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Yexoc/10BanKHii MaTeMaTHYecKHii skypHaJ, T. 13 (88) 1963, [para

ON SEMICHAINED REFINEMENTS OF CHAINS
IN EQUIVALENCE LATTICE

(A note to a theorem of O. Boriivka)

VAcLAV HAVEL, Brno
(Received July 18, 1961)

Prof. O. BorUVK A discovered in 1959 a theorem in which he generalized his
previous results on a certain isomorphism between Zassenhaus refinements of
two chains in an equivalence lattice. This paper contains a new proof of this
theorem and its further generalization.

Introduction. Using the methods of lattice theory and of the theory of set decom-
positions, we generalize further the theorem discovered by Prof. O. BORUVKA on
semichained refinements of two chains in the lattice of equivalence relations of a given
set; [1], pp. 65—68. Using the terminology of [1] we may express the theorem of ’
Prof. Boriivka as follows:

To a given modular pair of decompositions series there exists a pair of their
refinements which are semichained by the same basis.

We shall complete the original existence proof from [1] with the direct con-
struction. Lattice theoretic terminology will be used; note, however, that it differs from
the terminology of set decomposition theory introduced in [1]. As our starting point
we shall use a certain lemma ([3], pp- 86 —87), in which all the essentials needed of the
theory of set decompositions are concentrated. The constructive character of our
investigation makes possible its application to the theory of scientific classifications
([1], pp. 72—73). We are also led to a lattice theoretic problem following from the
study of different types of Zassenhaus refinements of two chains in the given lattice.

Preliminaries from lattice theory. Let L be a lattice with partial ordering < and let
A, v denote the lattice operations (meet and join). If a = b are elements of L, then
the lattice quotient a/b is defined as the sublattice consisting of the elements x e L
with @ = x = b. Next we define some notions (only for the need of this paper): The
ordered triad of elements a, = a,; b of L will be called modular and denoted by
M(ay, a,, b),if a; A (a, v b) = a, v (a; A b). The ordered quadruple of elements
a,; = a,; by = b,"of L will be called modular and denoted by M(ay, a,, by, b,), if
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M(a, A by, a, A by, by). Ifay = ay; by = b, are elements of L, we call the quotients
a,la,, by/b, as similar if a so-called middle quotient ¢ /c, = L exists such that
a,=4a,Vv ey, by =b, Ve, ¢ =a,Ac; =b, Ac;. By a chain (with repe-
titions) between elements a, = a, in L we shall understand a finite sequence of ele-
ments of L, for which the induced partial ordering of the lattice L is the ordering of the
sequence; such a chain consists of members ay = a; 2 ... = a,, or {a,},=0,.. » If
there are given chains

A= {ai}i=0,...,r s
B = {bj}j=0,...,sa bO = do, bs = 4a,,
in L, then we define their Zassenhaus refinements
* —
A* = {ak,j}k=0,...,r—1;j=0 ..... s
B* = {bl,i}l=0 ..... s—1;i=0,....k >

with members of the form a; ; = a4y Vv (a, A b)), by; = by v (by A a;) where
the indexes i, j, k, | here and hence forth are

i=0,..,r5j=0,...,8 k=0,..,7r—1;1=0,...,s — 1.

We term the chains A, B in L similar, if there exists a one-to-one mapping A — B:
a; — by, such that ayf/ag,y, byuy/bsuy+ 1 are similar quotients for every k.

Theorem 1. For the refinements A*, B* of given chains A, B in L there holds:

a) ap; A by = a, A by for every k, I;

b) M(ak,l’ Ay, 1+1> bl,k)’ M(bl,k7 bis1s ak,l) for every k, I;

c) if A*, B* are similar by the mapping a, ; — b, *) with the middle quotients
ap A byfe, , thenay; = ay 141 A byyyy for every k, I;

d) setting ¢, = (ax A byy) vV (by A ayyy), diy = @ A by A (Ggsy v byyy) for
all k, 1, then from the condition

@ M(ay, air 15 by, biyy)s M(by, byyy, ay, aier) for all k, 1
there follows ay 141 A bygsy = cx,1 for all k, I

e) from the condition
(In) diy = i1 A ag A byp=b iy A b Aa forallk,l
there follows ay 141 A bygsy = dii forall k, I;

f) the condition
(I1*) M(ay, aye1, b)), M(b, byyy, a;) foralli,j,k,1
implies condition (II).

Proof. a) It is necessary to decide whether
(1 (aks1 vV (@ A b)) A (byey v (b A @) = G A by

-

*) Gk,s = ar+1,0 = ak+1> b1 = by41,0 = br+1.
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= a, A by; also
Now a,; A bix 2 a, A by, because a;,1 Z d A b, and also by, = & 1

. = b,.
Ay S @, by S by sothat ag A by S dx A b,; thus finally a,,, A bix = a A Dy

b) We shall prove the relation M(ay, i, dx,1+15 b,,); the second relation may be

proved similarly. Obviously a,,; v (ax A bys1) V (ax A b)) = a1 V (g A b)),
so that ags+q v (a5 A b)) = @, ;. Thus by a;; A bye = d A byand ax S a1 Vv
v by, (the last relation is obtained as follows: ax+1 V (ax A b)) £ (agsr v (@ A
Abi))V (brr v (b A @)) = agey v (ap A b)Y biy1), we have ag ;g Vv
V (@ A b)) = ey A (@rgen v ‘bl,k)9 that is M(ay,i» @x,1+1> big)-

c) Obviously e,; = @41 A byx = @y A by x4y, and thus also e, = (@141 A
A D) A (ak,l_/\ big+1) = Quae1 A brgrr

d) We shall consider
(ax A briy) V (@eer A b))

(21,2) (”k+1 v (a" A b’H)) A (le v (bl " ak+1)) - {(ak A b,) A (ak+1 v b1+1)~

If (I) holds, then a; A by A ((agsy A b)) Vv byyy) = (asq A b)) vV (ax A bysy),
by A ag A ((byoy A @)V agry) = (byey A a) v (by A agyy). Then the left sides are
equal and similarly as in c), we obtain ¢, ; = a, A by A byiiq A ap 41 = brgsr A
A ay1+1- Thus (24) holds.

e) Let the condition (II) hold, thatis d, , = a; ;41 A @, A by = bygey A by A ag.
Then certainly d,,; = ai,1+1 A bixs1 A a, A byand again as in the preceding proof
diy = ag 41 A bygeq. Thus (2,) holds.

f) From the conditions M(ay, @41, byy 1), M(by, b4y, axy )it follows that (a,4, v
V(ap A b)) Aag Abr=ag A(ariy vV biyy) Aag A by =ag A by A (g v
v by 4). Similarly for b, 441 A by A a.

It may be easily shown that (II) does not imply (IT*).

Theorem 2. The refinements A*, B* of given chains A, B in L are similar by the
mapping a,,; — b, with middle quotients a, A bjc, , a, A b/d, , respectively, if
and only if the conditions (I), respectively (II), hold. If we replace (1I) by (II*) then
it is necessary to replace ““if and only if”” by “if”.

Proof. The quotients ay ;/ay ;+1, by 4/b; 4 are similar with the middle quotient
a, A by/c,; when and only when the following equations hold

3) e V(@ AD) =(a AD)V agyq v (ag A biyy),

4) (ax A bryy) Vv (@eer Vv b)) = (Grer vV ag A biyy) A (. A DY),
©) _ bier v (b A ay) = (b Aa)v by, v (by A ars1)

(6) (by A 1) V (brog A @) = (brsy v (by A agq)) A (b A ).

The equations (3) and (5) are fulfilled trivially, because a, A b, = a; A bysy, by A
A @, Z by A ay.q. Theequations (4), (6)are fulfilled when and only when M(b; A q,,
bir1 A g Giq), M(ay A by, agyq A by, byyy), that s if (I) holds.
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The equations (3), (5) together with the equations
) ax A bi A (@ V i) = (arer V(@ A bray)) A ag A by,
3) byAagA(byyy Vv agsq) =bipy v (by A agey) A by A a,

characterize the second type of the similarity. As we know, (3) and (5) hold trivially,
whereas (7) and (8) directly express the condition (II).

From (II*) there follows at once the validity of (7) and (8); ¢f. also theorem 15.
As to the first part of theorem 2, ¢f. [4], theorem 7,1, p. 18.

Theorem 3. The refinements A*, B* of given chains A, B in L are similar by the
mapping a,,; = by, with middle quotients a,; A byylax 41 A by yiy, if and only if
the following condition is satisfied:

(11T) Gaer A (@ A b)) = byysy A (by A a) for every k, 1.

Proof. According to theorem la, a,; A b,; = a; A b, and the considered simi-
larity is characterized by the equations (3), (5); these are valid trivially as in the proof
of theorem 2 et seq., since a; ;41 A ay A by = byger A by A ap = ag 141 A by
If (III) holds, then the last part of the preceding equations follows directly from
theorem Ic.

Preliminaries from decompesition theory. Let E(S), or shortly E, be the lattice of
all equivalence relations on the given set S, which can be naturally derived from the
lattice of all binary relations in S (isomorphic to the lattice of all subsets of S x S
partially ordered by set inclusion). If a € E, then let S/a be the symbol for the set of
all corresponding a-blocks. Relations a, b € E will be called associable if every
a-block contained in an arbitrary (a v b)-block, overlaps every b-block contained
in the same (a v b)-block; symbolically a [J b; cf. [3], p. 72.

Relations a, b € E are called totally associable when a []b’, a’ [1b for every
a’ z a, b’ = bin E; symbolically a [O] b; ¢f. [3], p. 89.

It is well known that a [J b implies M(a’, a, b) for all a’ = a of E; however, the

inversion of this implication is not correct, ¢f. [1], pp. 28 —29.

If S’ is a non-void subset of S and a € E(S) then we shall consider the one-to-one
mapping of the set S,, consisting of all a-blocks (elements of S/a) overlapping S’,
onto the set S(, of intersection of these a-blocks with S’; this one-to-one mapping
S;= Sy A—> AnS' for every AeSla, AnS" 0, we extend to a mapping
Sla = Sz u {0} : A—> A n S forevery A€ S/a, which we call the semicontractions.
If S/a = S, we speak about a contraction; cf. [3], pp. 86 —87.If a = b are relations
of E(S) and if we reduce the effect of the relation b to an (arbitrary) a-block, we obtain
the relation a//b, the so-called relation-quotient of relations a, b; of course a/[b € E(A)
for (arbitrary) A € S/a. If a = b; ¢ = d are relations of E(S) with a = ¢, then we say
that the quotient ¢//d is deduced from a//b by semicontraction or contraction if
every A € S/a is transferred into any C e S/c, C = A by some semicontraction or
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contraction Afa//b — Clc/|d U {0}. If a; = a,, by = b, are the relations of E(S), if
a,/a,, bi/b, are similar with middle quotient ¢,/¢2, and if ¢//c, is deduced by some
(semi)contraction from a,//a, and by some (semi) contraction from by//b,, then we
call a;//a,, by//b, (semi)chained. The chains A, B of E(S) are called semi(chained) if
there exists a one-to-one mapping A — B : a; — by such that ay//ax 4 1, byl /b oy +1
are (semi)chained for every k.

Semichained and chained refinements. The fundamental properties of the rela-
tionsa A b, a v b (a, b € E(S)) are described in [3], pp. 67—72.

Lemma. Let a, b € E(S). Then b/la A b can be deduced from a v b/[la by some
semicontraction; and especially by a contraction, if and only if a (] b.

Proof. For B € S/b we define the mapping B, = B, : C > C n Bforall Ce S/a,
C n B & 0. The set-union s(B,) of all a-blocks which are elements of B, is contained
in a set M e S/a v b. Using this, there can be easily constructed the required semi-
contraction Bja v bf/a — B/b/la v b U {0} of the quotient a v b//a into b/la A b.
From the definition of associability follows that s(B,) = D exactly then if a [J b.

Theorem 4. Let relations a; = a,, by = b, of E(S) be given such that a/a,,
b,/b, are similar with middle quotient c,/c,. Then af|a,, by|[b, are semichained and
the chaining becomes direct if a, O ¢, b, O ;.

Proof. We apply the lemma to both pairs a,//a,, ¢;/[cy; by[[by, ¢q/[c,. Thus ¢i//c,
can be obtained by a certain semicontraction from a,//a, and by a certain semi-
contraction from b,//b,, so that a,//a,, b,//b, are semichained quotients. According
to the second part of the lemma, both the preceding semicontractions become con-
tractions (and the semichaining of a,//a,, by//b, becomes a chaining) if and only if
a, ey, by Ocy.

Theorem 5. If A, B are chains of E(S) which satisfy condition III (or I, II, II*
respectively), then A*, B* are semichained by the mapping a, ; — b,,; the semi-
chaining becomes a chaining if and only if

(V) agyq vV (ag A b)) Oag A by, byey v (by A apyy) by A ay forall k, 1.

The theorem is a consequence of theorems 2, 3, 4 and the definition of (semi)chained
pairs of chains.

Bortvka’s theorem cited in the introduction coincides with theorem 5 for the case
of condition (IT*) and semicontraction. In [3], pp. 88 —95, it is proved that condi-
tion (IV) may be strengthened to any one of the following

V) areyOag A by, by Oby A a; foralli,j, k,1;
(VD) a;[db; foralli,j,
(ViD) a; [0 b; foralli,j.

If the given chains A, B of E(S) satisfy condition (V) or (VI), then so do A*, B*.
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A similar problem may be formulated for conditions (1), (II), (IT*), (IIT), (VII). It is
natural to ask for necessary and sufficient conditions for the validity of the following
implication:

If chains A, B of some lattice L satisfy the condition
(VIII) for every a, f from prescribed index sets J,, Jy there holds a relation

r(aav bll) ’
then the refinements A*, B* satisfy the same condition.
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Pe3rome

TMOJIYCIIYTAHHBIE VIIJIOTHEHMUS LETTEN
SKBUBAJIEHTHOW CTPVKTYPEI

BAIIJIAB I'ABEJI (Véclav Havel), Bpuo

HIcroJis30BaHBI YCIIOBHUS AJISL TOT0,4TOOBL YIIIOTHEHHS 3acCeHIrai3a JBYX KOHCYHBIX
ueneit HeKOTOPOoit CTPYKTYphI OBUIM CHU3Y MPOCTO MOJOGHBI U C MEXKIyKBOLHECHTAMHA
Hamepe] 3a/1aHoi GOpMBI.

OTH yCIOBHS NPHUBEICHBI B JOKA3aTEJILCTBE TEOPEMBI CYIECTBOBAHUS PEIISLIAOH~
HOT'0 MOJIyn30MOrpu3Ma MEXIy YIUIOTHCHHSIMH 3acceHraii3a IBYX KOHEYHBIX IIeTei
CTPYKTYpPbI 9KBHBAJICHTHOCTEH NAHHOTO MHOXecTBa. Teopema mpelacrasiisieT coboit
HeKoTopoe 06o61enne Gostee paHHUX pe3ynbraTtos [1], [3].
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