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THE POLYNOMIAL APPROXIMATION OF CONTINUOUS
FUNCTIONS DEFINED ON (— o0, o)

L. C. HSU, Changchun, China
(Received March 19, 1959)

" The object of this note is to establish a theorem concerning the
polynomial approximation of continuous functions defined on the
whole axis (— o0, ). Our theorem consists of introducing a type of
explicit approximating polynomials. Finally, a generalization to the
case of functions of several variables is indicated.

Let O be a fixed real number with 0 << @ < 1 and define

L@ ) = ]/ - f fnenL — (¢ —n-oxydt, (1)
-1

where f(u) is a real function for which the integral of (1) exists, and n = 1,
. 2,3, .... Clearly L,(z; f) is a polynomial in z, of degree 2n, and it will reduce
to the Landau singular integral in case @ is taken to be zero etc. Evidently the
classical Landau integral is incapable of approximation to a continuous
function defined on the infinite interval (0, o) or (— o0, ).

We are now going to establish the following result:

Theorem. For any continuous function f(x) defined and bounded on the whole
anterval (— o0, o0), we have

lim L,(z; f) = f(x), (— 0 <2< o). (2)
N—>00
Moreover, the limit relation holds uniformly on any finite interval.
Proof. Choose a number d such that
max (0, —0)<d<i—0, (3)

and denote for brevity

1|6+
D, (x) =1, en)= (—) . (4)
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Let us split the integral of (1) (with f(u) = 1) as a sum of three integrals:

1 Dy@)—e(n)  Pu@)+e(M) 1 :
Jl—(¢—o,@)yrd= [ + [ + [ =Jin)+Jyn)+ Jsn).
e} -1 Du@)—e(r)  By(@)+e(n)

Given any finite interval [«, 8], we shall now show that the relations

lim V’—’ Jyn) =0, lim Vﬁ Jy) =1, lm V? Jym)=0  (5)
n—>c0 T n—>c0 T n—>c0 44

x
1
hold uniformly with respect to x (« =< x =< B). Notice that (1 — X) 1 el

for X — oo. We clearly have, for large » and for — 1 <t < @, (x) — &(n),
1 — (¢ — D,(2))*" = max {[1l — (1 + D,(2))*", [l — (e(n))*]"} =
2(0+06)n
< max {[mmxn + (@D, [1 - (1) ] } <

n
5

< max {|3n-%", (6—1)n1—2(9+")} < nlHOHO)

so that
Dy (@) —en)

Vf; Tl < [/Z 1 — (¢ — D)) dt <

-1
= V% e O (B, (2) — e(n) +1] >0, (n—> o)
the right-hand side tending to zero uniformly with respect to z (x < z < §).

Hence we have proved that V% Ji(n) =0 (n — oo0) uniformly for z. Similarly,

we find that ]/7% J4(n) also converges uniformly to zero for z(x <z = f).

Actually, we have proved
_ Pu(@)—e(n)

lim |/* f 11— (¢t — D, ()" dt =
N—sc0 T .
-1
_ 1
= lim 71: f 11— (t — @) dt = 0 (6)
Dy (%)+&(n)

uniformly in [«, £].
It remains to consider J,(n). As may be easily verified, we may write, for
D, (2) — &(n) =t = D,(x) + &(n),

(1 — (t — Py(2))*]* = exp {— n(t — D,(x))* -I; 0‘(’"(8("))4)} =
10+46-1
= exp {— n(t — D,(x))?}. {1 + 0 ((1) )} s

n
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where 40 -+ 40 — 1 > 0 and the constant factor implied in the order estimation

4 04461
of O ((ﬁ) ) is independent of { and x (x < & < B), in view of (3) and (4).
Therefore making a change of variables X = Vﬁ(t — @,(x)), we have dt =

= dX so that

Voo fecofl™ Y Y2 T emi

— ns(n)
where the right-hand side tends to 1 uniformly with respect to « (x < x < f),
since |/ne(n) = n'~°"® — w0 (n — o) in accordance with (3).

Finally, we have to deal with L,(x; f):

_ Bum—e(n)  Dy(@)+e(n) 1
V%( f + f + f )f(n@t)[l —(t— nfx)r dt =
-1 Pu@) =) Py(m)+-e(m)
V Ti(n) + l/” T(n) + V i) .
Since [f(x)| is bounded on the whole interval (— oo, o), say |f(z)] < M, we

may infer from (5) that both V7_r J¥(n) and Vj—[ J¥(n) tend to zero uni-
formly with regard to x (x < x < ) as n — 0. Also we have
. ; _Pa@) e
V% [T3(n) — f(x) T 5(n)] §V§ f [f(n®) — f@)|[1 — (¢ — D, ())*]" dt =
Dp(®)—e(n) :
/n
< max (0%0) — fo)] |/t

Here the “max’ is taken over all ¢ 'satisfying the condition |t — n=%| < &(n),

8
so that [n®% — x| < nO(n) = (%) — 0 (n— oo0) and consequently

max |f(n®) — f(x)| tends to zero uniformly for all  (x < « < p). We see thus
t
that the difference V:-t (J¥n) — f(x) Jo(n)) tends to zero uniformly with

respect to x. Recall that V% f(x) Jo(n) — f(x) (n — oo) uniformly. Hence in

conclusion we have shown that the relation

Ctim |/ (TH0) -+ Tiw) + T30 = J@) (7)

N—>»00
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holds uniformly for z (« < 2 =< f). This completes the proof of our theorem,
since [«, #] is an arbitrary interval.

It is not difficult to extend the theorem just proved to the case of functions
of several variables. In fact, if we define (with 0 < @ < })

L,"(xl, coey Tps f) =

1 1 %
kj2
n
== (77) ff f(’netp ey netk) 1_1[ [1 — (t, — n—@xy)2]n dtl . dth )
-1 v=

-1

then it can be shown in exactly the same manner that

lim L, (2, ..., %5 f) = f(@y, --., ;) (8)
N—>o0
holds for any continuous function f(x, ..., ;) defined and bounded on the

k-dimensional Euclidean space RE.

As a comparison of our theorem with Chlodovsky’s generalization [1] of
Bernstein polynomials, we may say that our result seems more satisfactory
in view of the fact that Chlodovsky’s theorems apply only to the functions
defined on the half infinite interval (0, c0), which cannot be replaced by
(— o0, w) anyway.

However, the author has been unable to decide whether the relation

limai L,(x; f) = f'(x), (— o0 <a << o)

nor A
is true, in case only the continuity condition or other simple condition is im-
posed upon the derivative f'(x) (— oo < x << o0).

The author and his cooperator L. P. Hsu have also investigated other types
of explicit approximating polynomials which may be regarded as the summation
analogue to the type here presented, and possess some similarity with the
Bernstein polynomial and its generalizations (see [2], [3], [4], [5]).
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Pesome

O NMPUBJIMHKEHUN MHOTOYWIEHAMU HEIIPEPBIBHO
OYHKINHU, ONPENEJEHHON HA BCEI BEIMECTBEHHOI
ocu

J. 4. CIO!, Yanuyns
(Moctynmiro B pemaxnuio 19/111 1959 r.)

B paGore yxaseiBaeTcA Kilacc MHOTOWIEHOB, 0000INAIOMMX MHOTOYIEHBI
Jlaumay. MHorouseHaMu U3 3TOTO KJIacca MOKHO aNIPOKCHMUPOBATH HA UH-
TepBaiie (—oo, 00 ) 100yI0 HeIPePHIBHYIO ¥ OTPAHMYEHHYIO () YHKIMIO, IPH 3TOM
Ha J060M KOHEYHOM NPOMEKYTKe 3Ty (YHKIHWIO MOJKHO anIPOKCHMHPOBATH
paBHOMEPHO.

Cpenazo 3aMedYaHHe OTHOCHTENIHFHO 0000IIEHNsI HTHX Pe3yabTaTOB HA CIIydai
QYHKIMA MHOTHX HePeMeHHBIX.
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