an is maximal in S. b covers c if and only if bx covers cr.

3) Byrd [2] shows that for any /-group G the lattice of all filets is isomorphic to the lattice of
all principal polars.
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4.3. If « £ B <y, a has length « and a is in the y-th level, then a is in the B-th
level.

Proof. If a is not covered, then a is maximal in S and hence belongs to the f-th
level. Clearly a belongs to the a-th level. If « < B and b covers a, then since a is in the
y-th level it follows that b has length >y and hence a is in the -th level.

4.4. If b covers a and b has length B + 1, then a is in the B-th level.

Proof. If a has length < S, then since a is covered by an element of length > f,
a is in the B-th level.

4.5. If a has length o + 1, then a covers an element of length a.

Proof. There exists a chain below a of length >« and hence one of length o + 1.
Let b be the maximal element in this chain. Then a covers b and b has length «.

Suppose that {a; : 1€ A} is a maximal disjoint subset of G and that each a, is
special. For each Ae A let 4, = aj. If o & f, then A, Ay = 0 and hence

A=[U4;]=34,;.
Let
T={CeM(G):C 2 A4, for some LeA}.

Then T'is a root system and we shall first show that each C e Tis determined by the 4,
that it contains.

4.6. If A = A, then (Y 45)" = (3.A;), where € A and Ae A\4, and each Ce T
is of this form. In particular, if D e T and D = C, then there exists A, | C such
that D o A,.

Proof. A = YA, ® YA, and if 0 < x e A’, then x A a, = 0 for all A and hence
x = 0. Thus by Proposition 2,4, (3 45)" = (3 4,)". If Ce T, then C 2 A4, for some
yed, and if Ae A, then A;,nC =0 or 4, = C. For otherwise by 3.1 4, > A4,
which is impossible. Thus there exists a subset 4 of A such that C 2 Y 4, (5 € 4) and
C' 2 YA, (e A\4) and hence (Y} 4,)" =-C = (Y A4,).

Now let

S = {C: Cis the join of a chain in T and C has no proper lex extension in G}.
Note that T < S. Moreover C € S is a lex-subgroup if and only if C e T. For if {X}:
B € B} is a chain from T with no maximal element, and (JX, is a lex-subgroup, then
UX; = a” for some special element, but then a € X, for some f and hence a” = X,
a contradiction.

4.7. If C = UC, and D = YD, belong to S and C| D then Cn D = 0. In
particular S is a root system.
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Proof. If 0 = C, n D; for all y and 4, then

€D = Cn(UD) = UC A Dy) = U(UC,) & Dy) = U(C, n Dy) = 0.

If C, n D; + 0 for some y and J, then by 3.1 we may assume that C, 2 D;. Thus
since the elements of T that contain Dsform a chain it follows that C and D are com-
parable a contradiction.

4.8. If C, D € S and C covers D, then Ce T.

Proof. If C ¢ T, then C = (JC, where {C, : y € '} is a chain in T'and each C, = C.
If each C, =€ D then C = D and if C,n D = 0 for all y, then Cn D = 0. Thus
there exists a C, such that C > C, o D, a contradiction.

4.9. If T satisfies the DCC, then so does S.

Proof. Suppose that M; > M, > ..., where the M;e S. M, = JC, is the join
of a chain from T. If C, n M, = 0 for all y, then M; " M, = 0 and if C, = M,
for all y, then M; = M,. Therefore at least one C, properly contains M, and hence
we have

Mi2K, oM, 2K, >M;2=2...

where the K; belong to T, and hence there can only be a finite number of the M.
Remark. We can derive 4.7, 4.8 and 4.9 in terms of abstract root systems, but the
formulation becomes somewhat messy.
Now suppose that T and hence S satisfies the DCC and let {4} : A€ 4,} be the

a-th level of S. In particular A, = A.If 1, 4,, € 4,, then by 4.1 45, | A3, and hence
by 4.7 A3, n A3, = 0. Therefore

4.10. 4% = [UA3] = Y42

4.11. If A< G, then A*< G.

Proof. Since A = ) A, is the indecomposable representation of A4 it follows that
each inner automorphism = of G induces a permutation on {4, : 1€ A}. Thus =
induces a permutation on T and hence on S. By 4.2 & induces a permutation on the
o-th level of S and hence A" = A% Therefore A* <1 G.

5. Lex-sums of L-groups. An I-group G is a lex-sum of l-groups {4, : e A} if
for some ordinal o there exists a chain of convex l-subgroups

Ac Alc...c A< ...c G

one for each ordinal « < ¢, such that G = 4% and A* = Y A} (1 € 4,), where each A
admits no proper lex-extensions and the following are satisfied.
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(A) A, = A and A) = A, for each A € A.

(B) 45! = Aj for some Be Az or A3"! is a proper lex-extension of a small
cardinal sum of two or more of the components of 4% and at least one of these
components of A%is not contained in any A" with u < a.

(C) If « is a limit ordinal, then there exists a cofinal sequence B in {u: p < a}
and for each f € B a component Agﬂ of AP such that A% is a proper lex-extension of
Y Al (B € B) or the A} form a chain and A3 is a lex-extension of the join of this chain.

If, in addition, each A% is an [-ideal, then we say that the lex-sum is normal. If
o £ w, then (C) is vacuous, and in this case we call the result an w-lex-sum. An
w-lex-sum is restricted if the cardinal sum referred to in (B) is finite.

Remark. The concept of a restricted w-lex-sum was introduced in [3]. The above
generalization is essentially the same as MCALISTER’s definition of a t-lexico-sum in
[7]- It differs only in (C) as follows: if a is a limit ordinal and A} is a proper lex-
extension of ZAf/’p, then by McAlisters definition A4 appzars first as a component of
A**1. Also in [3] and [7] only normal lex-sums were considered.

The following is our main structure theorem, all other theorems in this section are

corollaries of this one.

Theorem 5.1. Suppose that {a, : A€ A} is a maximal disjoint subset of an l-group G
and that each a, is special. Then G is a lex-sum of the groups A, = a’; if and only if

(a) T= {CeM(G): C = A, for some L€ A} satisfies the DCC, and

(b) for each g € G* there exists an ae A =Y A, such that g + a is finite valued.
If this is the case, then G is a normal lex-sum of the A, if and only if A< G.
Moreotver, A<a G if G is representable (as a subdirect sum of o-groups) or A is the
basis subgroup of G or IA] = n is finite and G does not contain n + 1 disjoint
special elements.

Proof. The verification that (a) and (b) are necessary conditions for G to be a lex-
sum of the 4, is straightforward and will be left to the reader. Suppose that (a) and (b)
are satisfied, then we have all the material in Section 4 at our disposal.

In particular, we let {4} : A € 4,} be the a-th level of S. Then by 4.10 A* = [U4]] =
=Y Ajand A = A° = ) A,. Thus (A) is satisfied.

(1) 6 = y4a~

For clearly U4” =2 4 and if g e G*\4, then g + a is finite valued for some a € 4
and hence ]g + a[ =g+ ...+ g, where the g; are special and disjoint. Thus
g; €97 = UA* and hence Ig + a[ e JA®, but since {J4* is a convex I[-subgroup it
follows that g € YA4°.

(2) If Ce S, then C = (3 4,)" = (Y4,) = C", where 6 € 4 and 1€ A\4. By 4.6
we may assume that C € S\T. Also by 4.6 (ZAa)" = (}4,) for any subset 4 of A.
Now C = C,, where {Ca:ocea} is a chain in T. Let 4 = {e A : 4; < C, for
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some ¢ €a}. Then YA, = UC, = C and hence (Y 4;)" = C". If Ae A\4, then
A, n C, = 0and hence 4; = C,forallaandso y 4, = NC, = C'. Therefore

YA, C= (QA,) =(04;) =C".

Suppose (by way of contradiction) that 0 < g € C"\C. Then g + a is finite valued,
where a = a; + a,,a, €y A;and a, €y A4,. In particular, g A |a,| = |a,| A |as| =
= 0and 50 |g + a;| A |a,| = 0. Thus if M is a value of g + ay, then a, € M and
so M is a value of g + a. Therefore g + ay is finite valued and belongs to C"\C and
hence it follows that there exists 0 < s e C"\C, where s is special.

If se C, ® C, for some «, then since s is special it must belong to C,. If C; = C,,
then se C, < Cp and if C; = C, and s ¢ Cp, then s ¢ C; @ Cp and hence s > C; 2
2 C, which is impossible. Therefore se C, = C’ and so se C' n C" = 0, a con-
tradiction.

Therefore s ¢ C, ® C, for all o, and hence s > C, for all «. We shall show that in
this case s” is a proper lex-extension of C, but this contradicts the fact that C e S.
Thus to complete the proof of (2) it suffices to show that if 0 < x € s"\C, then x > C.
As above x + a is finite valued for ae) A; = C. Thus x + a = x; + ... + X,
where each x; is special and hence comparable to zero. If x + a < 0, then 0 < x <
< —aeC and so x € C, a contradiction. Similarly at least one of the positive x; is
not in C and so we may assume that 0 < x, € s"\C and hence x, > C. Thus x, — a >
> C and x, — a is special with the same value as x,. Therefore x = lxll + ...+
+ |Xu—1| + |xs — @] > Cand so (2) is established.

Now suppose that C = Aj is in the a-th level of S. We must show that (C) (B) are
satisfied according as « is a limit ordinal or not. If C has length < o, then by 4.3 C
belongs to the y-th level for all § < y < « and so (B) and (C) are satisfied. Thus we
may assume that C has length . By (2) C = (3.4,)". If 4 consists of a single element J,
then C = A; = A, and so C has length 0. Thus we may assume that 4 contains at
least two elements. For each § € 4 let D; be the join of the chain of elements in T'that
contain A, and are properly contained in C.

Case I. D; = C for some 6 € 4. Then C is the join of a chain {4% : fe B} of T
each of which is properly contained in C and hence belongs to a lower level. Suppose
(by way of contradiction) that for all e B, f < 6 < «. Since C has length o there
exists a chain {C; : i eI} of length >§ and such that each C; = C. If C; n Agﬁ =0
for all i and all 3, then

(UC)n C=(UC)n(U4),) =U(CinAL) =0

a contradiction. It follows that there exists C; of length' > such that C; n A’y"i #0
for some f. Thus C; and 4% are comparable. If C; = Af , then A7 has length >4.
If A’;B < C,, then since T'is a root system and C is the join of the chain of the A’y’l, it
follows that A’y’ﬂ 2 C; for some se B, which is again impossible. Therefore B is

cofinal with {u : u < o} and so (C) is satisfied.
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Case II. Dy # C for all 6. Then since 4 contains more than one element D =
= YD; = I(C). Suppose (by way of contradiction) that 0 < g € L(C)\D. Then
g + a is finite valued for some a = a; + a,, where a; € Y A; and a, €Y 4,. As
above it follows that g + a, is finite valued and belongs to L(C)\D. Thus there
exists a special element 0 < g € L(C)\D. If ¢" = C then g€ D and if ¢" = C then
q > L(C) both of which are impossible. Therefore C is a proper lex-extension of
D = L(C). '

If « = p + 1, then since C covers each D, the D; must by 4.4 have length  and
hence each D; belongs to the f-th level. Thus (B) is satisfied.

If o is a limit ordinal, then since each chain under C must contain one of the A4;
and C has length o it follows that o is the least upper bound of the lengths of the Dj.
Thus (C) is satisfied.

Therefore G is a lex-sum of the A4; and by 4.11 G is a normal lex-sum if and only
if A< G. All that remains to be shown is that 4 < G under any of the given hypo-
thesis. If G is representable, then Sik [9] has shown that each polar is normal. Thus
each A4, is normal and hence 4 <« G. The basis subgroup of an I-group is normal
(see the discussion of basic elements and the basis subgroup given below).

Suppose IA| = n is finite and that G does not contain n + 1 disjoint special
elements. If Q is a subset of Gand g € G, thenlet @ = —g + Q + g. If 45N 4; = 0
for j = 1,..., n, then a% a,,..., a, are disjoint, but this contradicts the fact that
ai, ..., a,is a maximal disjoint set. Thus 47 n 4; # 0 for some j and hence by 3.1

Al < 4; or A;7c A, or Al=A;.
Suppose {by way of contradiction) that A = A;. Then A] = A; or AN A; = 0 for
all k, and by 3.4 4; o A7 ® Q, where 0 + Q is a convex [-subgroup of G. Pick
0 < g€ Q. If no other A} is contained in A, then g, af, ..., aj are disjoint and so
g% ay, ..., a, are disjoint, a contradiction. Therefore

A; > 41D AL

But then a%, af, ay,...,a;_4,a;44, ..., a, are disjoint and special, a contradictior.
Thus it follows that A7 = 4; and hence A <« G. This completes the proof of Theorem
5.1.

Anclement s € G is basicif s > O and {x € G: 0 < x < s} is totally ordered. This
is equivalent to the fact that G(s) is an o-group [3], and hence to the fact that s” is
a maximal convex o-subgroup (Theorem 2.3). A subset S = {a,; : A€ 4} is a basis
for G if S is a maximal disjoint subset and each a, is basic. In this case 4 = Y aj is
the basis subgroup of G, and since {a} : A€ A} is the set of all maximal convex
¢-subgroups of G, A < G.

The equivalence of (a) and (c) in the next theorem has been proven by McAlister

[7]-
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Theorem 5.2. For an l-group G the following are equivalent.
(a) G is a nermal lex-sum of o-groups {A, : 1€ A}.

(b) G is finite valued and M(G) satisfies the DCC.

(c) The lattice of filets of G satisfies the DCC.

If this is the case, then A = ¥ A, is the basis subgroup of G.

Proof. By Theorem 3.11 (b) and (c) are equivalent. a) — b). Pick 0 < a; € 4.
Then clearly a} = A;, A = ) A, is finite valued and M(G) = {Ce M(G):C 2 4,
for some A€ A}. Thus by Theorem 5.1 (b) is satisfied.

b) - a). f 0 < geG, then g =g, v ... v g, where the g, are disjoint and
special. If g, is not basic, then g; = 911 V g12, 911 A 912 = 0 and ¢y, 9,1, are
special. If g4 is not basic, then find g1, 9,12 etc. Thus we get a descending chain
g7 = g1y = ... in M(G) which is necessarily finite. Therefore g exceeds a basic
clement and hence by Theorem 5.1 in [3] G has a basis {a, : A€ A}. Thus it follows
by Theorem 5.1 that G is a lex-sum of the o-groups 4, = a} and since the basis sub-
group A = Y 4, <1 G, G is a normal lex-sum of the 4;. Thus a lex-sum of o-groups
is necessarily normal.

The following is an unpublished theorem of NORMAN REILLY.

Corollary. For an I-group G the following are equivalent.
(i) G is finite valued and each element in M(G) has finite length.

(i) G is a normal w-lex-sum of o-groups.

There is a natural relationship between Theorems 5.1 and 5.2.

Theorem 5.3. Suppose that G is a normal lex-sum of maximal lex-subgroups
{4, = aj:Ae A}. Then N = Y L(A;) is an l-ideal of G and G|N is a normal lex-sum
of the o-groups (N + A;)/N.

Proof. Since A = Y A, <0 G and this is the irreducible representation of 4, it
follows that an inner automorphism of G must induce a permutation of the 4, and
hence a permutation of the L(4,). Thus N < G and hence N is an I-ideal. By Theorem
51 T={CeM(G):C = A, for some 1€ A} satisfies the DCC and each X € G/N
is finite valued. Also

N+A4, & A, A,
N —Nnd, L4,

and hence (N + A)/N is an o-group and ) (N + A,)/N is the basis subgroup of G/N.
Thus by Theorem 5.2 G/N is a normal lex sum of the o-group (N + 4,)/N.

Theorem 5.4. Suppose that {a, :ie A} is a maximal disjoint subset of an
lI-group G and that each a, is special. If each 0 < g € G is disjoint from all but
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a finite number of the a,, then G is a restricted w-lex-sum of the groups A, = a’,
and a normal lex-sum of the A, if and only if A = Y A, < G.

Conversely, suppose that G is a restricted o-lex-sum of a set {B,: e A} of
maximal lex-subgroups and pick 0 < b, € B,\L(B,) for each A€ A. Then {b;; 1 € A}
is a maximal disjoint subset of G, each b, is special and each 0 < g € G is disjoint
from all but a finite number of the b,.

Proof. The verification of the converse is straightforward and will be izft to the
reader. Let T = {C e M(G): C = A, for some A€ A} and consider C = (3. 4,)" e T.
If 4 is infinite and ¢ € C\L{C), then ¢ > L(C) 2 Y A4, and hence ¢ A a; > 0 for all
J € 4, a contradiction. Therefore 4 is finite and hence it follows from 4.6 that C has
finite length in T. In particular, T satisfies the DCC. Moreover, if G is a lex-sum of
the A4,, then it is necessarily a restricted w-lex-sum.

In order to complete the proof of the theorem it suffices by Theorem 5.1 to show
that for each 0 < g € G there exists an a € A such that g + a is finite valued. Now
gna;>0fori=1,...,nand g A a; = 0 for all other e A. Let M be a value
ofg+a=g+a, +..+a,. Ifa,¢M, then M = N the value of a,, and if
M < N, then a;, < g + aeN, a contradiction. Thus if a,, ¢ M, then M is the
value of a;, Suppose that M is not a value of a,, for any i, then a,,...,a; € M.
Suppose (by way of contradiction) that M D a, for i = 1,..., n and pick 0 < x;
ina;\Mfori=1,..,n.Thenx =g A x;, A ... Ax,¢ MbutxeNa, =0(1e )
a contradiction. Thus M 2 a}, for some i and hence M 2 G(a;) @ a}, = X. But
by Theorem 3.6 in [4] X is a prime subgroup of G and hence there exists at most one
value of g + a that contains it. Therefore g + a has at most n values.

Corollary I. Let {a, : A€ A} be a set of disjoint special elements of an I-group H
and let G = {a, : Ae A}". If each 0 < g € G is disjoint from all but a finite number
of a,, then G is a lex-sum of the maximal lex-subgroups a’;.

Corollary IL. If 0 < g € G has only a finite number of values, then G(g)" = g"
is a lex-sum of a finite number of maximal lex-subgroups.

Proof. g =g, + ... + g,, where the g, are disjoint and special and clearly

G(g)” = (G(gl) @ @ G(g"))” = {gl’ s gn}” *

The result now follows from Corollary 1.

If ay, ..., a,is a finite maximal disjoint subset of G and each q; is special, then by
Theorem 5.4 G is a lex-sum of the groups A; = a}. Byrd [2] has shown that the sct S
of all the conjugates of the A; is finite. Thus G is a normal lex-sum of the minimal
elements in S. Thus by Theorem 5.3 there exists an l-ideal N of G such that a; ¢ N
fori=1,. ., nand G/N is a lex sum of a finite number of o-groups. Whether or not
this can be generalized to an infinite set {a; : 1 € A} that satisfies the hypotheses of
Theorem 5.4 is not known.
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6. L-Groups with a finite basis. We shall first consider I-groups that satisfy (F)
each 0 < g € G exceeds at most a finite number of disjoint elements or equivalently
each bounded disjoint subset of G is finite. In [3] it is shown that if G satisfies (F),
then G has a basis. Moreover, G satisfies (F) if and only if each G(g) has a finite basis.
It is easy to show that a representable I-group G satisfies (F) if and only if G is a sub-
direct sum of a small cardinal sum of o-groups (see for example [ 1]). The following is
one of the main theorems in [3].

Theorem 6.1. An I-group G is an w-lex-sum of o-groups if and only if it satis-
fies (F).

Proof. Suppose that G satisfies (F) and let {a, : 1€ A} be a basis for G. Then
{a, : A € A} satisfies the hypotheses of Theorem 5.4 and hence G is an w-lex-sum of the
o-groups aj. The converse also follows from Theorem 5.4.

Corollary. (Finite Basis Theorem) An I-group G is a lex-sum of a finite number
of o-groups if and only if it has a finite basis.

Let I' be an index set for the set of all pairs (G”, G,) of convex I-subgroups of G
such that G, is a value of some g € G and G” covers G,. Definea < Bin I' if G* < G,
or equivalently G, = G,. Then I' is a root system. The groups G, are called regular.
From [3] and the theory in this paper it follows that the following statements about
an [-group G are equivalent.

(1) G has a finite basis.

(2) Each disjoint subset of G is finite.

(3) I contains only a finite number of maximal chains (“roots”).

(4) Each proper convex l-subgroup of G has a finite basis.

(5) G is a lex-sum of a finite number of o-groups.

(6) Each convex I-subgroup C of G has an irreducible representation

C=C,@®...® C,(n finite).

(7) G is finite valued and M(G) is finite.
(8) The lattice of filets of G is finite.

Corollary. For an I-group G the following are equivalent.

(a) G has only a finite number of convex Il-subgroups.

(b) I is finite. v

(c) G is a lex-sum of a finite number of o-groups and each o-group used in this
construction has only a finite number of convex subgroups.

Proof. Since each convex [-subgroup of G is the intersection of regular subgroups
it follows that (a) and (b) are equivalent.
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a) and b) — ¢). Clearly G has a finite basis, and hence G is a lex-sum of a finite
number of o-groups. Let A} be a group in the r-th level with N = L(4}). Then since
there exists a one to one correspondence between the convex subgroups of Aj/N and
the convex l-subgroups of G that lie between 4] and N, Aj/N has only a finite number
of convex subgroups.

¢) = a). If C is a lex-subgroup of G, then A} 2 C 2 L(A}) for some r and i. Now
for a given r and i there exist only a finite number of such subgroups C and hence it
follows that there exists only a finite number of lex-subgroups. But each convex
I-subgroup of G is the cardinal sum of a finite number of lex-subgroups, and hence
(a) is satisfied.

This last result can be generalized. The rank of an o-group H is the order type of
its chain of convex subgroups. In particular, H has inversely well ordered rank means
that each ascending chain of convex subgroups is finite.

Lemma 6.2. For an o-group H the following are equivalent.

(a) H has inversely well ordered rank.
(b) I' = I'(H) is inversely well ordered.
(c) Each convex subgroup is principal (that is, has the form H(a)).

Proof. Clearly (a) implies (b).

b) > ¢). If 0 < xe C a convex subgroup, then there exists a regular subgroup
K = C. Let M be the largest such subgroup and consider 0 < ae C\M. If 0 < ce
€ C\H(a), then there exists a regular subgroup N such that M = H(a) = N = C,
a contradiction. Therefore C = H(a).

c) - a). If @ is a set of convex subgroups of H, then S = UceeC = H(a) for some
aeH. But then a e Ce % and hence H(a) = C = S = H(a). Thus C is the largest
element in %.

Theorem 6.2. For an I-group G the following are equivalent.

(1) Each convex l-subgroup of G is finitely generated.

(2) Each convex I-subgroup of G is principal.

(3) T has only a finite number of roots and satisfies the ACC.

(4) G has a finite basis and each of the o-groups used in lex-sum construction of G
has inversely well ordered rank.

Proof. 1) - 2). If g,, ..., g, generate the convex l-subgroup C of G, then g =
= |94 + ... + |9,/ € C and hence G(g) < C, but each |g;| € G(g) and hence g, ...
--+» u € G(g). Therefore G(g) = C.

2) = 3). If ay, a, ... is an infinite disjoint set, then G(a,) ® G(a,) @ ... is not
principal, Thus each disjoint subset of G is finite, and hence I' has only a finite number
of roots. To complete the proof of this implication it suffices to show that a chain of
regular subgroups that contains a given minimal prime subgroup M is inversely well
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ordered. Let & be a set of regular subgroups that contain M. Then exactly as in the
above proof of ¢) — a) it follows that @ contains a largest element.

3) — 4). Clearly G has a finite basis. Consider A} with lex kernel N. We must show
that the regular subgroups of A} containing N are inversely well ordered. But if M is
a prime subgroup of G that does not contain A}, then M n A} is a prime subgroup
of A} and this mapping o is one to one onto (see the proof of Theorem 3.5 in [4]).
The set & of regular subgroups of G that contain No ™! but not A} are mapped by ¢
onto the set of regular subgroups of A} that contain N. Since No ™! is prime in G it
follows that & is a chain in I and hence it is inversely well ordered. Therefore the
regular subgroups of A} containing N are inversely well ordered.

4) — 1). If C is a lex-subgroup of G, then A} 2 C > N = L(A}) for some + and i
and Aj[N has inversely well ordered rank. Thus by Lemma 6.2 C|N is generated
by a single element N + ¢, where 0 < ce C. If 0 < xe C, then N + x < N + mc
for some m > 0 and hence x < mec. Therefore C = G(c) and clearly C 2 G(c).
Thus each lex-subgroup of G is principal. But it is easy to check that each non-zero
convex I-subgroup of G is a cardinal sum of a finite number of lex-subgroups. There-
fore each convex I-subgroup of G is finitely generated.
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