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Yexocnosankuii MareMaTnieckuii xkypuai, 1. 11 (86) 1961, Ilpara

ON r-DIMENSIONAL INTEGRALS IN (r + 1)-SPACE

(Preliminary Communication)

Joser KRrRAL, Praha
(Received June 29, 1961)

Some theorems are announced concerning the relations between the in-
tegrals over a closed oriented parametric r-surface S in (r + 1)-space and
between ‘“‘non-parametric’ integrals over the boundaries of certain sets deter-
mined by means of the order of a point with respect to S.

We shall assume throughout that M " is a fixed compact oriented r-manifold and fis
a continuous mapping of M" into E,, y, the Euclidean (r + 1)-space (so that the pair
(f, M") represents a closed parametric r-surface). We shall suppose that the (r + 1)-
dimensional Lebesgue measure of f(M") is equal to zero. Given z = [zy,...,z,4+1] €
€E,,;and 1 £ i <r+ 1weput Pz) = [zy,..., Zi—1, Zis1s -+ Zr+1 |- Further we
denote by f; = P{(f) the superposition of f and P;. Following J. H. MicHAEL (Proc.
London Math. Soc. 1957) we write u(z) for the order of z€ E,,; — f(M") with
respect to (f, M"), Z for the collection of all those subsets A of M" for which f(fr A),
the image under f; of the boundary (with respect to M") of A, is contained in a finite
number of (r — 1)-dimensional hyperplanes of the form {x = [xy,...,x,], x; =
= const}; finally, we define on the ring £ the additive set function p,, = u' by

() = f d(fs 4, x) dx ,
E,= fi(fr A)
d(f:» A, x) denoting the degree of f; on A at x. In the case that the variation

Ifill = sup |u'(A)l
AER

is finite, u’ can be extended to a finite signed measure defined on a g-algebra of subsets
of M" containing the inverses under f of all Borel subsets of f(M") and one can intro-
duce a signed Borel measure A’ over f(M") by 2{(B) = p'(f~*(B)).

Let 2 be the system of all infinitely differentiable functions with compact support
on E,, ;. Given a Lebesgue measurable set U < E,,, we can investigate the distri-
bution P ‘

T, = — —
i aZi XU(Z)
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defined by

If the number
[U; =sup Tp), ¢€2, max|o(z)] <1
@ z

is finite, then there exists a uniquely determined finite signed Borel measure P} over
the boundary U of U such that

T(¢) = f(p dP}, pe 9.

U
Put

G(n) = {z;2€ Eyuq — f(M7), u(z) = n}, U(n)=k('=3"c(k).

IA

Theorem. _Z 1)l < 1, _Z 16N < 2110
Thus || f;ll < oo implies that [|[U(n)ll; + [G(n)|l; < oo for every n and one can discuss

the relations between the integrals with respect to 4! and those with respect to PY®™,
pom,

Theorem. Let ||f;| <oo and let y be a A'-integrable function on f(M’). Then, for
every n, Y is integrable with respect to P{™ and P{ over the boundary of U(n) and
G(n) respectively and one has the relation

(- 1 fwdre > | wapre.

n=-o

£(M7) oy
The series
o0
S [ worr - [ warec)
n=1
G(m G=m

(which need not be convergent) is Cesdro summable to

(- 1) j v i
S(Mr)

Hence a general theorem of the Gauss-Green type can be deduced. (For r = 1
related results were obtained by the author in Uex. mat. xyp. 1957.) At this juncture,
mention should be made of the work of J. Cecconi, L. Cesari, E. De GIORGI,
H. Feperer, W. H. FLEMING, K. KRICKEBERG, J. MARIK, J. H. MICHAEL, CHR. Y.
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Pauc, L. H. TURNER, H. WHITNEY, L. C. YOUNG and others. The space of this note
being limited we cannot give here the corresponding bibliographical comments; these,
together with the proofs of the above theorems, will be given in a forthcoming paper
of the author.

Pe3ome

OB r-MEPHBIX MHTETPAJIAX B (r + 1)-MEPHOM TTPOCTPAHCTBE

(IIpedsapumeavroe coobwernue)

NOCE® KPAJI (Josef Kral), Tlpara

UccnenyroTcst CB3M MEXIY F-MEPHBIMHM MHTErPaJIaMy [0 NAPAMETPUYECKH MPE/-
CTABJICHHOM 3aMKHYTOM F-MEPHOM OPHEHTHDOBAHHOM MHOrOOGPAasHH M MeX.Iy
,»HENMAPaMETPUYECKUMHU® MHTETPalaMU IO TPAHMIIAM OINpPENENICHHBIX MHOXECTB,
KOTOpbIe ONPEACHSAIOTCS NPH HMOMOUIM MOPSAKA TOYKH OTHOCHUTENHHO NAaHHOTO
MHOroo6pasust. CoOTBETCTBYIOLIME ONPENICNEHHS U TEOPEMBI 3[1ECh, U3-33 HEOCTAT-
ka MecTa, GOPMYyTMPOBaTh HEBO3MOXHO.
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