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YexocaoBakuii MuaTeMaTHyecknii mypuaa, . 10 (85) 1960, Ipara

ON A THEOREM OF V. PTAK CONCERNING BEST
APPROXIMATION OF CONTINUOUS FUNCTIONS IN THE

b
METRIC [|a(t)| dt

Ivan SINGER, Bucharest
(Received October 27, 1959)

The author derives from his previous results on best approximation
in general normed linear spaces some improvements of a recent theorem

of V. PTdx concerning best approximation of continuous functions in
b

the metric [|z(¢)| dt.
a

Let T' = [a, b] be a finite segmeut of the real axis. We shall denote by Cp.(T')
the space of all continuous real-valued functions defined on 7', endowed with
the natural vector operations and with the norm ||| = [|a(f)| dt. Cp(T) is
a normed linear space, but it is not a Banach space. r

Let E be an arbitrary normed linear space, G a linear subspace of E, and
x ¢ K. We call best approximation of the element x any element g, ¢ G such that

[ — goll = inf ||z — g .
geG

The main result of the recent paper [5] of V. PT4K is the following (see [5],
theorem 2):

Let G be a finite-dimensional linear subspace of the space Cp.(T). There exists
an x4 € Cpi(T) with a nonunique best approximation if and only if there exist two
disjoint sets U, and U, open in T and an essentially bounded measurable function
«(t) defined on T — (U, u U,), with the following properties:

(1) l(t)] =1 forevery teT — (U, v U,),
2) [gt)ydt — [gt)ydt + [ g(t) x(t)dt =0 for every ge@,
U, U, T—(U,uU,)

(3) there exists a monzero g, e G vanishing on T — (U, v U,).

In the present paper we shall derive from our previous results on best
approximation in general normed linear spaces ([7], [8], [9]) some improve-
ments of the above theorem of V. Ptik. o
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1. RECALL OF SOME RESULTS ON BEST APPROXIMATION IN GENERAL
NORMED LINEAR SPACES

Let E be an arbitrary normed linear space. Then we have the following
two theorems: -

Theorem (A). (See [8], p. 184, and [9], theorem 1). Let G be an arbitrary linear
subspace of E. There exists an x,e E with a nonunique best approximation if
and only if there exists a linear) functional fe E* with the following proper-
ties:

(A Il =1,

(Ay) f(g) =0 forallge @,

(A;) f(x) = |lz|| for at least two distinct elements x € E whose difference belongs
to G.

Theorem (B). (See [7], theorem 2.2 and [9], theorem 2). Let G be an n-dimen-
sional linear subspace of E. There exists an x,e E with a nonunique best approxim-
ation if and only if there exist h distinct two by two non-opposite extreme points
fis -+ [ Of the unit sphere S* c E*, where 1 = h < n, and h positive numbers

h
Qg5 ooy Ay such that > A, = 1, with the following properties:

i=1

h
(By) lei.fi(g) =0 forall ge @,

h
(By) > Aifi(x) = ||| for at least two distinct elements x € E whose difference
i=1
belongs to Q.

The above theorems are stated in [7], [8] and [9] respectively, under the
hypothesis that £ is a Banach space. However the proofs given there make
no use of the completeness of £, hence these theorems are clearly valid (with
the same proofs) for an arbitrary normed linear space E.

Concerning some other questions related to theorem (B) and to [7], [8], [9]
see also the recent paper [4] of V. Ptak.

2. BEST APPROXIMATION IN THE SPACE Cn:(T) BY MEANS OF THE
ELEMENTS OF AN ARBITRARY LINEAR SUBSPACE

Since the completion of the space Cp.(7') is nothing else but the space LY(T),
the conjugate spaces of Cpi(7T') and LY(T') are equivalent; consequently, the
conjugate space of Cp.(T') is equivalent to the space M(T) of all equivalence
classes of essentially bounded measurable functions, endowed with the natural

1) 1. e. additive and continuous.
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vector operations and with the norm ||| = vrai max |(f)], the equivalence
f < B being given by et

f@) = [a(t) gty dt forall xeCp(T).
T
Hence, theorem (A) gives the following:

Proposition 1. Let G be an arbitrary linear subspace of Cr(T). There ewists
an x4 ¢ Cpa(T) with a nonunique best approximation if and only if there exists
an essentially bounded measurable function B(t) with the following properties:

(4) vrai max |f(t)] = 1,
teT
(5) fot)pt)dt =0 forall geG,
T
(6) J(t) B(t) dt = [la(t)] At
T T

for at least two distinct elements x € Cp(T) whose difference belongs to G.

Now we shall show that the conditions (4), (5) and (6) are equivalent to (1),
(2), (3).

Assume first that we have (4), (5) and (6).

Let xy 4 go and x, — g, be two elements of Cp.(T') satisfying (6); clearly,

any couple x;, x, == x, satisfying (6) may be written in this form, since for
%, — ¥, = 2¢, € G we have only to take x, = x; — ¢,.
Put

Uy, = {teTla,t) > 0}, U,={teT|x(t) <0},

and let «(t) be the restriction of f(t) to T'— (U, n U,). Then U, and U, are
disjoint and open in 7', and (4) clearly implies (1).

Furthermore, (6) and (4) obviously imply that
(7) Bit) =1 a.e2)onU,and B(t) = — 1 a.e.on U,,
whence, by (5) we have (2).
Finally, by (6) for x;, 4 g,, t, — g, and by (4) we have
Tf |l2o(t)] df < 1 i l2o(t) + go(t)| dt + % ! [2o(t) — go(t)| dt =
= q!%(t) B(t) dt < Jlxo(t)‘ dt,
and thus, the equality, which is possible only if
(@o(t) + go(E))(@o(t) — 9o(t)) =0 (teT),
whence we infer that g, vanishes on 7' — (U, u U,), i. e. (3).
Conversely, assume that we have (1), (2) and (3).

2) I. e. almost everywhere.
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Define

lg0(?) ) forte U,,
(8) zy(t) = {— 90(t)| for t e U,, .
0 forteT — (U, v Uy
and
1 for te U,,
(9) B(t) ={— 1 for teU,,

x(t) for teT — (U, v U,).

Then x,(t) is continuous, and f$(t) is measurable. By (1) and (9) we shall have

(4), and by (2) and (9) we shall have (5). Finally, (9), (8) and (3) imply
T[xo(t) B(t) dt = ilxo(t)l dt "
and
Tf[xo(t) — 9o(1)] B(t) dt = {Ixo(t) — go(®)| dt,

i. e. (6) with x; = zy, , = 2y — ¢,.

Thus we have proved the following theorem:

Theorem 1. Let G be an arbitrary linear subspace of the space Cp.(T). There
exists an xy e Cp(T) with a nonunique best approximation if and only if there
exist two disjoint sets U, and U, open in T and a measurable function «(t) defined
onT — (U, u U,), with the properties (1), (2) and (3).

Remark. This theorem is ¢mplicitely proved also by V. Ptdk, in [5] (see
also [6]). In fact, though in the formulation of theorem 2 of [5] is stated the
hypothesis that G is a finite-dimensional subspace of Cp.(T'), it is easy to verify
that Ptak’s proof of that theorem, given in [5], [6], makes no use of this hypo-
thesis.

3. BEST APPROXIMATION IN THE SPACE Cr:(T) BY MEANS OF THE
ELEMENTS OF A FINITE-DIMENSIONAL LINEAR SUBSPACE

The extreme points of the unit sphere S* of the conjugate space [Cp.(7T)]*
are, by the remark at the beginning of section 2 and by [7], lemma 1.4, the
linear functionals f which have the form

fx t)ydt forall zeCpL(T),

where M is a measurable subset of 7' and where

af 1 fora.e.teM,
(10) ﬁM(t):{—l fora.e.teT — M.

Hence, theorem (B) gives the following:

428



Proposition 2. Let G be an n-dimensional linear subspace of Cp.(T). There
exists an xy e Cpra(T) with a nonunique best approximation if and only if there
exist b measurable subsets M, ..., M, of T, where 1 < h = n, such that 3)

M, M; and M, #T — M; for i &7,
and an essentially bounded measurable functioo B(t) of the form
(11) Bt) = MBu(8) + ... + b (t) (eT),
where 2, > 0,1 =1,..., h, i A; = 1, with the properties (4), (5) and (6).

i=1
Let us remark that the above f(t) is a. e. a finitely-valued function which
assumes on 7' (excepting a set of measure zero) at most 2” distinct values, all
between —1 and 1.

Now we can prove

Theorem 2. Let G be an n-dimensional linear subspace of the space Cpi(T).
There exists an e Cp(T) with a nonunique best approximation if and only
1f there exist two disjoint open subsets U, and U, of T', h measurable subsets M, ...
wery My of T, where 1 =< h < n, such that

M, # M; and M, # T — M; for ¢ =7,

and

(12) M,->U,, T—M,>U,

(excepting a set of measure zero), 1 = 1, ..., h, and an essentially bounded mea-
surable function «(t) defined on T — (U, u U,), of the form

(13) a(t) = Ao, (8) + ..+ Aaag(t) (EeT — (Uy v Uy)),

‘where oy (t) denotes the restriction of B (t) to T — (U, v U,) and where 2; > 0,
h

i=1,..,h > A = 1, with the properties (1), (2) and (3).
41
Proof. This theorem follows from proposition 2 above, by the method used
in the preceding section (for the derivation of theorem 1 from proposition 1).
The only necessary additions are the following:
h
To the necessity part: From (7), (11), 4,>0 (¢ =1,...,h) and > 4, =1
i=1
it follows that
1 a.e.on U, ,
(14) Bur(t) = i=1,..,h,
—1 a.e.on U,,

whence, by (10), we infer (12).

%) The symbol £ denotes the non-equivalence of the sets in question (with respect
to the Lebesque measure).
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h
To the sufficiency part: From > 4, = 1, (12) and (10) it follows, since (12)

i=1
and (10) imply (14), that the p(t) defined by (9) and (13) is nothing else but.
(11).
Remark 1. The above function «(¢f) on 7' — (U, v U,) is a. e. by (13),.
a finitely-valued function, which assumes on 7 — (U, u U,) (excepting
a set of measure zero) at most 2" distinct values, all between —1 and 1.

Remark 2. It is easy (we omit the details) to derive from theorem 2 the
following result, due essentially to D. JAckson [3]:

Let G be an n-dimensional linear subspace of Cp.(T'). If there exists an xy e Cr(T)
with a nonunique best approximation, then there emsts an element g, e G and n.
distinct inner points t; of T such that gy(t;) = 0.

Let us mention that a short direct proof of this theorem has been given by
V. Ptak [5], [6]. ‘

Remark 3. Using the above methods, one can derive from theorem 3.1 of’
[8] a theorem of characterization of the polynomials of best approxim-
ation (in the metric f |(t)| dt) of a continuous function z(t).

Finally, let us men’mon that S. Ta. HaviNsoN has given, in the papers [1],
[2], some theorems concerning the best approximation in the metric [ |a(t)| du(t)
T

of a function belonging to a certain subclass of L(7', 1), where u is a nonnegative
measure on a completely additive class of subsets of a separable metric space
R, containing all the Borel sets, and where 7' is a u-measurable set ‘“‘reduced’
with respect to u, by means of the elements of a linear subspace G consisting
of continuous functions. In the present paper we shall not discuss these theo-
rems.
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Pesome

OB OJHON TEOPEME B. IITAKA

NBAH 3UHTIEP (Ivan Singer), Byxapect
Ucnombaysa obmue pesymnsrarsl ud [7], [8], [9], aBTop nokasmBaer HeKOTO-

phle yJaydmleHus TeopeMm B. IIraka [5] 00 anmpoKcUMamuy HeIpepBIBHBIX

YHKIUI B HOpPME f |x(t)] de.
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