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Yexoc/I0BaUKHii MaTeMaTHYeCKhii xkyphau, T. 15 (90) 1965, Ilpara

A CONDITION OF THE EXISTENCE
OF AN UNIVERSAL BEST &-STABILIZING CONTROL

PAavoL BrRuUNOVsKY, Bratislava

(Received September 19, 1964)

This note is a direct continuation of the paper [1]; therefore, we shall use the
concepts and notations introduced in [1] without defining them again.

In [1] the concept of the best e-stabilizing control and of the gy -universal best
¢-stabilizing control under a given class of perturbations was introduced. It was shown
that if the best ¢-stabilizing control u, in the sense of the Euclidean norm in the
system (s,) exists for ¢ € (0, &, and if for every ¢ < 5 < ¢, the relation
1 y:€ Gy
is valid, then also the gy-universal best e-stabilizing control in the sense of the Euclide-
an norm exists. It is easy to see that the validity of (1) for sufficiently small n < 0
and ¢ < 7 is also necessary for the existence of an universal best e-stabilizing control
in (s,) in the sense of the Euclidean norm. Further it was shown by an example, that
the condition (1) is not always satisfied. The objective of this note is to investigate
the question of the validity of condition (1).

Let us denote

k = min {p*: (-1, p*) e P}.

The result may be stated as a

Theorem. If f + k > 0, then for sufficiently small n > 0 and every ¢ < 7 the
relation (1) is valid. If B + k < O, then for sufficiently small n > 0 and ¢ < n suf-
ficiently close to n the relation
(2) V¢ G,

is valid.
Lemma. Let us denote
k, = min {p* : (p", p*)€ P, (a, p) = max (a, p),a* 2 —¢,a' £0, [a| =1} ).
peP

1Y If @, b are vectors, we shall denote their scalar product by (a, b): although the vector with
the components a, b is denoted in the same way provided @, b are numbers, the meaning of the
symbol will be always evident from the context. The minimum in the formula is taken over all a,
satisfying the given conditions.
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Then liminfk, = k.

£ 0

Proof. Let us suppose the contrary. Then an x > 0 and sequences of vectors
{a,}, {p.} existsuchthat ¢ > —n~', a; <0, |a,| = 1, p,€ P, (a,, p,) = max(a,, p)
peP

p? < k — k. Further, a sequence {n,} of positive integers exists such that the
sequences {a, }, {p,} are convergent. Denote dg, Po their limits. Then, we have
evidently a2 = 0, aj <0, Haou =1,po€P, p2 £k — xand

(3) (@9, po) = max (ao, p) -
peP
Hence, as (—1, k)€ P,
(ao> Po) Z (a0, (=1, k)), aops + agps = —ag + agk, ag(ps + 1) — ag 2 0.

This is possible only if p; < —1, which contradicts (3) and the definition of k.
Let us now denote
pi(y) = min p*, pi(y)=  min  p',
PePm(y) PEPm(Y), P2=p:2()
where P,(y) is defined in the proof of Lemma 4.3 of [1]. With the aid of
non-essential changes in the proof of Lemma 4.3 of [1] it may be easily shown,

that p,(y) is measurable. Further, we denote for brevity p(y?) = p(v."(»%), ¥*)-
We have

2 1(.,2 2 1
) ; y* + p.(v?) = imin Y +p i
ays (b)) + By* + 1+ pi(y?)  peer yp;(y}) + By  + 1+ p
and, hence,
(5) —pi(¥?) (S (v%) + By* + 1 + p2(»*) + P2(»*) (b* + p:(¥?) =

= ma;( {=p' oy (»?) + By* + L + p2(»?) + P°(b* + n. (7))}

Denote further a,{y?) the unit vector, parallel to the vector (—ay, (y*) — By* — 1 —
—p2(»?), ¥* + p!(»?)). From (5) it follows that

(p(y?), a(y?) = max (p: afy?)> (7 'p(y*): afy?) = max (. afy?)) -

For & > 0 sufficiently small we have

o (%) + By* + 1 + p2(y*)| 2 %
and, therefore,

(6) a2(y?) = [(V* + POA)? + (f (b2) + By* + 1+ 20717 (0 + p(¥?) 2
> 2(y* + pi(¥?) 2 2(—2¢) = —4e. v
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From (5) it follows further

y? + pi(¥?) < y:— ¢ 0
ay (V?) + By* + 1+ p2(y*) — ap (»?) + By* + 1 + ke

IIA

from where we obtain
Y+ p.(y) 20

-1 17,2 v+ pi(y?) k — e 1p2(v?
@) TR+ avc (y)+ﬂy2+l+pf;y2)-( 7 0%)

and, therefore, with regard to (6), k4, < ¢ 'p2(y*) < k.

Applying the Lemma, we obtain
Corollary 1. lim ¢~ 'p}(y*) = k  uniformly with respect to y%, |y?| < e.?)
From (7), Corolia:y 1 and the relation (7.5) of [1] we gét
Corollary 2. ¢ 'p;(y*) = —1 + o(¢) uniformly with respect to y, |y?| < e.

Proof of the theorem. Let ¢ < 5. The relation (1) will be obviously satisfied
if, and only if the solution of the equation (mR: ) starting at the point y, of inter-

section of the curve I',” with the line y> = —e, intersects the line y? = ¢ at a point,
which is not closer to the origin than y,, i.e.

®) 7 (e 1) £ -1,

where

©) i = (-¢.

(8) and (9) may be written in the following way

(10) 7: (8 70 (—2)) + 97 (=¢) <0

and, hence, we have to investigate the sign of the expression 7, (¢, , (—¢)) + 7, (—¢)
for sufficiently small # > 0 and ¢ < 7 sufficiently close to 7.

We have

(1) 3 (& vy (=8) + 9y (—8) = 2, (—e) + r'": (% p1), v dy? =

—g +e
=2y, + 2[ my (v, (¥), y*) dy® + j mS (3 (v y1)» ¥} dy? =
-n —-& .

2) In a similar way it may be proven that lim k, = k.
&0
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+e
e (3 (5%), 1) 4y +j m (37 (% y1), y?) dy? =

—-&

+n —¢
= —j my (v, (), y%) dy? +J

~1n

B j +£m: On (), ¥*) dy* + J [m (v (6% y1), ) = my (g (0%), )] dy* —

- J 2 O (5%), ) dy”.
Denote the integrals of the last expression of (11) by Iy, I,, I5. Then we have

J (5 (%), 9) dy? J’" y* + p(y?) 2

(12) 11 = dy
ayy () + By* + 1 + pi(¥?)

IIA

n—e
1 - lotl yn - (Iﬁ‘ + 1)

=0(n) (n — &)

J
j' my (7 (%), ) 4y —j 8 vt + p(y?) ay =
-,
+

a0 (%) + By + 1+ pi(y?)

- 2
—2n dy2+j [ ¥* + py(y?)

—n ®y () +1+(k—B)n

ay, (V?) + By* + 1+ P"(yz)

2" dZ
av.,(y2)+1+(k—ﬁ)n] Y

From Lemma 7.1 of [1] we get y, (y*) = o(n) uniformly with respect to | | se
and from Corollary 2 we get p,(y*) + n = o(n®). Hence,

13 —& y +Pq(y2) + 21'] ]d 2 _
()J [w,,(y + By + 1+ pi(y*)  ayf () — Bn+ 1+ ky y

=J "OF 4 ) (g () = B+ 1+ k) + 20y (%) + By? + 1+ () o
- 1 + O(n)

= (1 +0(n) .[ :e[(yz + 1) (g (V) + 1) + (2 (v) + 1) (o7 ) + 1) —

— y*Bn + y*kn — py(y®) Bn + py(y?) kn + 2nBy* + 24 pi(y*)] dy* =

= (1 + O(n)) J (% + n) (g () + 1) + ((»?) + ) (g (%) + 1) +

+ Br(=pa(¥?) = 1) +Bn(—py(¥*) — n) + Bn(y* + n) + kn(y* + n) +
+ n(—=kn + p;(y%) + kn(py(y*) + n) + n(pi(y*) — kn)] dy* =

=(1+ o(r,))J‘ [O(n — &) + o(n*)] dy* = o(n — &% + o(n*)(n — ¢).
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For n > 0 sufficiently small we have y; <1,

P<ay' + By + 1+ pi(y*) <2 for |y =y |y <0
hence,
Imt(y) = my (¥)] = mS(y) — my (y) = £ p¥)) = F*(: p,¥)) <

< en” 2 ) = (o p(y) =

_ yt+ en”'py(v) R 10))
apt + pyP+1+enp 2(y) ay' + By? +1+P(Y)

=(y' + By* + 1L+ en 'pi(y)) " (' + By* + 1 + p2(»*) 7!
Ot + et pp(n) @yt + By + 1+ pr(») — (0" + p(»)) -
oyt + By + 1+ e ()] <

S4y'p () (1= en™ N + 2lpy(») e~ = D] <

S 4ln —e) +2(n —€)] = Ly(n — ¢)

for sufficiently small #. From this, Lemma 4.3 of [1] and Theorem 2.1, Chapter I
of [2] we conclude that for sufficiently small # and & < 7,

e (0% 1) — 1 (9%) S L'Ly(n — &) (5079 — 1) = O(n) (n — &)

for y? € {—¢, &>. Hence, we have
(14)

I, = [m+(v (V% y1), ¥2) = my (v (¥%), ¥))] dy* <

J —&

rte

S| OGS0 ) v en™ p(v7) = £ (02), v2 p(y?)] dy? =

_ "”[ aeip(yd) »: + n(v?) ]d 2 _
ay; (V2 p1) + By + 1+ en tpi(y?) vy (V3) + By + 1+ pi(¥?)

= (av (% y1) + BY* + 1+ en™ " pi(y?)) ™ (op, (v7) + By + 1 + p2(¥*) 7" .

J -2

L% + et P02 (nf (57) + BY? + 1+ p2(02) — (v* + pA(?).
ol (% vh) + BYE + 1+ et p2(y?) dy? =

= [T 2 %) o] 07 07) = 0% 00+

+yIn 7 pp(v?) (n — &) + « py(v?) (v (v%) — 2" (¥% »1)) +
+ 07t pg(v?) vy () (e = m) + B~ y? py(v?) (e — n) + Py e —m) =

_ 1+ (k + ) y? 2y oD — &
- ).[—81+2ﬂy +(n+s)k+o(n)dy +olr)n )'
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For the sake of brevity denote p,,(y*) = p,(y, (¥?), 7, (—€)), ¥*) .

In a similar way as the Corollaries 1, 2 of the Lemma we conclude that

lime ! p2(y*) =k, ¢ ' po(y®) = —1 + o(n)

=0
uniformly with respect to ’yzl < ¢ and ¢ < 5. Hence,
(15)
I gj“[ ¥2 + pa(¥?) 3 y? + & 'n po(y?) ]dyz _

ayl (V2 v1) + By: + 1L+ po(y?) oy, (V7)) By + 1+ &7 ' pl(y?)

+e
= J (S (Y% y1) + By + 1+ p2(y®) ™ (ayy (b)) + By> + L+ e ' p(y*) ™" .

O+ pa(v?) (g (%) + BY? + 1+ &7 po(y?) — (0 + &' peal¥?)) -
et (04 y1) + ByE 4+ 1+ pE(yH))] dy? =

=f[1 +2By% + (n + &) e p5(v?) + o()] 7t [o?(y () — % (% ¥)) +
+ ¥ p2(v?) (n — &) + a ph(¥?) (g (b%) — v (V% ¥1)) +

+ et ph(v?) v (0% yi) (e — m) +
+ By*e ™! p(¥?) (e — m) + &7 po(y?) (e — m)] dy? =

=(n — ¢ te 1+(k+ﬁ)y2 2 o o(n? — e
=(n )j_81+2ﬂy2+(n+e)k+o(”)dy +o(n*)(n — ).

From (14) and (15) we conclude,
te 1+ (k + B)y*
16 I,=(n—c¢ dy? + o(n*)(n — &) .
(16) 2= (1 )J_81+2ﬂy2+(n+8)k+o(n) Y ) (n =)
Suppose B # 0. Then, as In (1 + x) = x — 1x* + o(x?),
j“ Lrk+ By g
el + 2By + (n + &) k + o(n)

_ 1 . 28— B+ k)[1 + (n+ ¢ k + o(n)]
- 2ﬁ{(k+ﬂ)2 ¥ = .

o [1 Ty (n +¢) fi 2Pe + 0('7)]} -

_ 1 . _(BAR)[1+(+e)k+ o(n)]
—25{(k+ﬂ)2 +[1 25 ]

4P 3 1642%¢2 o(n?) .
.[1 +(+ek—2B+o(n) 2[1+(n+ek—2pc+ 0(17)]2]} + oln’)
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Hence,

_n—¢ _(B+k)[1+(n+a)k+o(n)
I, = 2 {(k+ﬁ)28+[1 28 ]

4Be 3 8p2e2 e .
.[1+(11+s)k—2/is+o(r,) [1+('1+8)k——2ﬁe+0(,,)]2+ (n ]}
From (12), (13) and (16) we obtain

. (g _ 2e —n)n
WEn (=) (=) =1 + 1, + 1, 1+ (k- f)n + ofn)

+’7“‘3{(k+ﬁ)26+[1_(ﬁ+k)[1+('I+8)k+o('7)]‘

2B 2B
_ 4P 3 8p%¢? } N
1L+ (m+e)k—2B+o0(n) [1+(n+e)k— 28+ on)]
&2 + o(n?) (n — &) = 20z —m)n (n— e (k + B)2e
001 = o + ol 1 = ) = U (oAl AR
(n — &) 4pe _(BAR)[1+(n+e)k+o(n)] 4Be(n — &)
2B[1 + (n + &) k — 2Be + o(n)]? 4B%[1 + (n + &) k — 2Be + o(n)]*
B 8B%e*(n — ) + (B+Kk)[1+ (n+e) k + o(n)] 88%*(n — ¢) +
2B[1 + (n + &) k — 2Be + o(n)]* 41 + (n + &) k — 2Be + o(n)]?

+ 0(n — €)* + o(n*) (n — ¢).

Adding the first to the third, the second to the fourth and the fifth to the sixth term,
we obtain

e (=9) + 7 (=9) = (1 = ) {2(8 —n) + 2Ben — 2kn®  2e%(k + B)

1+ O(n) 1+ 0(n)
L= 4pe® + (B + k) 2¢* + o(n?) L 00 —¢) + 0(112)} _
1+ o(n)
= (n — &) {2Ben — 2kn* — 2(k + B)e* — 4Pe* + (B + k) 2¢* +
+0(n—e)+o(n*)} =(n—e){(2B — 2k — 2k — 2B — 4B + 2B + 2k)n* +
+0(n — &) + o(n*)} = (n — &) {—2B + k) n* + O(n — &) + o(n*)} .
Letting # > 0 and then n — & > 0 be small enough we see that the inequality (10)
is satisfied, if § + k > 0, and not satisfied, if § + k < 0.
Now let = 0. Then
1 + ky?

== s)j_el + k(n + €) + o(n)

_ (n — )2 o(n®) (n — &
_1+(r1+a)k+o(n)+(n)(" )

+e

dy* + o(n*) (n — &) =
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and we have

e—mn (n—¢e2e
1+ kn+o(m) 1+ k(e+n)+ o(n)

+ 0(n — &) + o(n*)(n — &) =
_ 2e —n)n[1 + (¢ + n) k + o(n)] + (n — &) 2¢[1 + kn + o{n)] 4

1+ 0(n)
+0(n — &) + o(n*) (n — &) =
n—e

= — [=2n + 26 — 2ken — 2kn? + 2ken + o(n?)] +
1+0(,1)[ n " n n + o(n*)]

+0( — e + o(n*)(n — &) = (n — &) {—kn* + O(n — &) + o(n*)} ;

from this we see that the inequality (10) is satisfied for sufficiently small n > 0 and
¢ < n sufficiently close to # if kK > 0, and not satisfied, if k < 0. This completes the
proof.

1 (610 (=) + 70 (—¢) =

References

[1]1 P. Brunovsky: On the best stabilizing control under a given class of perturbations. Czech.
math. journal 15, (90), (1965), 329—369.
[2]1 E.A. Coddington, N. Levinson: Theory of ordinary differential equations. New York, 1955.

Pe3rome

VCJIOBUSA CYIIECTBOBAHUA YHUBEPCAJIBHOI'O
HAWJIIVUIIET'O e-CTABMJIM3UPYIOIMEI'O VIIPABJIEHUA

TTABOJI BPYHOBCKMU (Pavol Brunovsky), Bpatucnasa

CraTbs SBIAETCS IPAMBIM IpoRoJikeHueM crathi [1]. [ToatoMy Ge3 onpeneseHuit
HCIOJIB3YIOTCSL €¢ MOHATHS U OIpEIeIeHUs.

PaccMaTpuBaeTcs. BOIPOC O BBIIOMHeHMH ycioBust (1) Ul ZOCTATOYHO MaIbIX
0 < ¢ < 1, SBIAIOLIETOCS B CIIyYae CYIIECTBOBAHMS HAWIYYLIETO &-CTAOWIM3UPYIO-
LIEro YIpaBJIeHUS MPH JAaHHOM KJIacCe BO3MYLICHMH B CMBICJIC €BKIMAOBOM HOPMBI
HEOOXOAUMBIM M IOCTATOYHBIM YCJIIOBUEM CYIIECTBOBAHUS §, — YHHBEPCAIBHOIO
HAWIYYIIEero & — CTAaOMJIN3UPYIOMIEro yIpaBiIeHUs] B CMBICIE €BKIUIOBOH HOPMBI.

ITycts

k = min {p*: (=1, p?) € P}.
Jlokxa3bIBaeTcs

Teopema. Ecnu ff + k > 0, To s JoctaTouyHo Manbix > 0 u ¢ < 5 yciaoBue
(1) semonnsiercs. Ecmu B + k < 0, To st goctatodHo Mansix 4 > O me < # gocra-
TOYHO GJM3KHMX K 1] BBIIOJHSETCS COOTHOIIeHHE (2).
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