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LorrRAINE D. LAVALLEE, Amherst (Massachusetts)

(Received May 30, 1963)

1. INTRODUCTION

The purpose of this paper is to obtain a characterization of locally connected and
locally arcwise connected topological spaces, using as a tool GAIL S. YOUNG’S G-
topology ([ 1])**), and to give sufficient conditions under which the G-topology is the
coarsest locally connected or locally arcwise connected topology on a set finer than
the original topology on the set.

1.1. Definition. Let G be a collection of subsets of a topological space (X, ).
A point pin X is said to be a ng-limit point of a subset M of X if and only if for every
open subset U of (X, m) containing p there exists an element yin Gsuchthatpey < U
and yn (M - {p}) + 0.

The preceding definition determines a new topology for X, the G-topology, which
we shall denote by 7. To avoid confusion, names of topological properties will be
prefixed by #- or 74~ in order to indicate in which topology a subset of X has the given
property. If M is any subset of a topological space (X, n), the notation r—n will
be used to indicate the topology = relativized to M .

2. RELATIONS BETWEEN THE G-TOPOLOGY
AND THE ORIGINAL TOPOLOGY ON A SET

Implicit in the definition of the G-topology is the following theorem due to Young.
It should be noted that in all theorems due to Young referred to in this paper, the
hypothesis that the original space be a T,-space has been deleted since the results are
easily seen to hold without this restriction.

"*) This material is a portion of a dissertation submitted to the Graduate School of the Univer-
sity of Michigan. i
**) Numbers in square brackets refer to the bibliography.
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2.1. Theorem. ([ 1], theorem 1, p. 481.) If G is any collection of subsets of a topo-
logical space (X, m), then the topology ng on X is finer than m, i.e., © S mg.

That 7 and ng are, in general, distinct topologies on a given set is a consequence of
the following example.

2.2. Example. Let X = U[X,:n = 0, 1, 2, ...] be the subset of the plane where

Xo=1[(x,y):x=0,0<y<1] and anl:(x,y):x=1,0§y§1]
n
for n=1,2,...,

and let X be endowed with the usual metric topology =. Suppose G is that collection
of subsets of (X, n) which consists of all the sub-arcs of each X,, n =0,1,2,....
Then ng % nsince Y = U[X, :n = 1,2,...] is a ng-closed subset of X which is not
7-closed.

The next two theorems provide us with conditions under which 7z and n are
identical. Their proofs clearly follow from theorem 2.1 and the fact that n; < =#
since, in each case, every z-limit point is a wg-limit point.

2.3. Theorem. If G is a collection of subsets of a topological space (X, n) and if G
contains a base for the family of n-open sets in X, then ng = 7.

2.4. Theorem. If (X, n) is a locally arcwise connected topological space and if G
is the collection of all arcs in (X, ), then ng = m.

3. A CHARACTERIZATION OF LOCALLY CONNECTED TOPOLOGICAL SPACES

3.1. Theorem. ([1], theorem 1, p. 481.) If G is any collection of connected subsets
of a topological space (X, n) then every m-component of a m-open set is ng-open.

3.2. Corollary. If G is any collection of connected subsets of a topological space
(X, n) and if ng = = then (X, w) is locally connected.

Proof. If ng; = = then n-components of m-open sets are n-open and so (X, ) is
locally connected.

3.3. Theorem. If G is the collection of all connected subsets of a locally connected
topological space (X, n) then ng = .

Proof. The local connectedness of (X, n) implies the existence of a base B of
connected, open sets for the topology n on X. Since G contains B, n; = 7 by theorem
2.3.

3.4. Combining theorem 3.3 and corollary 3.2 we obtain the following characteri-
zation of locally connected spaces: if G is the collection of all connected subsets of
a topological space (X, =) then (X, =) is locally connected if and only if 7 = 7.
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4. THE COARSEST LOCALLY CONNECTED TOPOLOGY ON A SET FINER
THAN THE ORIGINAL TOPOLOGY ON THE SET

4.1. Theorem. ([1], theorem 3, p. 481.) Let G be a collection of subsets of a topo-
logical space (X, n) and suppose that each element of G is ng-connected. Then the
Sfollowing statements hold.

(i) (X, mg) is locally connected.
(ii) If every two points of X lie in an element of G then (X, mg) is connected.

4.2. Lemma. Let (X, ) be a topological space and let ' be a topology on X which
is finer than =n. If C is any n’-connected subset of X then C is n-connected.

Proof. The result follows immediately from the definition of a connected subset
and the fact that = < ='.

4.3. Theorem. Let G be any collection of subsets of a topological space (X, m).
If (X, ng) is connected then (X, m) is connected.

Proof. The result follows immediately from theorem 2.1 and the preceding
lemma.

4.4. Theorem. Let G be the collection of all n-connected subsets of a topological
space (X, n) If every element of G is ng-connected then ng is the coarsest locally
connected topology for X which is finer than =.

Proof. By theorems 4.1, (i) and 2.1, s is a locally connected topology for X
which is finer than 7 and it remains to be shown that 74 is the coarsest such topology
on X. Let n’ be any locally connected topology for X which is finer than n. Let M
be any subset of X, p a n'-limit point of M, and U any n-open set containing p.
Since = < @', U is n"-open. Moreover, since n’ is a locally connected topology for X,
U contains a n"-open, ©'-connected set ¥ containing p and, since p is a n'-limit point
of M, V must contain a n’-connected set C which intersects {p} and M-{p}. By
lemma 4.2, C is n-connected and it follows that p is a ng-limit point of M. Thus
ng S 7', i.e., mg is coarser than 7.

5. A CHARACTERIZATION OF LOCALLY ARCWISE CONNECTED
TOPOLOGICAL SPACES

5.1. Theorem. Let G be the collection of all arcs in a topological space (X, n).
If Ais an arc in (X, n) then A is an arc in (X, g)-

Proof. Consider (4, r—=) and (4, r—ng). Let M be a subset of 4 and let p be
a (r—n)-limit point of M. If U is any n-open set containing p then U n 4 is a (r—n)-
open set containing p and, since p is a (r—n)-limit point of M and (4, r—n) is
locally arcwise connected, U n A contains a point g such that ge M, q + p, and p
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and g are the end points of an arc y in U n A. Hence p is a ng-limit point of M in 4,
ie, pis a (r—mng)limit point of M. It now follows that (r—mg) = (r—n).
Combining this with (r—n) = (r—ng) we have (r—n) = (r—ng). Therefore 4 is an
arc in (X, 7).

5.2. Theorem. Let G be the collection of all arcs in a topological space (X, ).
(X, ) is arcwise connected if and only if (X, ng) is connected.

Proof. Suppose (X, n) is arcwise connected. Then every two points of X lie in an
element of G. Furthermore, if y € G then y is an arc in (X, 75) by theorem 5.1. Hence
(X, mg) is connected. In fact, (X, ng) is arcwise connected.

Now suppose (X, ng) is connected. If (X, ) is not covered by arcs., i.e., if there is
a point x in (X s n) which is not contained in an element of G, then x is an isolated
point of (X, ng) and so (X, ng) is not connected. We may thercfore assume that
(X, ) is covered by arcs. Define a relation R on X as follows: for all x, y in X such
that x & y, xRy if and only if x and y are contained in an element of G. Now assume
that (X, x) is not arcwise connected, so that there exists an x in X such that R, + X,
where R, = [y :y€e X and yRx]. X = R, u (X — R,) where R, n (X — R,) =0,
R, =% 0 since (X, m) is covered by arcs, and (X — R,) * 0 since R, + X. Since no
point of R, can be a ng-limit point of X — R_, and conversely, then R, and X — R,
must be ng-closed. Hence (X, ng) is not connected.

5.3. Corollary. Let G be the collection of all arcs in a topological space (X, 7).
(X, n) is arcwise connected if and only if (X, ng) is arcwise connected.

5.4. Corollary. Let G be the collection of all arcs in a topological space (X, ).
(x, 7g) is connected if and only if (X, ng) is arcwise connected.

5.5. Theorem. Let G be the collection of all arcs in a tepological space (X, n)
If Vis a subset of X which is n-arcwise connected then V is ng-connected (in fact,
Tg-arcwise connected). '

Proof. Since Vis n-arcwise connected and since every n-arc is a ng-arc by theorem
5.1, it follows that Vis ng-connected (in fact, ng-arcwise connected).

5.6. Example. Let (X, n) be the plane with its usual metric topology and let ¥ be
the closure of the graph of y = sin 1/x, 0 < x < 1. If G is the collection of all arcs
in (X, n) then n = mg by theorem 2.4 since (X, m) is locally arcwise connected.
Thus Vis ng-connected since it is n-connected, but Vis not n-arcwise connected. We
therefore see that the converse of the preceding theorem does not hold.

5.7. Theorem. Let (X, n) be a topological space and let V be an open subset of
(X, m). If G is the collection of all arcs in (X, n) and if G’ is the collection of all
arcs in (V, r—n) then the topologies r—ng and (r—m)g on V are identical.
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Proof. Let M be any subset of ¥ and let p be any (r—x)g-limit point of M. If U
is any n-open set containing p then U n V is (r—n)-open and, since p is a (r—n)g-
limit point of M, there exists an element y in G" and therefore also in G such that
peysUnVecUandyn (M — {p}) + 0. Hence p is a ng-limit point of M in ¥,
i.e., pis a (r—mng)-limit point of M, and it follows that (r—ng) S (r—7)g-

Now let p be any (r—ng)-limit point of M, i.e., a ng-limit point of M in V. If U
is any (r—m)-open set containing p then, since V is m-open, U is m-open. Since p
is a ng-limit point of M in V, U contains an element y of G such that pey < U and
vy (M—{p}) 0. But ye G’ since y =€ U < V and it follows that pisa (r—mn)g-
limit point of M. Hence (r—n)g. < (r—mg).

5.8. Theorem. Let G be the collection of all arcs in a topological space (X, m).
If V is a n-open subset of X and if V is ng-connected then V is m-arcwise connected.

Proof. Let ¥V be mg-connected, i.e., let (V,r—ng) be connected. If G’ is the
collection of all arcs in (V, r—mn) then (V, (r—n)g.) is connected by the preceding
theorem and, by theorem 5.2, (V, r—n) is arcwise connected, i.e., V is m-arcwise
connected.

5.9. Theorem. Let G be the collection of all arcs in a topological space (X, n).
If ng = n then (X, n) is locally arcwise connected.

Proof. Let x be any element of X, U any n-open set containing x, and C the n-
component of U containing x. By theorem 3.1 and the fact that ng = n, Cis n-open
and also mg-connected. Thus C is n-arcwise connected, by theorem 5.8, and it follows
that (X, =) is locally arcwise connected.

5.10. Synthesizing theorems 2.4 and 5.9 we obtain the following characterization
of locally arcwise connected spaces: if G is the collection of all arcs in a topological
space (X, m), then (X, =) is locally arcwise connected if and only if ng = 7.

6. THE COARSEST LOCALLY ARCWISE CONNECTED TOPOLOGY
ON A SET FINER THAN THE ORIGINAL TOPOLOGY ON THE SET

6.1. Definition. Let (X, n) be an arbitrary topological space, let x € X, and let M
be any subset of X which contains x. The arc component of x in M is the set consisting
of the point x together with all points in M which can be joined to x by an arc in M.

6.2. Theorem. If G is the collection of all arcs in a topological space (X, n) then
(X, ng) is locally arcwise connected.

Proof. Let x be any point of X, U any ng-open set containing x, and V the ng-arc
component of x in U. Suppose V is not wg-open. Then X — V is not ng-closed and
so there must exist a point y in ¥V such that y is a ng-limit point of X — V. Since
each m-arc is a ng-arc by theorem 5.1, and since V is the ng-arc component of x in U,
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no element of G that contains y and intersects X — V lies entirely in U so that each
such element intersects F G(U), the mg-boundary of U. But then every ms- open set
containing y contains an element of G that intersects {y} and F4(U). Thus y is
a mg-limit point of the mg-closed set F4(U) and it follows that y € Fg(U). This is
impossible since y € U and U is ng-open. Hence V must be mg-open and it follows
that (X, ng) is locally arcwise connected.

6.3. The following example shows that, in general, it is not true that if G is the
collection of all arcs in a topological space (X, n) then 7g is the coarsest locally
arcwise connected topology for X which is finer than 7.

Let (X, ) be the real line with the minimal T;-topology and let G be the collection
of all arcs in (X, ). Since G is empty, 7 is the discrete topology and =g is locally
arcwise connected. If 7’ is the usual metric topology on X, n’ is locally arcwise
connected and # & 7’ S 7g.

6.4. Lemma. Let (X, n) be a topological space in which every compact set is
closed, and let n’ be a topology for X which is finer than . If A is an arc in (X, n')
then A is an arc in (X, 7).

Proof. Let i be the identity mapping of the arc 4 in (X, n’) onto the same point
set in (X, m). The mapping i is one-to-one, onto, and continuous, and since 4 is n'-
compact and = is a topology in which every compact set is closed then i is a ho-
meomorphism. Therefore A4 is an arc in (X, n).

6.5. Theorem. Let (X, ) be a topological space in which every compact set is
closed. If G is the collection of all arcs in (X, n) then ng is the coarsest locally
arcwise connected topology for X which is finer than n.

Proof. By theorems 2.1 and 6.2, g is a locally arcwise connected topology for X
which is finer than 7. It remains to be shown that n; is the coarsest such topology
on X. Suppose 7’ is a locally arcwise connected topology for X which is finer than n.
Let M be any subset of X and let p be a z'-limit point of M. If U is any m-open set
containing p then U is n’-open since n < n’. Hence U contains a n’-open set V'
containing p which is n’-arcwise connected and therefore n-arcwise connected by the
preceding lemma. Since p is a 7'-limit point of M, V contains a point g in M with
q * p, and since Vis m-arcwise connected there is a n-arc in ¥ which has p and g as
end points. Hence p is a ng-limit point of M and it now follows that ng; = ='.
(University of Michigan and University of Massachusetts)
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Pe3rome

XAPAKTEPU3ALIVA JIOKAJIBHO CBA3HBIX U JIOKAJIBHO
MO AYI'AM CBA3HBIX TOIIOJIOIMYECKUX TIPOCTPAHCTB

JIOPPOH M. JTABAJIJIEE, Awmxepct (Maccayyserc)

Iycts G — cucTeMa MOAMHOXKECTB TOIOJIOTHIECCKOTO mpocTpancTsa (X, n). B [1]
Ha MHOXecTBe X OINpeneJisieTcsl MPU MOMOLUM cuCTeMbl G HOBas TONOJIOTUS T,
a UMEHHO: p € X sABISAETCS NMPeHe/IbHOM TO4YKo MHOXecTBa M < X B TONOJOTUM T ,
€CIM W TOJIBKO €CIM Uil KaXIOTo OTKPBITOro mojamHoxecrBa U mpocTpaHCTBa
(X ) n), COIEPXKAIUETO p, CYLIECTBYET Y € G TakK, 4TO

pey<cU, yN(M - {p}) 0.

B 2T0if cTaThe JaeTcs XapakTepu3alis JIOKAJIBHO CBSI3HBIX U JIOKAJIBHO 110 AyraM
CBSI3HBIX MPOCTPAHCTB NP TIOMOILHM 3TOM TOTOJIOTUH T; U IPUBOJIUTCS JOCTATOYHOE
yCIOBHE, IIPH KOTOPOM T SIBJISICTCS CaMOMl IpyGoil JIOKAaJIbHO CBSI3HOH (COOTB.
JIOKAJIBHO TIO Ayram CB;I3H0171) TomoJoTuel, OoJiee TOHKOM, 4eM 7. [{oka3bIBaroTCst
CIICTYIOINE T€OPEMBI:

Ecau G — cucmema 6cex c8sa3HbIX NOOMHOMCecms npocmpancmea (X, n), mo (X, ny
Oyoem A0KANbHO CEA3ZHBIM, €CAU U MOALKO eCAU T = T.

ITycmy G — cucmema ecex 0ye npocmpancmsa (X, n). Tozoa caedyrouue ymeepic-
O0eHUA IKBUBANEHMHBL:

(X, m) no oyeam ceasmo; (X, ng) ceasno; (X, ng) no oyeam céA3Ho.

Ecau G — cucmema écex d0yz npocmpancmsa (X, n), mo (X, n) 6ydem a0KkaivbHo no
0yeam CA3HbIM, eCAU U MOAbKO eCAU T = Tg.

Ecau G — cucmema écex dyz npocmparcmea (X, ) u ecau 6 npocmpancmee (X, my
Kancooe KOMNAKMHOe NOOMHONCECINB0 3AMKHYMO, MO Tz — CAMAA 2pYOAA AOKAALHO
no 0y2am C6A3HAA MONoAo2us, 6oiee MOHKASA, YeM T.
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