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YexocaoBaukuii MaTeMaTuueckuii xypuaia, 1. 13 (88) 1963, ITpara

NOTE ON SEQUENCES OF INTEGRABLE FUNCTIONS

Jiki JELINEK and JoserF KRAL, Praha

(Received December 22, 1960)

Some theorems are proved concerning the integrability of lim inff,f,

n— o

lim inf | £,| for sequences of integrable functions f, (n = 1, 2, ...) which may
n— oo
assume both positive and negative values.

Notation. The terms number, function, measure always mean a real number,
function, measure (finite or infinite), respectively. X is a fixed non-void set, S is a
o-algebra of its subsets, p is a measure on S (so that (X, S, y) represents a measure
space — cf. [1]). u is always assumed o-finite.') If « is a real number we write, as
usual, o = max («, 0), «” = (—o)*. The meaning of the symbols f *, f =, where f is
a function on X, is obvious.

Let now f, (n = 1, 2, ...) be functions on X. We shall say that the sequence {f,}:>,
is uniformly lower semiconvergent on Y < X if an integer n(,(s) can be associated with
any ¢ > 0 such that for f = lim inf f, the following implications are true:

(n > ng(e), xe Y, f(x) <+o0)=f(x) + &> f(x),
(n > no(e), xe Y, f(x) =+0)=f(x) > 1/z.

The following generalization of Egoroff’s theorem will be needed in the sequel.

Lemma 1. Suppose that p(X) < + oo, and let {f,}7-1 be a sequence of S-measur-
able functions on X. Then there exists, for every 6 > 0, a set Z € S such that y(Z) <
< 0 and that {f,}°_, is uniformly lower semiconvergent on X — Z.

Proof is similar to that of Egoioff’s theorem (cf. [3], p. 18; [4], p. 249). Put f =
= lim inf f,,,

n— o

Xim = {x;f(x) <400, fux) + i > f(x)} U {x; f(x) =+o0, f,(x) > k},

Ykn=Oka'

m=n

o0
) Le. X =) X,, where X, ¢S, u(X,) <+00 (n=1,2,..)-
n=1
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Then
Yo Yococ..., UY,=X.
n=1
Hence it follows that, to every k, a positive integer n, can be assigned with u(X —
= Yi) < 27%. 6. Writing

oo

Z=U(X - Y,),

k=1
we have

WZ) Y ux - Y,)<y2*% =90,
k k=1

=1
and the sequence {f,},>, is easily seen to be uniformly lower semiconvergent on
o0

X = Z= () Yo
k=1

Lemma 2. Let f be a non-negative S-measurable function on X. Then, for every
real number ¢ < [y f du, there exists a § > 0 such that

(Tes, y("l‘)<(5):f fdu>c.
X-T
Proof. One can choose a non-negative u-integrable function h on X such that
h<f, f hdu > c.
X

Making use of absolute continuity of the indefinite integral [h dp, fix a & > 0 such
that

(Tes, ;1(T)<d)=>fhdy<j hdp —c.
T

X

fdygj Ird;z:fhdu—fhdu>c
X-T X-T b T

whenever TeS, p(T) < 4.

We have then

Proposition 1. Let p(X) <+ and let {f,}°.; be a sequence of p-integrable
functions on X. Suppose that sup [y f, du <+ o0 for every M € S. Then lim inf f,

n-* o
is u-integrable on X.

0

Remark 1. In the preceding proposition, the sequence {[x f,” du};%, need not be
bounded (cf. example 1 below), so that the conclusion of this proposition cannot be
simply deduced from Fatou’s lemma.
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Proof of proposition 1. Put f = liminff,, F = {x;f(x) =+o0}. Thus f* =
= lim inf f;}. First prove

n—*ow

() W(E) = 0.
Suppose, if possible, that u(F) = a > 0. Applying lemma 1 we conclude that there
exists a set Z € S such that u(Z) < -%cx and that the sequence {f,},~; is uniformly

lower semiconvergent on F — Z. (Here Egoroff’s theorem could also be used instead

of lemma 1.) Hence it follows for ¢, = inf f,(x) that
xeF—2Z

) lim ¢, =+ .

n—+o

Since

J'nwzmu—a;mw%mm>%ﬁ,

-Z

we conclude from (2) that

3) limj fodu =+,

n— o F-2Z
which contradicts the assumptions of our proposition. Thus (1) is proved.

Next prove that the equality
@ f £ dp = o0
X

also violates the assumptions of our proposition. Using (4), we shall show that there
exist a sequence of mutually disjoint sets M, €S (k = 1,2,...) and a subsequence

{futi=1 of {f,}22 such that, for every positive integer k, the following relations are
fulfilled:

(5) limj Cfrdp=0,
O JMU... UMk
(6) jf+d#=+w, where Ny =X — (MyU...uUM,),
Ny
(7) J‘ f"k+1du>k+l+j f":+1du’
M+ Myju.,. UMk
(®) 1§i§k:j fol dp < 27571,
Mic+1
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On defining M = |J M, we obtain, on account of (7), (8),
k=1

J‘fnk+xdl1=J‘ fnk+‘d‘u+jv f"k4ldl"+ Z J‘ f"k+td#;
M Miu...uMg Mic+1 p>k+1 M,

gJ\ f"t+!dll+<J. fnkud“_J fn:nd“)—
Mju... UMy My MuU... UM

- X j o dde >0+ (k+1) = Y 277> k.

p>k+1 p>k+1

Hence it follows that lim sup [, f, d¢ = + 0o which is a contradiction.?)

Put M, = @ and n, = 1. Suppose now that for a fixed integer k > 1 there are given
sets My, ..., M, and integers n; < ... < n, such that(5), (6) hold and that M; n M ;=
= @ whenever 1 < i # j < k. (This is the case for k = 1.) We shall show that a set
Mysy = Ny = X — (M; U ... U M,) can be chosen in such a manner that (5), (6)
remain valid with k replaced by k + 1, and that (8), and — for sufficiently large
Mgsy > n, — also (7), hold. Put

a, = supj Jnodu.
n Mjyu... UMk

Clearly 0 < a, <+ oo (see (5)). Further, fix a § > 0 such that

©) (1<i<k YeS, u(Y) < p) =>j fod du < 275715

Y

this is possible since f,,, ..., f,, are p-integrable on X. Writing F,, = {x; f(x) > m}
and using (1), we find a positive integer m, with u(F,,) < B. By (6) we have

(10) J. ffdp=+ow,
NknF,,,k
because f* is bounded and, consequently, p-integrable on N, — F,, . Using lemma 2
we fix a real number 6 > 0 such that
(11) (Tes, w(T) < )= frap>a +k+1.
NknF,,,k—'I‘

Applying lemma 1 we choose a Z€ S, Z = N, n F,, such that
(12) wZ) <o

and such that the sequence {f,},~, is uniformly lower semiconvergent on N, n F

my

me

2) In [2], p. 158, this method of proof is called ,,Methode des gleitenden Buckels‘.
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— Z.Put My+1 = Fp, O Ny — Z.Since f > my on M, ,,, we have a positive integer p
such that f, > 0 on M+ Whenever n > p. Consequently,

"> po £ du = f Sod | gy au= f £ du
Miu...uM Miu...uM

MiuU...UMr+1 K My sy UM
(note that My < Ny, so that My, ..., M, are disjoint) and (5) remains true with k
replaced by k + 1. Since the sequence { f Mo Jn di}n= is bounded we conclude by
Fatou’s lemma that f is p-integrable on My, ; and that

lim inf fodu = fdu = frfdu>a, + k+1

e J Mic+ My« M+ 1

(cf. (11), (12)). Therefore we can fix a positive integer m . > msuch that [y, . f,.,, -
.du > a, + k + 1; this implies (7). According to (10) we have
ff*‘ du=f frau—|  frdu=+oo.
z N Fk M+ 1
Since Z < N, n (X — My,,) = Nyyy we see that also (6) remains valid with k
replaced by k + 1. In view of (9) we have (8). The proof is complete.

Example 1. Denote by X the set of all real numbers x with 0 < x < 1. Further,
let S be the system of all Lebesgue measurable subsets of X and let u be the Lebesgue

measure. Define
flx) =4" for 0<x<2™", fx)=—4" for 27"<x< 1.

Given a set M € S we have
WM (0,27") < u(M (277, 1))
and, consequently, {4, f, du < 0 for every sufficiently large n. On the other hand,

n—* oo X n— oo

limjf,f dp=1im4". 27" =+o0.

We see that in proposition 1, the sequence {[xf, du};-, need not be bounded.
Example 2. In proposition 1 the assuniption u(X) < + 00 cannot be omitted even
if we require {f,};>; to be convergent and {[4 f, du},%, to be bounded from above
whenever M € S, (M) <+ 0. To see this denote by X, S the set of all finite real
numbers and the system of all Lebesgue measurable subsets of X respectively. Further

define
fx)=1for —n<x<n, f(x)=0forn<|x|.

Then, clearly, [y f, du £ u(M)(n = 1,2, ...) forevery M € S and [ lim inf f," duu =

n—o .

= +o0.
On the other hand, the following theorem is true.
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Theorem 1. Let {f,}°. | be a sequence of p-integrable functions on X and suppose
0

that the sequence {[y f,du}y-, is bounded from above whenever M €S. Then
lim inf £ is p-integrable on X.

n—o

Proof. Put f = lim inf f, and suppose that

(13) Jf‘”dp=+oo.

Let {Y,}., be a sequence of sets Y,eS, u(Y,) <+oo (n=1,2,...) such that
YyeY,c..,UY,=Xand put Z, = Y,,; — ¥, (n = 1,2,...). Noting that, by
n=1

proposition 1, f* is u-integrable on every Y, and that lim [y, f* du = + oo (compare

n— o

(13)), clearly we may suppose that

(14) jf*du>n, n=12...

Zn
(this can always be achieved by passing to a subsequence of {Y,},~, if necessary). We
shall prove that there exist a sequence {M,};~ of disjoint sets M; € S and a sequence
of positive integers n, < n, < ... such that, for every positive integer k, the following
relations (15)—(20) hold:

(15)  {f.}r=, is uniformly lower semiconvergent on Q, = M, U ... U M,

(16) (U Z,) n 0, = 0 for sufficiently large p ,
n=p
(17) inf f(x) > 0,
xeQic
(18) l<isk= f dp <2751,
Mic+1
(19) -‘er:an,(x) =0,
(20) _[ For dp >k + 1.
Mic+ 1

Defining then M = {J M,, we obtain from (18)—(20)

k=1
ank+|d“= fnk+,dll+ f"k#ldﬂ+ Z j f"k+1dlu>
M [) My

" M+t p>k+1

>0+ k+1- Y 277>k (k=1,2,..),

p>k+1

so that lim sup [, f, du = + co. This contradicts the assumption of our theorem.

n—ow
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Put M, = 0, n; = 1 and suppose that, to a given positive integer k, disjoint sets
M,, ..., M, €S and integers n, < ... < n, have been assigned such that (15)—(17)
hold. We shall show that a set M, ; €S, M., = X — Q, can be chosen such that
(15)=(17) remain valid with k replaced by k + 1, and that (18)—(20) are true for

suitable 1,4y > n,. Fix an integer p > k + 1 with (U Z,) 0 Q, = 0 (compare (16)).
k n=p

Since ¥ |fn,| is p-integrable on X and Z,, n Z, = 0 for m # n, we can take p large
i=1

enough to secure

(21) f fo | du < 2751

i=1 Zp

Write U, = {x; x e Z,, f(x) > 1/n}. Clearly,

for every positive integer n. Since U, = U, <. U, = {x;xeZ,f(x) > 0},

1

.oy

1Cs

there is a positive integer r with
(23) n>r=’J frdp>k+1
Un

(cf. (14)). Fix now an integer m > r. Lemma 2 yields a 6 > 0 with

(24) (Tes, y(T)<5)=>J frdusk+1.

Um=T
Applying lemma 1 we obtain a set Ze S, u(Z) < & such that {f,},=, is uniformly
lower semiconvergent on U,, — Z = M, . By (22), M, is disjoint with Q,. Accord-
ing to (15), {fu}y is also uniformly lower semiconvergent on Q, U M.y = Qpy-
From M, ,, < U,, and from (17) it follows that

inf f(x)>0.

x€Qrc+ 1

Hence we obtain for sufficiently large s

(25) (n>s, xeQu1)=>fix)>0.
Using Fatou’s lemma we obtain on account of (24) that
timinf | £, du 2 fdu=j Srdus k41,

N
n=o Mic+1 Mic+ 1 M+ 1

so that

(26) n>t= fodu >k +1

M+
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for suitable . Fixing now an integer n,,, > max (n, s, t) we see that (19), (20 are

true. The inclusion M, ., < Z, together with (21) yields (18). Since My 4 N ( U Z,) =

n=p+1
= 0, we see that (16) holds with k replaced by k + 1. Since the same is known about
(15), (17), the proof is complete.

Lemma 3. Let 6 > 0, p(X) > 33 and suppose that p(A) < & for every p-atom
A €S.%) Then there exists a Be S such that 36 < p(B) < &

Proof. Pute = sup {s(C); Ce S, u(C) < 5} and suppose, if possible, that ¢ < 30.
Then there exist C, € S witha — 1/n < p(C,) < o(n = 1,2,...). Note that u(B)) < ¢
(j=1,2,...) imply ,u(B, U B,) £ § and, consequently, (B1 U B,) £ ¢. Hence it

follows easily that ,u( U C,) < o for every n; thus for C = U C, we have that y(C) =

= 0. Let%bethesystemofallBeSwnthBr\ C =0, B) > 0. Clearly X — Ce ™.
Put ¢ = inf {4(B); B € B}. Observe that

(DeS, WD) > o)= (D) > 5.

Hence we conclude that u(B) > § for every B e B; indeed, u(B L C) > ¢ and, con-
sequently,

UB) + p(C)=pBu C)>35, wB)y>d—-0o20, w(B) > 6.

We see that ¢ = § and that B does not contain any p-atom. If ¢ =oo then X — C
would be a p-atom. Thus ¢ <co, and we can fix a B € B with u(B) < ¢ + 9. Since B is
not a y-atom, there are B; € S (i = 1, 2) with u(B;) > 0, By n B, = 0, B, u B, = B.
Clearly, B;e ® (i = 1, 2) and, consequently, u(B) = 2¢ = ¢ + J, which is a contra-
diction. We have thus shown that ¢ > %5. Our lemma follows easily.

Lemma 4. Let p(X) <+, § > 0. Let {f,}-, be a sequence of p-integrable
functions on X such that sup [y|f,| du <oco for every Ye S with p(Y) < & and such

that sup | [yf, du| <oo whenever M € S. Then sup [xIful dp < o0.
n

Proof. Let us express X in the form X = A; U ... U A4,V X where Ay, ..., 4,,
X are disjomt elements of S, Ay, ..., 4, are p-atoms and u (A) < ¢ for every u—atom
A < X. 1t follows easily from lemma 3 that X can be expressed in the form X=

=Y, U...UY,, where the Y; are disjoint elements of S, u(Y)) < & (i = 1,..., m).
(Cf. also [4], th. 3.9, p. 220.) Consequently,

supf fil du = isupf il die <oo.

3) A set A4S is called a p-atom provided p(4) >0 and (M) = 0 for every M e S with
M c 4, p(M) < pu(4).
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Noting that

(1=k<p)

f fadu
Ax |

In connection with example 1 it is interesting to observe that the following propo-
sition holds. (Prop. 2 and th. 2 follow also from th. 10.8 in [4], p. 275.)

f il d = , T

we conclude that

p
SUPJ Iful du = SUPJ‘ [ful die + Y sup
n e n 3

k=1 n

<00 .

Proposition 2. Let p(X) <co. Let {f,}., be a sequence of p-integrable functions
on X, and suppose that sup | [ f, du| < oo whenever M € S. Then sup [xlfal du < 0.
n n

Proof. Assuming that

(27) lim supf |fal du =+ 00,

n— oo X
we shall construct a sequence M;, M,, ... of mutually disjoint sets M, € S and an
increasing sequence n,, n,, ... of positive integers such that for every k the following
relations hold:

K
(28) supf |fuldp =+, where N, =X - UM;,
n Jj=1
| |

(29) f"k+l d:ut >k+ 1+ ’J‘ fnk+xd” ’

Mg+ Mv...UMk
(30) max J fol dp < 27571,

Tsisk) My,

From (29), (30) we obtain for M = (J M, that

k=1

|
J ~f"k+l d % = EJ‘ fnk+ld1u{ + i fnk+1d»ul - Z
M } | Mju.. 1 lJ My s ] p>k+1

This contradicts the assumption of our proposition.

Sonees dul > k.
M, |

Put M; = 0, n, = 1. Suppose that to a given k, integers n; < ... < n; and dis-
joint sets My, ..., M, € S have been assigned fulfilling (28). We shall prove that there
exist a ny4, > n and a My, = Ny, My, €S, such that (29), (30) are true and such
that (28) remains valid with k replaced by k + 1. For the purpose of proving this we
fix a 6 > 0 such that

(31) (MesS, u(M) < 5 zf il du < 2751
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According to (28) we conclude by lemma 4 that there exists an Ye S with

(32) Yo N, wY)s9, Supj!f,,ld;t=o©

Y

f I dui =c.
[J Mo UM

Since ¢ <oo, we have by (32) an my, > m with [y|f,,, 1du > 2(k + 1 + ¢). Now
fix a §; > 0 such that

Put
(33) sup

n

(34) (TesS, u(T) =< (51)=>f e du > 2(k + 1 4 ¢).
Y-T
By (32) and lemma 4 there exists an Ye'S with
(39) Py, ui)so. supf 1fol dit =0
" J¥

From (35), (34) we conclude that

f [fu ol du>2(k + 1+ ¢).
Y-Y

Let us now define

My, = {x;xeY—Yf,, (x)> 0}
or

My, = {x;xe Y=Y f,, (x) <0}

according as

J fn:+1 d“ >j fﬂ:+|d# or f f'l:-bl d‘u gJ‘ fn:+1 d
Y-7 Y-Y Y-¥ Y-v

We have then clearly

|
'KJ< f'lk+1 d[l
1 M+

so that (29) is valid (see (33)). Noting that M, ,, = Yand y( Y) < & (compare (32)) we
conclude on account of (31) that (30) holds. We have Y =« Y= N,, M,,, c Y- ¥,
so that ¥ « N, — My, = Ny . This together with (35) secures that (28) remains

valid with k replaced by k + 1. The proof is complete.

>k+1+c¢,

Theorem 2. Let {f,},= be a sequence of p-integrable functions on X and suppose
that the sequence {[wf, dp}, 1 is bounded whenever M € S. Then sup Ix|fuldu <+ o0
and, consequently, liminf [f,| is u-integrable on X.

123



Proof. Suppose, if possible, that

(36) lim supf Iful du =+ o0 .
X

n— o

Let {X;}7, be a non-decreasing sequence of subsets of X such that

X;=X, X;eS, pX) <+ (i=12..).
i=1

We shall define two increasing sequences {n};-,, {m}i=; of positive integers as
follows. Put ny = 1 = my. If integers n; < ... < n,, my; < ... < m, have already

been constructed, we first choose an n,,,; > n; with

(37) J [funs | du > 3¢, + 2k, where ¢, = supJ‘ 1] du
X n

X

(note that, by proposition 2, 0 < ¢; < + ). The functions f, (n = 1,2,...) being
u-integrable on X, we have

lim | |fldy = j |ful di for every n .
X

i— a0 X;

This makes it possible to determine an m;,{ > m, large enough to secure

k+1
(38) Y [fud dp < 27571,
51 XX,
(39) j [fo, | dr > 3¢, + 2k
mic+q

(cf. (37)). The sequences {n,};% {, {m}i= having been defined, we put Z, = X,, , —
— X, (k = 1,2,...). We have then for every k (cf. (37), (39))

j [ foes ) dit =J | fones ) it —J [foe, A > 3¢, + 2k — ¢, = e, + k).
Zy kan Xomic

Let us now define M, = {x; x € Z,, f,., (x) > 0} or M, = {x; xe€ Z,, f,,, (x) < 0}
according as

Jﬁﬁﬁﬂ>jﬂLﬂ#0ffﬂLAu§fﬁLﬁw
Zx Zi Zy Zxe
Then, clearly,

1 fﬁ+1d#
M

k=1 k—1
Writing L, = U M;, we have L, =« U Z; < X,,, so that ¢, = [, |f,,,,] du. Hence
i=1 i=1

i= i=

>e+k (k=1,2.).

(40)

Soee, Q) > K +j‘ [foness| dit-
M Li
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Since M, ,; < X — X, ,» we conclude from (38) that
(41) 1< §k+1=~j Ifldp <2757,
Mic+ 1

Defining M = U M,, we obtain on account of (40), (41)

1[ Fuur, 41

so that sup |y f, dul =+

i
z Jlf,,.”.id/w”. Seer A
Ly |

M p=k+1

_ 3 j ol du> k=1,
My

Thus (36) is impossible and the proof is complete.

By means of lemmas 3, 4, the theorems 1, 2 can be generalized as follows:

Theorem 1*. Let {f,}°., be a sequence of p-integrable functions on X. Suppose
that there exist a set Ye 'S and a number n > 0 such that pu(Y) <oo, p(4) < n for
every p-atom A < Y and such that the sequence {[ f, du}s 1 is bounded from above
whenever M € S, f(M A Y) < n. Then lim inf f," is p-integrable on X (the sequence

n— oo

{[x fuF du}yy, however, need not be bounded).
Theorem 2*. Let {f,},=, be a sequence of p-integrable functions on X, Y€,
n > 0. Suppose that u(Y) <co and p(A) < n for every p-atom A < Y. If
|
sup U fa dul <
A b
for every M €S with f(M n Y) < n, then

supj il dp <o .
n X

References

[1] 11. P. Xaamow: Teopus mepbt. Mocksa 1954 (P. R. Halmos: Measure theory. New York 1950).

[2] 1. P. Natanson: Theorie der Funktionen einer reellen Veridnderlichen. Berlin 1954, (4. I1. Ha-
mancon: Teopust GyHKIML BEIECTBEHHOM nepeMeHHO. Mocksa 1950).

[3] S. Saks: Theory of the integral. New York.

[4] R. Sikorski: Funkcje rzeczywiste. Tom I. Warszawa 1958.

125



Pe3rome

3AMETKA O MOCJIEJOBATEJIBHOCTSIX MHTETPUPYEMBIX
OVHKLN

VIMPXU EJIMHEK (Jiti Jelinek) 1 MOCE® KPAJI (Josef Kral), Ipara

Mycts (X, S, ft) — NPOCTPAHCTBO C BIOJIHE 0-KOHEYHOW MEPOH U mycTh {f,} e, —
— MOCJIEAOBATEIbHOCTD UHTETPUPYEMBIX QYHKIUH Ha X.

Teopema. IIpeonoaoxncum, umo cywecmeyem 1 >0 u Ye€S mak, umo /1(A) <7
04a Kancoo2o p-amoma A <Y u nocaedosamenvocms {[y fo A} oepanuuena
ceepxy 044 Kaxncdo20 muoxncecmea M € S, yoosremeopsiowezo ycaosuro (M N'Y) < 1.
Toz0a gynxyus liminf £, unmezpupyema na X.

n— o
CrietyeT NOJYEPKHYTh, YTO B YCJIOBHSX NPENUIECTBYIOLIEH TEOPEMBI MOCIEIOBA-
TeIbHOCTh {[x fFdu}, mMoxer u He 6bITb orpaHuyeHHoit (maxe ecim X = Y,
u(X) < n < + 00); CIemOBATENBLHO, yTBEPXKACHHE TNPEILECTBYIOIEH TEOPEMBI He
MOXeT OBbITh MOJIy4€HO Ha OCHOBE M3BecTHOM JieMMBl Paty. B cBsi3u ¢ 3TUM MHTE-

PECHO OTMETUTH, YTO UMEET MECTO Cleayrolas

Teopema. ITycms Ye€'S, n > 0. IIpednonoxcum, umo p(A) < n o1a xaxcdozo
p-amoma A < Y u nocaedosamenshocmy {[y f, dplar | ocpanuuena das kascdozo
mHonceemea M €S, yodosaemesoparwezo mpebosanuro p(M n'Y) < n. Tozda no-
caedosamensiiocms  {[x ] f,,] du}>, oepanuvena u, noodagmo, @ymkyus lim inf| f,,|
unmezpupyema Ha X. ne

OTa nociaenHsis TeopeMa BbITeKaeT Toxe U3 TeopeMbl 10.8, moka3aHHO# npyrum
MmeTonoM B [4], cTp. 275—277.

Jloxa3aTesIbCTBa TEOpPEM B MpeJlaraeéMoil CTaTbe OCHOBaHbI HA METOME ,,CKOJIb-
3sumero ropba‘.
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