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EIGENVALUES OF OPERATORS IN [,-SPACES
IN DENUMERABLE MARKOV CHAINS

ZBYNEK SIDAK, Praha

(Received June 28, 1963)

Let pj; be transition probabilities of a Markov chain in discrete time, with
a denumerable state space, and with a sub-invariant measure u. Let lp(,u)
(1 £ p < 00) be the space of functions f on the state space for which |||, =
= [;Vkl”,uk]l/" < 00, and let the operator T, in /,(«) be defined by(7,f); =

= kapjk. In the paper the eigenvalues of T, on the unit circle are found.
k

1. INTRODUCTION AND NOTATION

Consider a Markov chain in discrete time, with a denumerable state space and
stationary transition probabilities in one step pj, in n steps p$. In the whole paper
it is supposed that the chain is irreducible.

Dealing with a function f on the state space, we shall denote by f, its value at the
point k. Furthermore, |f| denotes the function whose values are |f;|; f & 0 means
that f is not identically equal to zero; f = 0 means f, = 0 for every k, etc.

A function p is called a sub-invariant measure (for the given Markov chain)
ifp=0,pu+0,and

(1) ijk.uj =
J

for every k. D. G. KENDALL [2] has shown that for every irreducible Markov chain
there is at least one sub-invariant measure. In the following the letter u will always
denote some fixed sub-invariant measure.
Let [(1) (1 £ p < ) be the Banach space of all complex functions f on the state
space for which |||, = [Y|fil? m]"/" is finite; | f], is the norm of the function f.
k

Finally denote by T, the operator in lp(u) defined by the formula
) (Tpf )i = ;f kP jk
for every f € (). It is well known (see e.g. E. NELsoN [3], Z. SipAk [5]) that T, is
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in fact a linear continuous operator in the space I,(u) with the norm ||T,[, < 1.
A complex number « for which |oc] =1 and T,f = of for some f + 0, fel (u) is
called an eigenvalue of T, on the unit circle.

In the present paper we prove that for a positive-recurrent chain with a period d,
the eigenvalues of T, on the unit circle are precisely the d-th roots of unity, while for
a null-recurrent or a transient chain T, has no eigenvalues on the unit circle.

The same results for the operator T, in the Hilbert space I,(p) have been obtained
by a somewhat complicated method in [4], so that the present paper generalizes the
results in [4]. This generalization has been achieved by some strengthening of certain
methods in [4] and [5]; at the same time our present proofs are considerably more
elementary and more direct. Although some lemmas and methods can also be found
in [4] or [5], we prefer to present here the whole logical development of proofs in
order to clarify the steps of our present approach and to facilitate the reading.

Let us observe also that the eigenvalues on the unit circle of an analogous operator
in I, the space of all bounded complex functions, were found in [4].

2. SEVERAL LEMMAS

Lemma 1. If p is a sub-invariant measure then u, > 0 for every k.

Proof. By definition of sub-invariant measures, there is a j for which pu; > 0.
For every k irreducibility of the chain implies the existence of a positive integer n such
that p(") > 0. Now, by induction we obtain

B Z VPl 2 oon 2 pri)u,,

and clearly

pri?ur > pln; > 0.

This lemma 1 was used in [4] also.

Lemma 2. Let h be a function on the state space such that h = 0, thp x = h; for
every j. Then either h; > 0 for all j or h; = 0 for all j.

Proof. This lemma follows also from the assumption of irreducibility. If h; = 0
for all j, the assertion is obvious. Consider the contrary case, when h, > 0 for some r.
Then for every j there is a positive integer n such that p(") >0, and we obtain easily

hj = thpjk = ... thpﬁ‘") = hrpf"’ >0.
k k
This lemma can also be found in [4].
Lemma 3. If T,h = h for a function h = 0, he 1,(1), then T,h = h.
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Proof. By our assumptions and by the well-known Holder’s inequality,
Zh;/‘j = Z(Tph)fﬂj = Z(Ek:hkpjk)p B = szhlfpjkﬂj = Zk:hlfﬂk .
J J J J

Since the two extreme expressions in this chain of inequalities are equal to "h"z, we
must have in particular, that

thl‘j = Z(T,,h)}’ Hj -
J J

By lemma 1, p; > 0 for every j so that h? = (T,h)? for every j, and the assertion of
the lemma follows.

Some related lemmas for recurrent chains were proved in [4] and [5].

Lemma 4. If T,h = h for a function h € I(u), then h is identically equal to some
constant.

Proof. Clearly it is sufficient to give the proof only for h real. Let £ be the
function identically equal to a non-negative constant a. Then ) fi”p; = fi* for
k

every j. Setting g = h — f@ we have g < h and also Y g,p; = g; for every j.
k

Finally, denote by g™ the function defined by g; = g, whenever g, = 0, and by

g = 0 whenever g, < 0. It follows that 0 < g* < [h|, so that g* € (i), and it is

easy to verify that g; < Yg pj. for every j. Lemma 3 now implies g = Y'g, py
k k

for every j, and by lemma 2 either g;“ = O foralljor g}L > 0 for all j. The first case
yields, for all j, the inequalities g; < 0, h; — fi” < 0, h; < a. The second case
yields, for all j, g; > 0, h; — fi > 0, h; > a. Choosing firstly a = 0 we see that
the function h is either non-positive or positive. However, if h is positive then it
must be constant, because a is an arbitrary non-negative number; if I is non-positive
it suffices to catry the proof through with the function — h.

Some related results for recurrent chains were proved also in [4] and [5].

3. POSITIVE-RECURRENT CHAINS

In the present section let us suppose that the chain is positive-recurrent and has
period d (for an aperiodic chain this means, of course, d = 1). More explicitly, let
Sos S1, ..., Sq—1 be the cyclical classes of states of the chain, i.e. whenever je€ S,
(m=0,1,...,d — 1) and pj > 0, then k€ S,,,,; (Where we have put S, = S,).
Finally, define the following functions on the state space: e'” is the function which
is identically equal to 1; e® (for k = 1, ..., d — 1) is the function which is equal to
e = exp [2nimk/d] for every jeS, (m =0,1,...,d — 1). Since for a positive-
recurrent chain ) u; < oo, clearly e® € I,(p).

J
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Theorem 1. Let the chain be positive-recurrent with the period d. Then the set of
all eigenvalues of the operator T,(1 < p < o) on the unit circle consists precisely
of the numbers &***4 | = 0,1, ...,d — 1. Every eigenfunction f € 1,(1) for which

() T,f = e

is equal to some multiple of ¢®.

Proof. First, we shall verify that each number ¢***/ is an eigenvalue of T}. In

fact, if k is one of the numbers 0, 1,...,d — 1, and if je S,, m =0,1,...,d — 1,
then
(T,e), = Telps, = T ellp,, = e*mHOM _ ganiiag.
r

reSm+1

For the opposite assertion we must show that every eigenvalue of T, on the unit circle
is of the form e***, That is, we must prove that T,f = of, |o| = 1, f + 0, fe (1)
implies @' = 1. Obviously these assumptions imply T,|f| = || |f| = |f], hence by
lemma 3 T,|f| = |f|. Furthermore, by lemma 4 we see that |f| is identically equal
to some constant ¢, and clearly ¢ > 0.

In the sequel let I be some fixed point from the cyclical class S,. From the equality
T,f = of there follows T,f = o"f for every n = 1,2, ..., and in other notation in
particular

(4) kapﬁ? =aof, for n=1,2,....
%

The sum on the left side of (4) may be viewed as the Stieltjes integral of the function f
with respect to the measure given by pfj’ for one-element set {k}. By (4), and using
Schwarz’s inequality, we obtain

= ’fllz = l‘x"ftlz = lgfkpfi)ll = ;lfklz P =

Thus all expressions in the previous line are equal; however, if equality occurs in
Schwarz’s inequality then the integrated function f must be constant almost every-
where with respect to the measure in the integral. For our case this shows that there
exist constants ¢,, n = 1, 2, ..., such that

(5) ™ >0 implies f, = c,.
Clearly, by (4) and (5) we have

of, = ;fkpﬁﬁ’ = ¢, gpﬁ? =,
and therefore (5) may be stated in a more precise form
(6) P >0 implies f, = o'f, -
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It is well known that there exists a sufficiently large r such that p{i” > 0, p{{"* P >
> 0. Hence, by (6),

fl — ard | = a(r-{-l)dfl .

Since f, #+ 0, « & 0, we obtain the desired conclusion ¢ = 1.

It remains to prove the second assertion of the theorem (which is, of course, for
d =1 already contained in lemma 4). Supposing that (3) holds we may use the
previous part of our proof with a = ¢***4; iy particular, (6) is true with this a.
Now, if jeS, (m=0,1,...,d — 1), there exists a positive integer r such that
pi*™ > 0. Thus (6) yields

fj — (eZnik/d)rd+mfl — eZnikreZnikm/dfl — fle,(ik) ,

or, more concisely, f = f,e®.

4. NULL-RECURRENT AND TRANSIENT CHAINS

Lemma 5. If p is a sub-invariant measure for a null-recurrent or transient chain,
then Y p; = oo.
J

Proof. Suppose the contrary, that Y u; < co. In this case, if there were p;, >
J

> Y pj; for some k, then
J
2 > Zzpﬂ«#; = YW P = D Hs
k k J J k J
which is a contradiction. Hence g, = Y p ixit; for all k, and then it is easily seen that

J
W = ij,, p;forall kand all n = 1,2, .... Using [p%| < 1, Yu; < o0, we obtain
7

W = lim Zp]k py =y lim plPu; = 0.

n—-w j Jj no o
However, by definition, u cannot be identically zero.

For a null-recurrent chain this lemma follows from the results in [4] and C.
DERMAN [ 1]; for a transient chain it appears as a corollary to the results on eigenvalues
of T, in [4].

Theorem 2. Let the chain be null-recurrent or transient. Then the operator
T,(1<p< o) has no eigenvalues on the unit circle.

Proof. Suppose T,f = af for some fel,(u), || = 1. Then T,|f| = |of| = |f],
which by lemma 3 gives T,|f| = |f|. By lemma 4 it follows that |f| is identically
equal to some constant c. Since f € [(u), Zlfk|” W = c? Zﬂk < 00, by lemma 5 we
must have ¢ = 0, thatis f = 0.

442



References

[1]1 C. Derman: A solution to a set of fundamental equations in Markov chains. Proc. Amer.
Math. Soc. 5 (1954), 332 —334.

[2]1 D. G. Kendall: Unitary dilations of Markov transition operators, and the corresponding
integral representations for transition probability matrices. Probability & Statistics, The
Harald Cramér Volume, New York 1959, 139 —161.

[3] E. Nelson: The adjoint Markoff process. Duke Math. J. 25 (1958), 671 —690.

[4]1 Z. Siddik: Eigenvalues of operators in denumerable Markov chains. Trans. Third Prague
Conf. on Inf. Theory, Stat. Dec. Functions, Random Proc., Prague 1962, 641 —656.

[5]1 Z. Sidak: Nékteré véty a piiklady z teorie operatort ve spoéetnych Markovovych Fetdzcich.
(Some theorems and examples in the theory of operators in denumerable Markov chains.)
Casopis pro pést. matematiky 88 (1963), No. 4, 457 —478.

Pe3rome

COBCTBEHHBIE 3HAUEHUSI OTIIEPATOPOB B IMPOCTPAHCTBAX /,
IS CYETHBIX IIENTEN MAPKOBA

3BbIHEK HIW/IAK (Zbynék Sidak), Ipara

PaccMaTpuBaeTcs HeNpHBOAMMAs LeMb MapKoBa B JIMCKPETHOM BpPEMEHH, CO
CYETHOH CHMCTEMOHl COCTOSIHMIf, CTAIMOHAPHBIMY BEPOSTHOCTSAMH TEPEXOJa pj
¥ cybuHBapuanTHOM Mepoit 1. O6osnawmm uepes [,(u) (st 1 =< p < o) mpocrpan-
CTBO BCEX KOMIUIEKCHBIX (YHKLMI f Ha IPOCTPAaHCTBE COCTOSHMH, IUISL KOTOPBIX
nopma | f|, = [Y|/]? m]"/? xoneuna. Onpenenum omepatop T, B NPOCTPaHCTBE

k

1,(1) Tak, uto snavenwe T,f B Touke j pasro (T,f); = Y fibj-
k

JOKa3BIBACTCS, UTO JULSL MOJOKUTEILHOM BO3EPATHOM LENH ¢ MepUoAoM d MHO-
KECTBO BCEX COBCTBeHHbIX 3HAaYeHWH 7T, Ha C/IMHWYHOM OKDYXKHOCTH COBIAJACT
¢ muoxectBoM {e?™*?; k =0,1,...,d — 1}; coGCTBEeHHBE NOANPOCTPAHCTBA,
MpHUHAJUISKALIIE K STHM 3HAYECHHAM, OJHOMEPHBL JIJIs HyNeBBIX BO3BPATHBIX U [ULT
HEBO3BPATHBIX 1ieTeil onepatopsl T, He UMEIOT HUKAKMX COOCTBEHHBIX 3HAYCHUIl HA
€IMHUYHOM OKPYXXHOCTH.
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