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ON THE EXTENSION OF TRANSI-GROUPS

ALEXANDRU SOLIAN, (Bucharest)

(Received September 29, 1963)

The author generalizes the theory of extensions of groups to the transi-
groups introduced by the author in the paper [5].

In the theory of transi-groups one can construct the quotient-transi-group of
a given transi-group with respect to a normal subtransi-group of the latter. As in the
theory of groups one can raise the problem of finding transi-groups which are in a
certain sense, extensions of two given transi-groups. The present paper treats and
solves a slightly modificated problem.

Coming now to a more precise formulation we remark that, when giving a transi-
group (M, ¥, e) and an equivalence relation ~ in M, imprimitive with respect to %,
i.e. a normal subtransi-group (K, B, e, ~), the group B is not an (effective) transfor-
mation group of K but it is homorphically mapped onto such a group B*, obtaining
in this manner the transi-group (K, B*, e) associated with (K, 9B, e, ~). The group %
is an extension of B by /B (which acts as a transformation group of M/ ~). If the
quotient-transi-group (M/~, /P, [e]) (where [e] is the equivalence class of e
and coincides as a subset of M with K) is transitive, all the equivalence classes of M
with respect to ~ have the same cardinal number, so that M can be identified with
the cartesian product K x (M/~).

The present paper deals with the problem of existence (and not of finding all
solutions) of a transi-group (M, %, ) when the group ¥ is given as an extension
of B by U/B. To be more precise, a necessary and sufficient condition is given in
order that the given extension U act as an (effective) transformation group in the
cartesian product K x (M/~).

For the questions of the theory of equivalence relations, the reader may refer to [2]
and [1], for those of the theory of groups to [3] and for those of the theory of transi-
groups, to the papers [4] and [5] where the definitions of technical terms employed
are also given.

1. Let K be a set and let B be a group for which there exists a group homomor-
phism ¥ from B onto an (effective) transformation group B* of K. Let (M*, U*, ¢*)
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be a transitive transi-group; let % be the subgroup of all «, o € U*, for which afe¥) =
= e* and let a,, A € A, be a system of representatives of the left residue classes of U*
with respect to Uy (here the representative of A§ is meant to be ¢, the unit element
of U*).

For any x* e M*, there exists a unique A, 1 € A, for which o (e*) = x*.

Let U be a given extension of B by U*; let 7,, « € U*, be a system of representatives
of the extension, where 7, = 1 (here 1 denotes the unit element of %); let p, 4, o, f € A*,
be the factor system associated with the 7,. Let us denote by U, the subgroup of all
elements of 2, whose residue classes are in Uj5; we have A, > B. We introduce the
notations

6@ = o1, o* =101, 2eWU*, ceB.

The elements of A may be uniquely represented in the form o7,, 6 € B, a € U* and

the product is made according to

(0'1'51) (szﬁ) = Jla(za)ﬂa,u‘faﬂ , a,feU*, 0,,0,€B.

Let us denote the cartesian product K x M* by M.
Finally we make the following hypothesis:

Hypothesis (#): If o, o € B, has the property y(¢**) = Y(1) for all X € A, then
o=1. '
The introduction of this hypothesis will be justified at point 2.

2. To justify the introduction of hypothesis (#), we make the following consi-
derations:

Suppose that (M, 2, e) is a transi-group and that (K, 9B, e, ~)is a normal subtransi-
group, the quotient-transi-group with respect to whom, (M*, U*, e*) say, is transi-
tive; it is well-known') that in this case, all classes in the decomposition of M by
~ are cardinally equivalent; consequently, M can be identified with the cartesian
product K x M*. The identification is made in the following manner (we employ the
notations of point 1, though we have to do here with another situation):

If x € M, let x* be his equivalence class with respect to ~; suppose that a;, 1 € A4,
is such that o,(e*) = x*; then

(1) 1l (x) = kek

as is easily seen from the definition of quotient-transi-groups; we then identify x,
x € M, with the couple (k, x*) e K x M*.

In particular we identify k € K with (k, e*) and if a;(e*) = x* we obtain from (1),
T..(k, €*) = (k, x*). -

1y See, for instance, [4].
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With every o € B there is associated, in a natural way a transformation y(a) of K,
namely that which satisfies (o) (k), e*) = o(k, e*), ke K ). Consequently, with
the same notations as before, we have

ok, x*) = ot (ks e*) = 7, (Wo™) (k). €) = (Yo™) (k). x*).

Hence, it is sen that if y¢** is the identical transformation of K for all 1€ 4,
then ¢ = 1.

Thus, hypothesis () is a necessary condition for the construction of the transi-
group (M, U, e).

It must be also observed that if %5 coincides with B* and  is the identity mapping,
hypothesis (&) is automatically satisfied since among the ¢** may be found ¢ too.

3. With the data and notations of point 1, let us suppose in addition that there
exists a homomorphism @, ¢ : Ay - I(K) whose restriction to B coincides with . 3)

1) We define a mapping 7, 7 : % - (M) in the following manner: Let o7, € %,
cePB, ae Y* and let (k, x*) € M. where k € K, x* € M*. If the chosen representative
of the left residue class with respect to A%, which contains a, is oy @ € A, then
a,(e*) = afe*) hence ra_e‘ra € Ugy; put

6. = (1, '7,) 3

(4

the §,, « e U*, define a function which associates with every a e %* a 5, € (K).
Suppose that x* = o,(e*) and that o, = ax,(mod Ug,), *) 4, ve A.

Then, by definition,?)
(2) (n(02)) (ks x*) = ((01z,0,)" Gaay (), A(x*)) -

We assert that n(o7,), 0 € B, a € U*, is a transformation of M: indeed, if (k', y*) e
€M, k' e K, y* € M*, then, since UA* acts transitively on M, there exist a, o, &, € Y*
where A, v € A such that

a(x*) = y* = a(e*) and oy(e*) = x*;
let k, k € K, be such that
(o‘#a,u;_)av ém;,(k) =k 5

such a k exists since d,,, and y((ou,,,)™) are transformations of K; we haye

(n(ow.)) (k, x*) = (K, *).

2) Instead of o7, we have written o which is the same thing.

3) By ¥(E) we denote, generally, the group of all transformations of the set E.
4) That is to say, left congruent with respect to QI:.

5) Here, instead of ((0))) (ky) we have written, in order to simplify notations, o (k) 1 €8,
ki €eK.
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If (n(o7,)) (k, x*) = (n(o7,)) (ky, x71), it is an immediate fact that x* = x}; further
it may be easily checked that k = k,.

2) In order to prove that 7 is a group homomorphism, let ¢,1,, 0,745 € & and
(k, x*) € M where the meaning of notations is obvious; if

(3) x* = oy(e*), ofx*) = afe*), Po(x*) = afe*),
where 4, v, 7 € 4, then according to definition (2), we have
(4) ’7(621’-/3) ’7(6111) (k’ x*) = .’1(62113) ([Glﬂa,u]av 6aa;.(k)’ O((X*)) =

= (Lo2tp,0 ] Opa [ (0110 ) O, (K)], e(x¥)

According to the same definition we have

) n(oaty - 017,) (k, x*) = ([020 15 abtps o, 1™ Fpaa,(K). B(x*)) -
From relations (3) we obtain
(6) 5ﬂav = (P(ra_nltﬂav) > 51«). = (P(T;lrmz) > 5#@; = ‘p(ra—,.l rtlua;.) .

Based on the fact that y is a rectriction of ¢ and on relations (6), the first component
of the second member of (4) respectively (5), is the result of the action on k of the
transformation

- - - -1
(p(rﬂnl GZMﬂ,JvTO!n) (P(Ta,;ltﬂaa) (p(ta‘,lo-lluz.a,ltzv) (P(ta‘, ‘C-m;,) =

= (171027401 T,1,,)

respectively of the transformation

‘P(Ta_nl” 2740175 ll‘ﬂ.a#ﬂa.aﬂan) <P(Ta_nlfﬂm) = ‘P(T;l"zfﬂ“ 1Tals,) -

Here we used the definition of y. , namely

Ty = Ueole,o -
So it was proved that # is a group homomorphism.

3) Suppose that o1,, o7, € U, has the property that n(o7,) is the identical trans-
formation of M; consequently

n(ot,) (k, x*) = (k, x*)

for any (k, x*) e M.

According to definition (2), this implies, firstly, « = &. Let x* = a,(e*); since 6,
is the identical transformation of K, we obtain from the same definition (2) that
y(g**) is the identical transformation of K; since x* is arbitrarily chosen in M*, 2 may

be considered as an arbitrary element of A, so that we may apply hypothesis (&) and
obtain ¢ = 1. :
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So # is not merely a homomorphism, but a monomorphism.

While identifying a7, with n(at,) and, consequently, % with n(2) we may say that %
is an (effective) transformation group of M. Moreover, if we choose in K a well-
determined but otherwise arbitrary element kg, we obtain the transi-group (M, ¥, )
where e = (ko, e*).

4) We define in M the following equivalence relation which we denote by ~:
let (ky, x*), (k,, y*) € M; then, by definition (ky, x*) ~ (k,, y*)if and only if x* = y*.

Considering the subgroup By ~) associated with ~, if o7, o1,€ U, belongs to
this subgroup, then, according to (2), a(x*) = x* for any x* € M* and then o = ¢
and o1, €B; conversely, every element of B may be written in the form o1, and,
consequently, belongs to By ~); hence By(~) = B.

It is easily seen that the equivalence ~ is imprimitive with respect to Y.

On the other hand, the equivalence class of e is K x {e*}; if we identify the
couple (k, e*) with k, for any k € K, then K x {e*} is obtained to be identified with K.
So we have to do with the normal subtransi-group (K, B, e, ~) of (M, U, ¢).

Let o7, € B; then, from (2) we have
™ ot (k. e*) = (Vo) (k). €*)

so that o, considered as an element of %, induces in K the transformation (o).
Consequently, the transi-group associated with (K, DB, e, ~) is (K, B*, e) where,
namely, to ¢, o € B, we associate y(o).

Now, we define a homomorphism of transi-groups, (h, x), (h, x) : (M, %, ¢) -
— (M*, U*, e*), through the relations: .

h(k, x*) = x*, x(ot,) =a, keK, x*eM*, ce®B. aecl*.

It was no error while anticipating on the homomorphism character of (h, ), since
according to definition (2), we have

h(ot,(k, x*)) = a(x*) = (x(07,)) (h(k, x*))
and there is no difficulty to prove the other properties of transi-group homomorphisms.
Obviously, the kernel of (h, x) is (K, B, e, ~).

5) To summarize, we have constructed a transi-group (M, %, ) with the following
properties:

i) Denoting by ~ the equivalence defined as at 4), the subtransi-group generated
by ~ is (K,®B, e, ~) where K appears through identification with K x {e*}, the
identification having been done as at 4).

ii) For any 6 €%, ke K, we have (7), hence the transi-group associated with
(K, B, e, ~)is (K, B*, ) where to o, o € B, we associate y(o).

iii) The couple (h, x) as defined at 4) is a transi-group homomorphism (h, ) :
(M, U, e) > (M*, U*, e*), whose kernel is (K, B, e, ~).
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4. With the data and notations of point 1, let us suppose that there exists a transi-
group (M, %, e), where e = (ko, e*) such that conditions i)—iii) from 3.5) are
Sulfilled.

Let a1, = Ao, where o € B, a € Us; if (k, e*) € K then, according to condition iii)
from 3.5), we have

h(ot,(k, e*)) = a(e*) = e*.

Hence o1, maps any element of K in an element of K. Since U, is a group, it is
not difficult to prove that o7, induces quite a transformation q)(ara) of K. So, we have
constructed a mapping ¢, ¢ : Uy — K(K), which is obviously a group homomorphism.

If 67, € B, then « = ¢ and, by definition, ¢(o1,) (k, €*) = o1,(k, €*) (where in the
second member we mean the result of the action of o1, on (k, e*) as in (M, ¥, ¢)).
But according to condition ii) from 3.5) this implies that

®) @(ots) (k; €*) = ([Yo] (k). e*).

With the convention of identification (see i) from 3.5)) and on account of the fact
that t, = 1, relation (8) becomes

(90) (k) = (Vo) (k) 5
as this is valid for any k € K, it follows that y is the restriction of ¢ to 8.

5. We are now quite ready to formulate our fundamental result (we are given the
data and notations of point 1):

Theorem. In order that a transi-group (M, %, e) (where e = (ko, e*), ko€ K)
should exist, so that conditions i)—iii) from 3.5) be satisfied, it is necessary and
sufficient that there should exist a group homomorphism ¢, ¢ : %, - (M),
whose restriction to B be .

6. As particular cases we may consider the following quite trivial ones. Suppose
in addition to the conditions stipulated at point 1, that:

1) A* isa regularﬁ) transformation group of M*; in this case U} is the identity
subgroup, hence A, = B and we may take ¢ = .

2) U is the direct product B x U*; in this case we may define ¢(o7,) = (o),
geB, ae Y.
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