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INVARIANCE OF G;-SPACES UNDER MAPPINGS

ZDENEK FRroLiK, Praha

(Received February 27, 1960)

It is proved that the images and inverse images respectively, of G5 spaces
are also G, under certain conditions on the mapping; some related questions
are also considered.

The present paper is devoted to the following two questions: Let f be a continuous
mapping of a space P onto a space Q. Under what conditions on f may we assert that:

(1) if P is a Gs-space, then Q is a Gs-space.

(2) if Qis a Gg-space, then P is a Gg-space. ,

In connection with (2) some characterisations of completely regular Gs-spaces are
given. For example, a completely regular space P is a Gs-space if and only if P is
homeomorphic with some closed subspace of the topological product of a countable
family of locally compact completely regular spaces.

All spaces are assumed to be completely regular. The terminology and notation of
J. KELLEY, General Topology, is used throughout. S(P) always denotes the Cech —
Stone compactification of a space P. Let us recall that a space P is said to be a G;-
space (or topologically complete in the sense of E. CecH, vide [1]) if P is a G,-set in
B(P). The following facts are well-known (vide [1] or [2]) if a space P is a G; in some
of its compactifications, then P is a Ggspace; every G;-space is G, in each of its
extensions (a space R is an extension of a space P if P is a dense subspace of R).

If is well-known that a continuous image of a Gs-space may fail to be a G,-space.
Moreover, the image under a linear continuous mapping of a complete normed linear
space may fail to be a Gs-space. Indeed, by well-known theorem, a linear continuous
mapping f of a complete normed linear space P is open if and only if f[P] is of the
second category in itself.

1. Theorem. Let f be an open continuous mapping of a space P onto a space Q.
If P is a Gs-space, then Q is a Gs-space.

Proof. According to the Cech-Stone theorem, there exists a continuous mapping F
of B(P) onto B(Q) such that f is the restriction of F to P. From the fact that f is open
we may conclude at once that, if U is an open subset of f(P) containing P, then the
interior of F[U] (in B(Q)) contains the set Q. Now let P be a G,-space. Then there
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exists a sequence {U,} of open subsets of (P) such that ()} U, = P. Denoting by V,
n=1

e}
the interior of F[U,], we conclude as above that ¥, > Q. Evidently Q = N V,. Thus Q0
n=1
is G, in B(Q), and consequently, Q is a G,-space.
As an immediate consequence of the precending theorem and of the fact that a
metrizable space P is a Gs-space if and only if there exists a metric ¢ for P such that
(P, q)) is a complete metric space, we have at once:

2. Theorem. Let f be an open continuous mapping of a complete metric space P
onto a metrizable space Q. Then there exists a metric \y for Q such that (Q, w) is
a complete metric space.

It may be noticed that a continuous mapping of a Gs-space onto a Gz-space may
fail to be open.

The remainder of this paper is devoted to investigations of inverse images of G-
spaces under mappings of a special sort. A mapping f of a space P into a space Q will
be called closed if the images of closed sets are closed. We shall need the following

3. Lemma. Let F be a continuous mapping of a space R onto a space S. Let P be
a dense subspace of R. Suppose that the restriction f = F[P of F to P is a closed
mapping onto Q = f[P]. Finally, let the inverses of points (i. e. sets of the form
f'[y], y€ Q) be closed in R. Then F~'[Q] = P, or equivalently, F[R — P] <
S -0.

Proof. Suppose that there exists a point x in R — P such that the point y = F(x)
belongs to Q. Put K = f~'[y]. R being a regular space, there exists a neighborhood U
of x closed in R and disjoint with K. P being dense in R, we have x e U P, and by
continuity of F,

y = F(x)e F[U n P]°.
Since ye Q and F[U n P] = f[U n P] = Q we obtain at once yef[U n P]%;
S being a closed mapping and U N P being a closed subset of P, f[U N P] is a closed
subset of Q. Thus the point y belongs to f[U N P]. But this is impossible, since the
sets K = f~'[y] and U are disjoint. This contradiction establishes the lemma.

A mapping f of a space onto a space Q will be called compact provided that the
inverses f'[y], y € Q, are compact spaces. From the preceding lemma we deduce:

4. Theorem. Let us suppose that f is a continuous, closed and compact mapping
of a space P onto a space Q. If Q is a Gs-space, then P is a Gs-space.

Proof. According to the Cech-Stone theorem, there exists a continuous mapping F
of B(P) onto B(Q) such that f is the restriction of F. It is easy to see that the as-
sumptions of the preceding lemma are fulfilled an hence that

* F[B(P) — P]= B(Q) — Q.
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Let us suppose that Q is a Gs-space. There exists a sequence {U,} of open subsets of

B(Q) such that N U, = Q. According to (*), we have
n=1

P=NF'U].
n=1
Thus P is G, in B(P), and consequently, P is a Gs-space.

5. Theorem. A space P is a Gsspace if and only if P is homeomorphic with some
closed subspace of the topological product of a countable family of locally compact
spaces.

Proof. Let us suppose that P is a Gz-space. There exists a sequence {U,} of open

subsets of B(P) such that | U, = P. Consider the topological product
1

U=X{U;n=12..}.

For every x in P denote by f(x) the point {x, x, ...} of U. The mapping f of P to U
is a homeomorphism and f[P] is closed in U. The spaces U, being locally compact,
the necessity is proved. On the other hand, it is well-known (and it may be easily
proved) that the topological product of a countable family of Gs-spaces is a Gy-space,
and that every closed subspace of a Gs-space is a Gs-space. The sufficiency follows.

A continuous mapping f of a space P to a space Q will be called non-extensible if
there exists no proper extension R of P (that isP £ Rand P = R) over which f may be
continuously extended (in other words: if R is a extension of P and if F is a continuous
mapping of R to Q such that f is the restriction of F, then P = R).

6. Theorem. A space P is a Gs-space if and only if there exists a continuous non-
extensible mapping of P to a Gs-space.

Proof. Let us suppose that f is a continuous non-extensible mapping of P to a
Gs-space Q. According to the Cech-Stone theorem, there exists a continuous mapping
F of B(P) to B(Q). From the non-extensibility of f we obtain that

FLA(P) — P] = p(Q) — f[P].
Now by the same argument as in the proof of theorem 4, it may be shown that P is
a G;-space. Conversely, if P is a G,-space then the identity mapping of P (to P) is non-
extensible.

It may be noticed that if P is a Gs-space, then there exists a continuous non-
extensible mapping of P to the topological product of a countable family of locally
compact spaces. Indeed, the mapping f from the first part of the proof of theorem 5
is non-extensible. ’

Combining the theorems 4, 5 and 6 we obtain

7. Theorem. The following properties of a space P are equivalent:
(1) P is a Gyspace.
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(2) There exists a continuous, closed and compact mapping of P to a Gs-space.

(3) P is homeomorphic with some closed subspace of the topological product of
a countable family of locally compact spaces.

(4) There exists a continuous non-extensible mapping of P to the topological
product of a countable family of locally compact spaces.

(5) There exists a continuous, closed and compact mapping of P to a topological
product of a countable family of locally compact spaces.
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Pesrome
NHBAPUAHTHOCTL G;-ITIPOCTPAHCTB IMPU OTOBPAXEHUAX

3JEHEK ®POJIUK, (Zdenék Frolik) Ilpara
(Toctynuio B penaxumio 27/11 1960 r.)

Briosine perysisipHoe nmpocTpaHcTBO P HasbiBaeTcs Gy-IPOCTPAHCTBOM (WJIM TO-
TOJIOTMYECKH NMOJHBIM B cMbiciie D. Uexa), eciiu oHO siBisieTcss G3-MHOXECTBOM
B CBOEM YEXOBCKOM OMKOMIIAKTHOM pacuiupenuu f(P). B crathe moxa3bpiBaroTCs
CJIeIYIOIIUE T€O PeMBI:

l. ycmo f — HenpepvigHoe OMKpPbIMOE 0MOOPAdNCEHUE BNOAHE Pe2YAAPHO20 NPO-
cmpancmea P Ha enoane peeyaaproe npocmpancmeo Q. Ecau P sgasemcs Gg-npo-
cmpancingom, mo Q maxyce sa6as1emca Qs~npoCMpaHcmeoM.

2. Hycms f — 3amKHymoe HenpepvleHOe 0moOpaANCeHUe 6noJAHe pecYyAsapHO20 HpO-
cmpancmea P na enoame pecyispHoe npocmparcmeo Q. Ecau noonpocmpancmea
D), ye Q 6ukomnakmust u Q ecmv Gy-npocmpancmeo, mo P mooce ssasemcs
Gs-npocmpancmeson.

Janee naroTcsi HEKOTOpbIe 3KBUBAJICHTHBIC OMNPEICJICHUS BIIOJHE DETYJISIPHBIX
Gs-nipocTpaHcTB. XOpOIIO U3BECTHO, YTO METPHU3yeMoe MPOCTPaHCTBO P siBisieTcs
G,-IPOCTPAHCTBOM TOTZA M TOJIBKO TOT/A, KOT/Ia IJIsi HeKOTOPOH METPHKHM ¢ Me-
TpHYECKOoe MPocTpaHCTBO (P, @) monHo. M3 1 B yacTHOCTH ciemyet:

Ecau cywecmsyem omkpuimoe HenpepvléHoe omodpaicerue f HeKOmMopo2o ROAHO20
Mempuyeckoeo npocmpanHcmea Ha Mempu3syemoe npocmpancmeo Q, no 044 HeKOnopoii
Mempuku ¢ mempuyeckoe npocmparcmeo (Q,®) noano.
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