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YexocaoBanknii MaTeMATHYCCKMM KypHaa, T. 6 (81) 1956, Ilpara.

OB OBPAIIEHNN BTOPOI TEOPEMDI JISITIVITOBA
OB YCTOUYUBOCTI IBUKEHMSI
(IIpomomxenue)

SAPOCJIAB KVPIBEWJDL (Jaroslav Kurzweil), TIpara.
(ITocrymuio B pepaxmuio 6/VII 1955 r.)

5. Teopema 0 romeoMOpPu3Me MHOKeCTBA (G M1 HEKOTODHIE CIAEJCTBUA.

B navase HacToseil pa60'11)1 MBI npennonomnnn 9TO MHOKECTBO GF OTKPHITO,
0 € (¢, m onpeNieNTIN OHATHC CHALHON ycToiiumBocTy B G HYJIEBOTO HHTErpaJia
ypasuenus (1,01). B reopemax 1 m 7 6buI0 mOKAa3aHO, YTO HYJIEBOW WHTETPAJ
ypasuenus (1,01) sBisgercst cIbHO yCTORYMBEIM B G TOIa M TOJIBKO TOTNA,
ecitit Ha MHOsKecTBe (@ MOKHO onpefenuth QyHKIMIO V (2, t), YIOBIETBOPAWOILYIO
HeKOTOPBIM yelioBuaM. B Hacrosmem naparpade Mbl TOKayKeM, 9TO MHOMKECTBO
G' of6majgaeT BechbMa IPOCTOH TOIOJOTMYECKOH CTPYKTYPOHl, ecim HyJeBOM
wHTerpail ypasuenus (1,01) cuapro yeroiiums B G-

ITpennonoskenue o Tom, uyro pyHRImA f(x, t) oupenesieda 1 HeupepsiBHA B (,
ocraercsa B cuiie. llycts R ecTh OTKpBITasg efMHUYHAsA cepa B I, T. e.

R=LEl[xzek,, |z <1].

JloraskeM cripaBeJINBOCTH
Teopemsl 8. /lpednono ncum, umo nyaesoii unmeepan ypacrerus (1,01) cuavro

ycmotivus ¢ Q.
Toz0a cywecmayem OOMGO.A/LopgﬁHoe 0m06pa9¢cenue h(x) mnoxmcecmea G Ha

chepy R. Omobpancenue h(x) obaadaem Henpepvi8HBIMU NPOUIEOOHBIMU 6CEX
nops0Koé no kKoOpOUHAMAM GEEMOPA X, U AKOOUAH 9M020 0MOODANCCHUS OMAULEH

6 Kancdoil mouke om HYas.

Onumem xoj HoKaszartesibcTBa Teopemnl 8. Ilpempe Bcero ammporcummpyem.
pyuxumio f(z,t) Qyurmmeir f(z,t). Oysxuma f(z, t) obiamaer HempepHBHHIME
IPON3BOJHBIMU BCEeX IMOPAAKOB Hiag x == 0, { > 0, n TpUBHANBLHBIN WMHTETpPa
ypaBHEHUA

= f(, 1) (5,01)

CHJIbIO ycTOM4YUB B (.
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HNanee mbpl BozbMeM umena 0 << ry <7y << 73 <...,limr; = r* TaK, 4roOH

t—> 00

r* OBLJIO OCTATOYHO MAJIBIM, M IIOJIOKUM
R, = Elx e ki, |jx|| < 7] .
H

Ucnonbays cpoiterBa ypasHeHus (5,01), mocrpomm mociiefoBaTebHOCTh I'0-

MeoMOPQHBIX oToOpaskeHN ¢;(x) MHOKecTBa (f Ha cebs1 Tak, 4yro OYAYT COOJIIO-
. e/

TAThCSI CJAEAYIoNAe YCJOBHS, ecliM BBectum oOo3Havenwss H; = g, (£&;), ¢ =

=1,2,3, ...
Rammoe orobpamenme ¢,(x) obiiamaer HenpepHIBHBIMU YaCTHBIMA IIPOU3BO-
HHBIMM BCCX IIOPAAKOB, M ero IKOOMAaH OTJIMYeH BCIOAY OT HYJIA. (5,02)
H,,DH,, +=1,23, ..., (5,03)
i=1

Teneps MBI Bocmosibdyemces Jgemmoit 7. g monmrorsr monosrum A, () = g,(x)
M IPW IIOMONIM JIEMMBI 7 TOCTPOHUM IJisi JAHHBIX oToOpaskeHmit h,(xr) m gu(x)
romeoMoppHOoe oTobpaskenme hy(r) mHOKecTBa G Ha cebs, KoTropoe Oyfer
VAOBIETBOPATEL ycioBuio (5,02) u ycioBusaMm hy(x) = ¢,(x) pna x e G — H,,
ho(x) = hy(x) nnsa x e Hy. [na orobpaskeHumit hy(x) u ¢,(x) mocTpomM TpH IO-
MOIIA zJ]’.eMM_BI 7 romeomopgHOe oToOpaskeHme hy(xr) muOKecTBa (G Ha cebds,
KOTOpO€e OyJer yIOBJAeTBOPATH YCIOBHUIO &) M YCIOBHUAM

hy(r) =g,(x) mna xelG — Hy, hg(x) = hy(x) nna xzeH,.
[TomoO6ubiM e oOpazom mocrpomm otobpaskenus hy(x), hi(x),... Tax Kaxr

cobymofaercst yenosue (5,03) u mmeer mecto hy(x) = h;(x) = by (@) = ...
msa x e H;, 1o mMoHO ompefennts otobpaskenme h*(x) = h(x) nna x e H,

|

. I,
1 oKasaTh, YT0 oTobpamkenue h(xr) = — h*(x) yroBiaerBopser BceM yCIOBUAM
r

TeopeMbI 8.

JloxazarenancTBo Teopemnl 8. Ilpeamosiomum, 4to HYJIeBOH WMHTETpall
ypasaenus (1,01) cunpHo yeroviuums B G. 1lo Teopeme 7 cyimecTBYIOT QyHKIUN
Vilx, t), Us(x), Ups(®), Uys(x) Tar, uro semodnHsoTesa yeaosus I, 11, 111, TV,
IIpUBeJicHHLIE B 3TON TeopeMe.

Haiigem ¢yurmumo f(x,t) tar, uro6sl oHa OBLIA OHpejiesieHa ¥ HempepHIBHA
g x e @, t > 0, uMesla HelpepblBHble IPOM3BOMHEBIE JII000T0 LOPAAKA A
xe@,x &= 0,% > 0 n 9yToOBl UMEJI0O MECTO HePABEHCTBO

(@, t) — fla, v < ; Uss(2)

ST

;o1\ 0%,

WV

xel,t

?

Tarag ¢ynxnusa f(x, t) cymecrsyer, cm. [10], cTp. 76, demma 6.
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Burtru (Whitney) gopmyimpyer yKasaHHYI0 JdemMmy 00 anmpoKcuManuu A QyHKI(A,
BHAQUEHNAMHU KOTOPHIX SABJIAIOTCA YUCIA; HETPYAHO, OJHAKO, YOeIUTLCH, YTO JIEMMa COXpa-
HSIET CHJIy M [Jjif (QYHKIUA, 3HAYEHUA KOTOPBIX — BEKTOPHI mpoctTpancrBa F,, Tak Kak
JeMMy DUTHM MOMHO NPUMEHHUTH K Kamgol cocraBismomieil orpeiabno. IHUTHPOBAHHYIO
JIEMMY MBI UCIHOJb3YyeM ClefyomuM o0pasom:

Bospmem nenpepuBuylo ¢ynknuio Uz, t), onpegeneHuyio g x € G, ¢ > 0, TaK, 4To0Ll

). 1 U t
Ulx,t) < 157 e ——— xelG@ ,t >0,

CEE)) e T

0 < [7(x,t) mag t >0, 0 £ xel, 0= f](x,()‘} nasg x e O, (}(m,t}ws-() n3aa olx) —> oo
upu purcuposannom . OueBugno, Oymer U(0, ¢), Tar rax U ;(0) = 0.

Homoxum

R= E[zeG, z =0 t>0],
(@, t)

~ 1 1 ~ i 1
ij = I I:x € Gv t > — ’ (1)(.7/') > -, U(JC, t) = ‘"‘“‘“] s P == l, 2, 3, «. ey 82J e
(@, t)L P P . P

N2 cBoiicTs (I)yHHU;I/m U(.z: {) JerKo ciaepyer ZP = R R C RI,  p =123,

(oriracHO NUTHPOBAHHOMN JIeMMe, CYIIECTBYET Q)yﬂnumﬂ flx, t), onpepesenHas U AHAIUTHIEC-
Kag B I m ygoBIeTBOPAIOUIAA HEPABEHCTBY

Ifle, t) —flz, 9l <&, mas (x,t)eR,—R, ,, p=1,23,.

(MBI TTOJIOUIIN 1%0 = ), Tar uro ||f(z, £) — f(z, t)]| < [}(a:, t) nasa (xz, ?) ¢ R. Opuako,

NI mo0oii  MOCIeNoBaTeIbHOCTH (x;, t;) ¢R, j= 1, 2, 3, ...) (x5, ;) = (o, to) e
W 2 € G, 8 = 0, nam zy = 0,¢ =0, cymecrsyer lim f(z;, t;) n umeer mecto Ulz;, t;) —
J—>»00
— 0. Hosromy cymecrByer u lim f(x;, ¢;) = f(x,, t,), TaK 4TO MOMHO PACIIUPHTH 0GIACTD
J—»00

onpepenenus pyHxuun flz, £) u onpeneants f(x, i) = f(x, t), eciyg x e G, t = 0 wam « = 0,
¢t > 0. ©ynxnus f(x, t) onpefesieHa U HeMpepLBHA MIA « e &, ¢ > 0 M BHIOJHAET Bce Tpe-
Oyemble yCJIOBHA.

Vlceamenyem ypaBHeHHe

— flx, 1) . (5,01)

Ouesunno, f(0,¢) = 0 m IPOM3BOIHAS W.&,(ac, t) dyaxumm V (x, t) mo noso ypas-
Henus (5,01) ymoBierBopser ycioBUIO

- "oV, . oV oV, 1% v,
W (x, t) = T f ’ 7 ] — L (f, —
7(23 ) j2:1 6%‘5 J | 8t Z ax % at l “ 83’; f f.’}) —

< — Uis(x) + (321(8 )) Hf (z,8) — f(x ”< — U 5() . (5,05)
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CorstacHo teopeme 1, HyneBoit nurterpan ypasHeHus (5,01) cuibHO yeTonums
B (¢ (n6o cobmopaioresa yenosusa I, 1I, 111 treopemsr 7 m mepaBenctBO (5,05)).
Cornacno semme 1 cymecrByror yHrRona @4(¢) m A,(n), BomonBaOIMe ClleRy-
IOIAe YCJIOBUSA:

Dynkmua ¢,(f) oupenesena u HelpephiBHA I BceX f, yObiBaer M

@ (t) = o0 mia t— — 0o, @f)—>0 mma - .
MDyurmusa A,(n) oupepgesieHa u HelpepbiBHA [IJjs Bcex 7 > 0, Bo3pacraer u
An) - — o mma n—-0, Ayn)— c© mua n— oo.

Ecmn z(t) — wmuarterpas ypasaenud (5,01), oupenenenssi 1 ¢ > t, =~ 0, To
MMeeT MecTO | |
o(x(t)) < @it —ty — Ay(0fx(to)))), =1 (5,06)

Bossmem uuesio «, 0 << & < min[1po(0, 1), 1], (¥ ecTs monl0IHEHWE MHOKECTBA
G B E,; nonopmum x = %, ecoim G = FK,). Haugem vncno £, 0 < { < « Taxoe,

YTOOEI
o (— Ay(0)) < o (5,07)

ITycrs pynxums A(n) onpesesieHa u HenpepwulBHA Ay 1 > 0, o61agaer mpors3BOJI-
HBIME JII000T0 MOPAAKA A 17 > 0 ¥ yIOBIETBOPsAET YCIOBAAM

An) = 0 ma 0 <1, An)=1 pma n>C.

Honomum f*(x, t) = A( Hxll . f(z, 1) w wnceiaenyeM ypaBHeHHE

dx
— = [ 5
o= 1) (5,08)
(OrmerumM, uto ||z]| = w(x), ecan ||z|| < 2«; 3naunt, yeaosud |[x|| > n w(x) >
eKBHUBAJICHTHEI ). .
ObosnaunM @,(t) = max(x, ¢,(f)), — o0 <t < c0. Mu joxakeMm, 4TO0 KaK-

IBId mHTerpas x(t) ypaBHerus: (5,08), onpejesieHHBN 1711 ¢ > ¢, > O BBEIIOJHAET
yCJIOBUE

w(x(t)) -< @ot — ty — Aj(w(x(ty)))), ¢ =ty (5,09)

JeiicrBurensno, ecmm M by < ¢ << 4y, (8 > 1) o(x(t)) > £, T0 x(l) aBnsgercs
pemenneM ypaBHeHus (5,01), Taxk yro umeer mecro (5,06), a Tem 6osee u (5,09)
wisa ty < t < ¢ Ecim sxe (5,09) He mMeer MecTa, TO CYIHIECTBYeT 4HMCIIO Iy > i,
TaKoe, 4TO |
(2 (ty)) > Palts — by — Ady(w(x(f)))) = « > C. (5,10}
B cuny Toro, 4ro Mbl yike TOKa3aan, JOIKHO CYIIECTBOBATE YHCIIO i3, fy < 3 <C
< t, Taroe, o { = w(x(t;)) < w(x(t)), t; <t < &, s ls < t < t, PyuRIUA
x(t) cHOBa OyHeT pemenuem ypasuenus (5,01), Tak uro, coraacuo (5,06) u (5,07),
oyner

w(x(t)) < @i(t — t3 — Ay(o(2(ts))) < @i(— Ay(o(x(t3)))) = @1(— A,(0)) < w,
t3 < ¢ ; tz ’

1 .
i
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aro nporuBopeunt HepaBeHcTBY (5,10). CmpasemmmBocTh HepapeHcTBa (5,09)
JIOKa3aHa.

IIycto 7y, g, 5, ... — YHCIAOBAA MOCJCHOBATEIBHOCTL & < #y < Ty < 7y < ...
... < 2, mw mycth mapsl Ry, R, R, ... oupejessaiorca COOTHOMEHUEM

R,=E[zek, x| <7r], i=123,...

Bossmem unmeso ¢ > 0 Tax, 4T00HI OBLIO
@als — A4(2)) <7y (5,11,1)

Onpepenum Qynrmnuo ©,(r) tak, 9rods oHA Obljla OIpejelieHa BO BCeM 1PO-
crpancTBe F,, obnamasa HeNpPePBIBHBIMU YaCTHHIMEA IIPOM3BOAHBIMU JIHOOOTO
HOPAAKA U YAOBJIETBOPsa YCIOBAAM

O x) =1 ecnu x e Q(p(— A442))) mw O x) = 0 ecitm x e Q(p,(— A,(3)))

Taxkasa gyaxnua @,(x) cyniecTByeT BBUAY Bozpactanus QyHKIum ¢,(— A4(n)).
Hyers (¢, 7, y) o3HaYaeT MHTErpajl ypaBHEHUsI

dx ,,
T O,(x) . f*(x, ) - (5,12,1)
oupenesennsiii A ¢ > t. Ilyers sror wmHTerpanm omnpedesnsercs YCJIOBHEM
xW(r,7,y) =vy. (Ecom x e F, t > 0, To Berpaskenmio G,(x) f*(x,t) Ml npunmnce-
BaeM 3HaueHme 0. Dyarmua O,(x) f*(x, t) obnamaer, oYeBHUIHO, HeNPEPHIBHBIMHT
YACTHBIMU HPOM3BOJHBIMU JI000T0 NOpANKA Misd x € K, L > 0.)

Tar kar @;(— A4,(n)) > n onga n > 0, 1o
¢1(— Ai(n) = @o(— A1(m)), n =« (5,13)
n @ (— A1(2)) = po(— 44(2)).

Herpynuo ybenurness B cipaBeyINBOCTH CIEAYOMEr0 YTBEPHICHHA: |

Eemn w(y) << 2,7 2> 0, o w(xV(t, T, y)) < @1(— A(2)) s ¢ > 7, u QyHRINA
xM(t, T, y) ynmosmersopsier ypasHeHmo (5,08). Cormacmo (5,09) m (5,12,1),
oterona ceyer [w®(1 4 &, 1, 9)| < 0@ (1 + t,, 1, 7)) < 7, () < 2).
Onpepgenum romeomopduoe orobpamenue ¢,(y) mpocrpanctsa F, Ha cebs
g.(y) = 21 + ¢, 1, y). Orobpasmenune ¢,(y) obaamaer, OYEBUIHO, HEIPEPHIB-
HBIMI IIPOU3BOHBIMY JII000Or0 mopaaKa. flkobuan J 31010 OTOOpAKEHUSA

Iaglﬁi(ylﬁ c ey yn>
- Oy,

JYq, ..y Yy) =

OTJINYEH OT HYJIA B KaKIOU TOUYKEe, TAK KaK

1+ ¢

S (Of oy, ..., 2, |
J(yl,...,yn)mexp{f (21(( . 1833 | )) (£1 )) s
(B () L1=Tp b1,y
1 :

T = Tin(l 1Y)
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cM. Hamp. [11], § 87, Teopema 1 (cTp. 155). OTobpaskenne g.(¥) ymosmerBopser,
JaJjiee, ycJIOBUAM

9,.(G) =G, ¢,(£2(2))C R,,

[Ipeanomnoskum, 9TO HaHo romeomopHoe orobpaskenme ¢:(y) (¢ = 1, 2,3, ...)
upocrpanctsa l, na cebsi, TaK, 4T0 OHO BBEIIOJIHAET ycaoBHe ¢,(G) = (.

¢ymecrByer amciio &;.q, YIOBJICTBOPHAIOLIEe YCJIOBUAM

Eipr = 2071, (5,15,i 1)
2(5,,1) D97 (R - (5,16,2+1)

BosbsMeM umesio t;,; Tak, 4To0OBI OBIJIO
Paltizn — A1(&i11)) < Topa (5,11,24-1)

Orpimem ¢yaxnumio O, (xr) Taxyo, 4robBl OHa OBLIA ONpEJesieHa BO BCeM
npocrpaHcTse K, obnagalia HenpepHBHBIMU YaCTHBIMYI ITPOU3BOAHBIME JTI000TO
ITOPSJIKA U BBHIIOJIHAJA yCJIOBUS

Oia(®) =1 ecim z e Q(py(— A1(&i41)))
O;a(x) = 0 ecim x e Qpy(— A(&i41 + 1))

Tarana ¢yErnua @, ,(x) cymecrByer BBUAY Bo3pacTtanua QyHKmuu ¢,(— A(n)).
[Tyers 2+ Y(¢, 7, y) o3Havaer MHTErpall ypaBHEHMUS
dx

Eg — @i+1(2).f*(x, t), (55129%+1)

onpefesieunnlt 1y ¢ > 1. llycrs sror umHTErpanm ompepensercsi ycIOBHEM
2 (7, 7, y) = ¥.

Oysxnua O, (x) . f¥(x,t) obnagaer, 0UeBUIHO, HENPEPBIBHBIMI IIPOU3BOI-
HEIME Ji000T0 mopaxka g re £, ¢ > 0. Beuny (5,13) monyvaem

Pr(— Ay (E1) = pol— Ay(E141))

m JIerKo y0esKIaeMes B cIPaBeIINBOCTY CJICIYIONEr0 yTBePHICHUS:

Ecmm w(y) < §&;.4,7 = 0, T0o bymer w(xC*Y(E, 1, y)) < @ (— A1(&;41)) nmus
t > 7, u QyHrmua xCU(t, 7, y) yrosnersopaeT ypaBuenuio (5,08).

Cornacuao (5,09) u (5,11,241), orcioma ciemyer

t“-’l?(i“)(l + ip1 1, y)” é (N1 + ¢4, Ly)) <rg (oy) < &) .

OmnpenenuM romeomopgroe ortoOpaskeHme ¢,.,(¥) mpocrpancrBa K, Ha cebs
Gi1(y) = 2D + 1,44, 1, ). Orobpaskenne ¢,,,(y) obmagaer, o4eBUIHO, He-
HPEePHIBHEIMA IPOM3BOAHBIMI JIIOOOTO MOPAAKA M OTAUYHBIM BCIOLY OT HYJIA
SAKOOMAaHOM, IPUYEM BLIMOJHATCA YCIOBUA

gi(@) =G, g,,(82(51)) C R, ,
gina(y) =y, yel(+1).
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- Mb1 moctpounm mociiefoBaTeIBHOCTH IOMEOMOP(HBIX oTOOpakeHuin ¢,(y),
¢ =1, 2,3, ... npocrparcrBa [, Ha cebsa, 00JajaIUX HeIpPepPBIBHBIMU IPO-
U3BOJIHBIMHE JII000TO MOPAAKA, OTJNYHBIM B KaKIOU TOYKe OT HYJA sAKoOMaHOM
7 BBRIIOJIHAIONINX YCJIOBHUA |

9:(G) = G, C(5,17)

gi(Ri) Dgi (R, (5,18)

“H(R,) D 2(27), (5,19)

g:(y) =y, yel(+1), (5,20)
i=1,23..

(cm. (5,14,1), (5,14,2), ..., (5,15,2), (5,15,3), ..., (5,16,2), (5,16,3), ...).
Ilis1 3aBepmieHusi HOKa3aTeJIbCTBA TeOpPeMbl 8 HAM IMOHAZOOUTCA CJICKYIOIas
JieMMa;

Jdemma 7. ITycmo §,(y), §o(y) — comeomopgrvie omobpancernus npocmpancmea
E,, na ceba, obaadarowue HenpepuvléHuIMU NPOUEOOHBIMU 6CeX NOPATKOE U OMMAUY-
HOLMU OM HYAA NPOUEOOHLIMU 6CeX NOPAOKOS U OMAUNHDLM ONM HYAL AKOOUAHOM.

ITycmy Cyujecmeyem Hucao N maroe, umo §,(x) = §,(x) = x Oaa ||x|| > N.
Iycmy R — omxpwumas cepa 8 E,, R = Ely € E,, lly]| < r] (r > 0), nycmo
Mmuoucecmea G, Gy omrpumul ¢ E, v

G, DG, Gt =R, §(G)CR. (5,21)

Tozda cyujecmeyem 20MeoMopPHoe omoépamenue h(ac) npocmpancmea I,
ceba, obaadaruee HENPEPLIGHLIMU YACMHLIMU NPOUIBOOHBIMU 4100020 nopﬂ@m
0 OMAUMHBIM 6CT00Y OMm HYAS AKOOUAHOM, NPUYEM

™~

hz) =z oOusa x| > N, ﬁ(G’z) — R
];(x) = §,(x) Oua ze Gy,

20e N — nodzxodawee noaoxcumesbHoe 4uco.

HNowxasarenscrBo. Ilyers R’ ects chepa B K,, R’ = E[x e E,, |lz]| < 7]

oy

X
(r'" < ¥) rarada, uro R’ D §,(G,), B D §.(G,). Ilpodepem ¢ynrmumio A(n) s
F > mn > 0 tak, 9To0B OHA 00JIafasia HeNPePHIBHBIMYU MPOUBBOIHBEIMEU JO0OOTO
MOPAAKA, 4TOOBI OHA He yObIBAJIa M YTOOBI MMEJIO MecTO

1(?7)—':-—-“ 1 ma 0 n< o, i(n)—%— O WS N — T .
Oupenenum orobpakenne [(x) mwis x e R, l(z) = z . A(lz])). Oro6paskenue I(x)
00JrajjaeT HenPepBIBHBIMI IPOU3BOMHBIMMI JII000T0 MOPAAKA, OTJIAWYHBIM BCIOMY

oT HyJis1 sikobmanoMm m otobpaskaer R ma E,. Pacemorpum oroGpaskenue s (x),
OIpefe/IeHHOe COOTHOMEHUAMMA

L~

s(x) = 171G,4, 'l(x) st xe }%, s(x) =2 mIa Te R.
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OueBHIHO, cyiiecTByeT aucio r”, »’ < r” < ¥ Takoe, 4TO 1{(x) ecanr v’ <
< |lz]| << 7. Orciona caemgyer s(x) = x musa |lx|| > »”, n mBl 6e3 TpyHa TOKa)keM
TaKkuM 00paszoM, uro oToOpaskenue §(x) obiragaeT HenpePHBHLIMY I1POM3BOHBIMN
71060T0 TOPALKA ¥ BCIOAY OTJIUUYHBIM OT HYJIA AKOOMAaHOM; TOYHO TAK K€ SCHO,

uro §(x) ABIsAETCS roMeoOMOpPPHLIM oTOoOpamkenueM npocrpaHcrBa ff, Ha cebs
1 4TO

L " . . fa

S(R)=R. (5,22)
Tonosum A(x) = s§y(x). h(x) 6ynmer, odeBHIHO, TOMEOMOPQHBIM OTOOPAIKEHUEM
npocrpaHcrBa l, Ha cebsa, obaaaomuM HellpePLIBHBIMI TPOU3BOJHBIMU JTI000I0
IOPAJKA U OTJIUYHBIM BCIOAY OT HYJS AKOOMAHOM.

Cormacuo (5,21) u (5,22), nmmeem 72(02) = R. Bosemem N ~> max (N, 7).
Ecan ' h(z) = s g,(x) = s(¥) = x. Hawronen, eciun xeGy, 10 y =
= Jo(¥) e B, l(y) = y u o '

h(x) = ggg(x) — Z—-—lgvlg*é—- 1252(5‘7) — Z_].g’lgé——lg'z(x) — ng'l(x‘) -

Tark rar x e G, nonyuum §,(x) € R’, rar uro {-1§,(x) = §,(x) u, cliemoBaTeabHoO,

h(x) = ¢,(x). Jlemma 7 morasana.
Tenepp yxe HEeTPYIHO 3aKOHYMATH MOKA3ATEILCTBO TEOPEMBI 8.
Iomomum |

h(y) =9.y) ana yekl,, H,=g;(R,).

IIpepmosnoskum, 4ro Ham u3BecTeH romeomopusam h,(x), objlagaomuil Herpe-
PBIBHBIMM IITPOM3BOAHBIMI J1000TO NMOPSAAKA M OTJAMYHBIM OT HYJISA sAKoOuMaH,
mpuieM Ai(y) =y Aana |yl > N, ' '

hi(H;)=R;, tne H,=g;Y(R). (5,23)

Beuny stux coornomenuil u BBuAy (5,18) m (5,20) MBI MOKeM BOCIIOJIL30OBa-
THCA JIEMMOR 7, B KOTOPOU MBI MOJOKUM

g1 = g, 9’2 """" gz’—i—l ’ GZ ""“”“‘ T+1 T gi—}-l(Ri+1) ’ Gl - Hz .
CorjacHo nemme 7, cymiecTByer romeomopdHoe orobpaskenme h; (), 1po-

crpaHcTBa £, Ha cebs, obmajarolnee HelpPEpPBIBHBIMU IIPOH3BOJHBIMU 10000
NOPALKA M OTJHYHBIM BCIOAY OT HYJA AKR0OOMaHOM, IpUYEM

ki—%-1(Hz’+1) — Ri+1 ; | (5,24};
| ‘hz'—}-l(x) == hz(x) ’ '{I; € H@ y | (5’25),
hin@) =2 |l > Ny, .

Tarum oGpasom MBI OIIPeIelIIIN HOCIIe0BATEILHOCTD romeomop(meOB hi(x),

ho(x), hg(x ) .. Onpegenum orobpaskeHne
h*(x) = hy(x) IUIH X € I11 : h*( ) mzhi(x) mia xeH, — H,_,,
h(x) = F R*(x), rme f* = ;152 T
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Teneps ys;e HETPYAHO [OKa3aTh, 4TO A(x) ABIgETC MCKOMBIM OTODpPaKe-
nueMm. Coormomenwme (5,18) [em. (5,23)] momxHO npeuucatrs B Buie H,.; D H;.
Orciona n w3 onpepesienna otodbpaykenus A*(x) cienyer

R¥(x) = h(x) = h; (x) = h; o) = ... min xeH,. (5,26)
o0

W3 coornomenns (5,19) Torma BoiTeraer Z H; = G, a orciojia, yauTeBas 10, UT0O
2= 1

Mbl JIOKa3aJMl OTHOCUTeNbHO oTobpamenust Ak, (r), BHIBOAHM, 4TO OTOOpa;KeHUe
h(x) onpeneneno B &, oGagmaer HeIPePBIBHBIMYI TPOM3BOIHBIMM JIIOOOTO 1OPA KA
M OTJIUYHLIM BCIOAY OT HYJsA ssroOmanom. CootHomenue (5,24) Baeder 3a coOou

u paseHcTBo A*(H,) = R;, Tak 4r0

R¥(G) D R*, tne R* = E[xell,, |x]<<r¥].

Jina moGoit Touku x € G cyimecTByer, OJHAKO, MHICKC % Tak, 410 x € I,
n rorma A*(x) e W*(H,) = R, n panee A*(G) = R*, h(G) = R.

Horaskem, magonern, yro orobpaskenue h* — 1npoctroe. BosnMem jBe npoms-
BOJIBHBIe TOUKU ¥ € G, Xy € G, 2, & x,. OueBnHO, CYIECTBYET MHICKC 1 TaK,
y10 2, € H;, 2, € H;. B cuny (5,26) Oyner

W (xy) = b)), h*(x) = h(xs) w hy(xy) F h(x,),
TaKk Kak orobpazkenwue A,(r) ABAACTCA TOMEOMOPPHBIM OTOOPaKEHUCM MHOKEC-
tia (. Urak, orobpazkenus h*(x) m h(x) — mpocthie, 1 Teopema 8 JoKa3aHa.

(ytniecTByeT HEeCKOJBKO MHTEPECHBIX cielcTBuil Teopembl 8. llpemme Bcero
o0paTnM BHEUMAaHpe, 4YTO U3 OANOro dQawra cymecrBoBanus (QyHruuu V(z),
OIpeieJIeHHON Ha OTKPHITOM MHOMKecTBe G M yHOBJIETBOPAIONEH HEKOTOPBIM
YCJOBUAM, CIIEAyeT, 9To MHOKecTBO G ToMeoMOpQHO mapy.

Hyers R — map 8 ,, R = E[x e K, ||x]] < 1].

Z

Teopema 9. Il peonosoacum, wumo muomcecmeo G omrpoimo, 0 € G, u dynryus

o(x) umeem obwvrunuviii cmvica (cm. cmp. 221).
llycmov cywecmeyem dynryus V(x), cvinoansiowas ciedyiowue ycaoeus:
Oynrkyus V(x) onpedenena 0aa x € V u obaadaem Henpepul6HblMU YACTRHBIMU

npouseodHuIMU Nepcoeo nopadka.

V() =0, V(z) > 0, x L 0. V(z) — o0 ecom w(x) — 0.

n 2
z?—K)>O, x £ 0.

F=1\0%;

Tozda cywecmeyem comeomopdroe omobpaxcerue h(x) muoncecmea G na wap
R, obaadarwee HenpepulcHbimMU NPOU3BOOHBIMU 4100020 NOPAOKA U OMAUYHLIM
6ci00y om HYAL AKOOUAHOM.

HorasareancrBo. Uccaenyem cucremy AundepeHInaibHLX YPABHEHUIT

.d!a, | . | | | .
ha/%l — a'j(xla c vy xn) ’ 7 — 1’ 2’ ey T (5’27)
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rjape

o .,
a(xy, ..., %,) = o7, V(zy, ..., x,) .
O6parum BHuUMaHue, uro ¢yurmmu V(x) m a;(z,, ..., ,) YHAOBIESTBOPAIOT

ycaoBuaM TeopeMsl 1. V13 aToi TeopeMsl ciefyeT, 4TO HYJeBOU MHTErpasl ypaB-
Henusd (5,27) cuapHo yeroiiumB B (. BocnoabayeMes TeopeMoit 8, M HOKa3aTeab-
CTBO TeopeMbl Y 3aKOHYEHO.

CopepskaHue CIeAyoIleil TeopPeMbl npm6ﬂﬂ3menbﬂo TakoBO: ecau V(r) —
ov
ox

TO ISt HOCTATOYHO MAaJIBIX IIOJIOKUTEJILHBIX MHOH{GCTBO E[V(z) < «]romeo-
£

II0JIOKUTEJILHO Onpe/esieHHass QYyHKIUA U ecin z ( ) >0 mna x + 0,

MOPQHO mapy.

Teopema 10. I1ycmy miomcecmeo G omrpwvimo ¢ I, 0 € G. Ilycmv cywecmeyem.
pyurkyus V(x), yoosiemeoparoujas caelyrouum yciosuim:

Qynryus V(x) onpedesena das x € G, obaadaem HenpepvlsHLIMU NPOU3EOO-
HBIMU NepPe020 Nopadkra u

n 8 \ 2
V(©0)=0,V() > 0 g1 x + 0, >_: ("QK) >0 mma x & 0.
i-1

X
To20a cywecmeyom wucaa x; > 0 ur > 0 mak, umo 0as #106020 x, 0 < x <
< &y cnpasedaueo ymeepucoernue:

Muo nmcecmeo G(x) E[x e G, ||lz|| < r, V(r) < «] eomeomopdno wapy R.

Cywecmeyem 20M€0M0p¢noe omobpaxncenue h(x) muomcecmea G(x) na R, obaa-
daroujee HenpepovleHblMU NPOUEBOOHHIMU 4100020 NOPAOKA U OMAUYHBIM 6CI00Y OM

HYASL AKOOUAHOM.

TlokasareldbcTBO. BosbMeM UHCIIO 7 TAK, YTOOH GBIIO0 Z € G, KOIb CROPO:
x e l,, x| < r. INomoxum
Ky == min V(.’E) .
]| = 7
Bosbmem &, 0 << & << &4, mw nycTh F(x) ecTh mononuenune MHO:KecTBa ((x) B K.
Herpyaao y6eauThess B CIPaBeIMBOCTH yTBeps;wAeHnsT: ecin x() e G, u

o(x®, F(x)) - 0,
10 V(e®) — . Honosmum y(n) = n: (x —n) st 0 < 5 < & W MOKA3ATEIAHLCTBO

Teopembl 10 3axkonuymM, NpUMeHNB TeopeMy 9 K MHO;KecTBY (F(x) U K QyHKINM
y(V(x)). Jlorkamem eme crnpaBefjImBOCTD

Teopemnr 11. ITycmv dano omrpvimoe muomcecmeo G; donycmum, wmo cy-
wecmeyem 2omeomopProe omobpaxrcenue g(x) muomucecmea G na R, obaadaroujee
HENPePuLEHLIMUI NPOUSBOOHBIMU NEP 6020 NOPAOKA U OMAUYHBIM 6CI00Y OM HYAR
AKOOUAHOM. |
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Toeda cywecmeyem eomeomopdroe omobpamcenue h(x) muomcecmea G na R,
obaadaruiee HENPePuvleHLIMU  NPOU3BOOHBIMU 4100020 NOPAOKA U  OMAULHBIM
6c100y om HYAA AKOOUAHOM.

Hoxrasarenscro. Momno npegmonoxurs, yro g(0) = 0. Honommm V() =
= |lg(z)||2(1 — |lg(®)]|?) "1, xeG. Herpyauno ybemurscs, uro fynaxnusa V(x) Bomo-

2
7
HeT Bce yceyoBusa teopemsl 9. B "wactHOcTH, He MOKeT OBITH (8 -
21
oV
- = = 0 misgs x &= 0. B TakoM ciyyae MBI IOJIOMRUIAN Obl g(x) = y *+ O,
Xy, )

v(1) = ¢~ Y(Ay) mis A, Gnusxux K 1. v(A) ccTh KpuUBas ¢ HENPEPHIBHOM IPON3-
BOJAHOI 1m0 A, npuuem V(v(A)) = ,‘{2Hy{12(1 — 22|ly|P)-

_ oV oV \*
Ecay Obl mig JaHHOTO X HMMEJ0 MEeCTO = 4 ... 4 = = 0, MOTHKHO
1 n
d
Ob1T0 OLI OBITH -—-~—/12“JH2 — 22||y|[})~Yr_1 = O, uro HeBO3MO;KHO. Teopema 11

HemoCPeJICTBeHHO cilelyer M3 TCOpPeMbl 9.

Hawxonen uccienyem 0ojiee TOAPOOHO T. HAa3. aBTOHOMHOE YPaBHEHUE

2~ ). C 529)

Ilpenmomosum, 9ro QyHKnua f(x) onpejiesieHa I HeIPePHBHA B OTKPHITOM MHO-
srectBe (7, 0 € G 1w 9t0 f(0) = 0. DyEKRNUA w(x) IpUMEHAECTCA U 37[eCh B O0LIYHOM
CMBICJIE.

Hynesoe pemenne ypaBHeHus (5,28) MBI Ha30BEM YCMOUMUBHIM, €CITH JIJIs
Kaporo € > 0 cynlecrByer Takoe 0 = 0(¢) > 0 UYTO BBINOJHACTCS YCJIOBUE:

eciim Y(f) ecrp pemenue ypaBHeHus (5,28), ompepmenennoe giaa 0 < ¢ < T,
0<T << oo u ecnm w(y(0)) <0, To cymecrByer pemenue z(f) ypaBHeHU:
(5,28), onpenenersoe s ¢ =~ 0 1 BHIIOJHAIONIEE YCIIOBUS

2(t) = y@t) ma 0<t<T, owl))<e mm t>0.

Ecau kpoMe TOTO CyIIECTBYeT TaKOe YncJio 0y, 0 << dy << d(1), uro cupaBeginBo
yTBepRICHHE:

eciiu x(!) — wmHTerpas ypasHenus (5,28), onpeneneHubit Hasg ¢ > 0 u ecian
w(x(0)) < Jy, TO 2(t) = 0 maa ¢-»> o0; TOrAa MBI TOBOPMM, YTO TPUBUAILHBIN
mHTEeTpajl ypaBHeHus (5,28) acumnmomuuecku ycmoiivue.

IT! onpeaeseHns ABISIOTCA OYEBUIHLIME OCOOIICHUAMYU OOLIYHLIX OIpee-
JICHUH Ha cJydyay, Korja pelieHue ypaBHeHusa (5,28) He onpepelisercs OXHO-
3HAYHO HAYaJBbHBLIM VYCJIOBHUEM.

Ob6sracThi0 acuMuroTudeckont yerowumsoctu A ypasaenus (5,28) mbl HazoBeM
MHOKECTBO TAKUX TOYCK Xy € (F, I KOTOPHIX cIIPaBeINBO yTBep KICHME: eciIn
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y(t) ects pemenne ypaBaeHus (5,28), y(0) = x,, onpegenennoe g 0 < ¢ < 7,
(0 << T < o), T0 cymecTByer pemienue x(t), onpenenennoe ajs ¢ > 0 Taxkoe, 910

2(t) =y@), 0=t<T, (5,29)

z(t) - 0, t— 0. (5,30)

Hpepnomoskum, aTo TpuBmannoe pelienne ypapaenns (5,28) acuMIToTH4ecKA
YCTOUYMBO. |

(OdeBUIHO, MMEET MecTO yTBep:raeHue: ecau w(x) << §,, 10 x € 4.

Ioxasiem, 910 MHO;KECTBO A OTKPHITO.

IpexnonoskuMm, uro cymectByior Touku 29, ¢=1,2,3,... z0e@ — A4,
z() » 2z e (.

Ioxaskem, 910 TOUKA 2 He cofepmuTesa B A. [l xaygmon Touku 2(9) CyIIecTBY-
er pemienne x9{t) ypasuHeus (5,28) Takoe, 4T0 mAn

x@(t) ompepemeno st 0 <t <T,, 0<T,< 0,
2O(0) = 20, o@d@) > o s t— T, (5,31)
nin |

x@)(t)‘ ontpepenieno mag ¢ > 0, x®(0) = 2@, w(x®(t)) > 0, t > 0.  (5,32)

]

bes orpanundennd oOIIHOCTH MOYKHO HPEAIOJIOMUTH, 9TO IJIA BceX ()yHKIMI
2()(t) BeionHsercda yciiosue (5,31) wnu uro 1A Bcex QyHROuU x4 (f) BRIIOIHSI-

ercs ycaosue (5,32), 10O BTOTO MOKHO Beeria JIOCTUTHYTH LEepPexXomg0oM K BbI-
MeJeHHOM Moce0BATCILHOCTH. |

Kenu Bece ¢yaruumm x(9(f) BeImosHAT ycaosue (5,31), to mycers 1% ecrhb
BepXHssd rpaHuna uviced 7', BBIIOJHAIUX YCJIOBUSI

0T <lim inf7;, (5,33)
lim sup (max w(x®(t)) < oo . (5,34)
G500 0<t<T

Ecau e Bce PyHrmuu x(®(f) BBITOIHAIT yciaosue (5,32), To nycerb T* ecth
BepXHAA rpananna gyucen 7', Beimoangomux ycaosue (5,34). Herpynao mokasars,
q9ro He MokeT uMmeTh Mecta liminf 7', = 0 u 9ro T* > 0. (KEcrecrBenno, Mosier

L—> 0
opiTE T* = 00.)
[Ipennonoskum, 9to
T* < . (5,35)
[IyeTh 7; — Takoe MONOKATEIBHOe YMCIO, JJIA KOTOPOTO CIPABEIINBO

yrBep:kaeHne: ecau y(f) ecth pemenme ypaBHeHms (5,28), onpeneneHHoe A
0<t< 7 0 <7< 27, w(y(0)) <4, To cymecrByer pemenne () ypaBHeHUs
(5,28), onpepeniennoe s 0 < ¢ < 27; ¥ BBIIOJHAIONIEe YCJIOBUA

2() =yt) min 0<t<7, o) <i+l wm 0<t<

27, .

e -
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e

HerpyaHo moKasarhk, 4To 4uciO0 T; MOKHO MOT00PaTh TaK, YTOOB OHO BBHIIOJIHAJIO
yKa3aHHOe ycJoBue, u 6e3 orpaHudeHys OONTHOCTA MOMKHO IPEAITOTI0KNATE, 9TO
Ty > Ty > T3 > ..., limt;, = 0.

100
Ilycts 29(f) — mocnemoBaTeAbHOCTh BeeX QYHRIMEA x()(f), BBIIOIBAIOMIMX
yenoBusi: x()(f) ompenmeneno maa 0 < ¢t < T%* — 1y, w(x®(T* —1,)) > 1.11)
3 nocmegoBarensaocTy GyHKIUE 2(14)(f) BHIIEANM HOCIEX0BATEABHOCTE 2(29 ()
BeeX QyHrumin xt9(t), BemonHABmmx yciaoBud: x(ti(t) oupemeneno mia 0 <<
<t T* —1,, o(xH(T* —1,)) > 2, u. T. I

il 3 4

llepexogom K ,,muaroHanbHON’ HOCIEHOBATENBHOCTH, HAMIEM TAKYIO IOCIe-
TOBATEIbHOCTL QYHROMIA zA(r), 9ro

w@O(T* — 1)) >4, §=123,...

Ecan B3are npoussoapnoe ynciio 1', 0 < 1" < T, u ecnm BRIMycTnTh B ciiydae
HYRIbl (upn codimogennu (119)) KomeuHoe mceso Gyarmui x)(t), To yHKIIK
w(xd(t)) 6yayr paBHOcTeneHHO orpaHmieHbl Ha uarepsasie 0 < ¢ << 7', uzpect-
HBIMH PacCyKIGHUAMI MOKHO JOKA3aTh:

M3 HOCIeTOBATEIHLHOCTH Z()(f) MOKHO BLIAENMTH HOCIENOBATEIBHOCTEL &(H(t),
PaBHOMEPHO CXOOAINYIOcA Ha KasoMm uHrepBane <0, 1T, 0 < T < T*.

Oyarnua y(¢) = lim £O(¢), 0 < ¢ << T* aBngercss pemeHmeM ypaBHEHHA

1—>00

(5,28), ¥(0) = 2 m Tax Kar mmeer Mecto w(y(1T™* — 7,)) > 4, He MoKeT cyme-
CcTBOBATH perieHMe x(f), ompejesieHHOe NIt § > 0 M BBHIMOAHAIONECC YCJIOBHLA
(5,29) u (5,30). Urak, ns npegnono;xkennsd (5,39) ciexyer, 9410 TOUKA 2 HE COICP-
JKUTCSI B MHOKectBe A.
ITycTs Temeps
T* = oo (5,37)

u o(x®(t)) = 0 mia 0 < ¢ < T'; upn cobmofenun yeaosusa (5,31) mnm mis
0 < ¢ << oo npu cobmopernn ycyuosus (5,32).

B Takom craydae MOKHO cHOBa IIOKa3aThb, Yro M3 HOCICI0BATEIbHOCTH
2 () MOKHO BBIJIEIIUTH IOCIEAOBATENIBLHOCTh Z()(), paBHOMECPHO CXOIANIYIOCH
Ha Kayxpom uarepsaie <0, 5, T > 0 u uro yHKIMA ¥(f) = lim ) (¢) asagercs

11— 0

P et i

1) Horaskem, uro QyHKuuu z(1.9(f) 06pasyor GeCKOHEYHYIO TOCIEN0BATEIHLHOCTD.

[lycts I, — MHOMKECTBO TAKMX WHIEKCOB ¢, uTo $yHumua x(9)(¢) He BXoguT B IOCIEI0BA-
Teabnocts a{L9(t). Ecau ¢ e I,, To cOMIACHO BEIGOPY YMCHA T, HONydnM, uto Gynxmusa z(?)(g)
ompeneiena gt 0 < ¢t < T* 4 7, ¥ 9TO BHIOJHACTCA HepaBeHCTBO w(z(P(f)) < 2 pas

T*% —7, < t < T* +7,. Orcwoga cuegyer, uro limsup ( max  o(x(9)(#)) < oo (*) Tar kak
T ‘ icTy, i—w0 05t TH* 41y ‘
limsup ( max w(z(¥(f))) < co. Emenn 6x B mnocnepoBarenprHocTs a(19)(f) BXOmmMIO
1 —>00 0t T — 1y ]
TOJIPKO Komeuymoe umcio QyHuumit 2(9)(¢), us mepasencrsa (*) cmefosayno Ol
limsup ( max w(x(i)(t))) < 00, WTO MPOTUBOpEeYHT ompepeseHwio yucaa T*. 3uaqur,

1—>00 0SisT* + 1,
TIOCJae10BaTeILHOCT x(l,z)(t)

OecKoOHeuYHA.
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pemeHueM ypasHeHus (5,28), y(0) = R. OueBupnno, umeer MecTo w(y(t)) = dy,
t > 0, TaK YTO He MOKeT cyIecTBOBaTh (YHKOUA (), KOTOpas BBIMOJIHAJE Obl
yesioBust (5,29) u (5,30). Mrar, u3 ycaosusa (5,37) ciejayer, YTO TOYKA 2 He
COMEPIKATCS B MHO3RecTBe A.

Mpbr poxasanu, 910 MHOKECTBO A OTKPWLITO; sicHO, 4TO MHO;KecTBO A cBA3HO.
HoraskeMm elle clpaBefJIHBOCTD

Teopemnr 12. Ilycmv wyaecoit unmezpan ypasuenus (5,28) acumnmomunecku
YCmMouuus.

Toeda cywecmeyem 2omeomopdroe omobpancenue h(x) muomcecmea A Ha
cihepy R. Nomeomopgpusm h(xr) obaadaem Henpepvl8HHIMU NPOUBOOHVIMU 4100020
nopadka u e20 akobuar 6ciody omauder om HYAL.

IloxasartenbctBO. Mcenenyem ypanuenue (5,28) na muoskecrBe A. Ilycers
(' o3Havaer JOUOJHEHIIe MHO;kecTBa A 1 HOJTOMKEM

9
w(x) = max (Hx” , g(x,l 0 (0, C’)) (w(x) =« eciu A = F,) .

IlokaskeM, 4TO HYJIeBOM MHTerpaj ypasHeHud (5,28) cunbHO ycrouumB B A
(cMm. ompepnenienue 1). “

Bosbmem uncio f > 0. Iloxakem, 4to cymectByer duciio B = B(f) raxoe,
4TO cUpaBeJinBO YTBep:KJeHHe:

ecim x(t) ecth pemenue ypasHeHus (5,28), ompenenennoe mas ¢ > 0 m ecan
o(x(0)) < B, 10 w(x(t)) < B nna ¢ > 0.

B mporuBHOM cilydae cyliecTByeT IOCJEAOBATEIbHOCTL pemeHnu x()(f)
ypaBHeHus (5,28), oupefeneHHbX Aad U umces ¢ > 0 Takux, 4ro

wE®0) < f mma i=1,2,3,... w o@dr))>¢ ma 1=123,...

AHaJIOTUYHO TOMY, KaK MBI 9TO C/IeJIajId IIPY J0KA3aTeJICTBE, YTO MHOMKECTBO
A OTKpPHITO, MOJKHO BBIIeJIUTH HOcJefoBaTelIbHOCTE TA(f) m umeao 1™, 0 <
< T* < o0 rak, 94T0 MOCJe0BATeNILHOCTH Z(V)(f) paBHOMEPHO CXOMUTCS K pelie-
nuio x(f) ypasuenusa (5,28) ma wraskmom muTepBane <0, T (0 < T << T7)
1 w(x(0)) < B, o(x(t)) - o maa ¢ — T*. Opgnako, 2T0 HeBO3MOKHO, TaK KaK
2(0) e A, suaunt umciao B(B) cymecrByer. Ycaosue, uro (yHKIUA B(f)
Bospacraer u 4yro B(f) — 0 mua f — 0, Jerko BBIIOJHAMO BBUILY NPEANOJIOKE-
HUSI, 4YTO ﬁ)’JIBBOf[ yHTerpasi ypasHenns (5,28) ycrondus.

BoapMeM Temeps IOJIOKUTesbHBIE ducia f, e. [loxaskem, uro cymecTByer
yncno T = T'(B, ¢) Tarkoe, 9TO cIpaBeyInBO YTBepPyKIeHNe:

ecau z(t) ecTs pemenne ypasuenus (5,28), onpepenennoe nusa ¢ > 0, w(x(0)) <
< B, o Oyuer w(x(t)) <& pusa ¢ > T(B, ).

IleficrBuTesibHo, B IPOTUBHOM CJydae CYIIECTBYeT IOCAe0BATEILHOCTh
- pemeHni x()(t) ypaBHeHn:a (5,28), onpefesaeHHbIX Ajd { > 0, 1 4HCeII T; TAK, YTO

limz; = ©, o@d0)<pf, o@d(r)>e.

T —>00

s
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Tax Kar HyJgeBOoH mMHTerpaJs ypasHenusa (5,28) ycTOUYMB, CyLECTBYET YUCIIO
0 > 0 Taroe, 4TO KayK[Abld MHTerpaJjl ypaBHeHus (5,28), onpelejieHHbIU IJIA
t >t W BHIONHAIUNA YycaoBue o(x(r)) < 6, BBHIIOJHAET TAKMKe YCIOBHE
w(x(t)) <epiat > .

Orcioma citepryer, 410 w(x®(t)) > 6 mma 0 < ¢ < 1,. Kar MBl poxasadnu,
ynrnum w(x(t)), { = 0 orpaErYeHbl KOHCTAHTOM B ¥ IPU MOMOIIM U3BECTHRIX
paccy:KACHMI MOKHO BBIIENINTH NOCHeNoBaTe bHOCTh A(9(f) M3 TociIeoBa-
TeJabHOCTH X()(f) TaK, YTO NOCHeJ0BATEeILHOCTH Z(D(f) OymeT paBHOMEPHO
cxomuThesa Ha Kazkiom uaTepBasie (0, 7, T > 0. Oyurnusa z(t) = lim ZO(1),

Z—>00

t > 0 aBusgercsa pemeHueM ypaBHeHus (5,28), npuuem w(x(t)) > 6, ¢ > 0. Iro,
OHAKO, HeBO3MOKHO, TaK Kak 2(0) € A m mosromy umcio T(f, €) cyliecTByer.
Msr jorasanu, 9To HYJEeBOM WHTerpall ypaBHeHus (5,28) cuIBHO yCTOUYUB
B A. Vcnoipdysa Teopemy 8, MBI 3aKOHYUM JIOKA3aTeJhCTBO TeopeMbl 12.

6. JiobaBuenue

[lonsitme ,,aCUMITOTHYECKN YCTOMYMBOTO TPUBHAJLHOTO PemeHusi’‘, BBEICH-
noe A. M. JlanyHoBBIM, ABsgeTcA JIOK3JBHBIM TIOHATHEM, T. €. TPUBHAJBHOE
pemmenre x(f) = 0 ypaBuenusa (1,01) acuMnOTormueckm ycTol4MBO, €cJu cyle-
creyeT Tarkoe H >> 0, 9ro Ha mMHOKecTBe ||| < H, ¢ > 0 BRTIOJHAIOTCS HEKOTO-
psie ycaoBusi (CM. BBelleHHe). JTO JIOKaJIbHOe HMOHATIEC W3yYaJloch TaKiKe B pa-
6ore [5] K. JI. Maccepu u B pabore [6] V. I'. Mankuna (cM. BBefieHUE). 311ech
MBI TIOKAajKeM, YTO pe3yJIbTaThl, Kacaoiuecs oOpaleHusa BTOPOU TeOpeMBbl
JlamyHoBa, MOKasaHHble B paborax [5] m [6], MOoryr OLITh BBLIBEJEHBI U3 TeO-
peMsl 7.

[Iyecrs ¢yEKOUA f(x,!) onpenesieHa M HenpephlBHA i |z < h, t = 0,
f(0,t) = 0 (¢ = 0).

Onpenexenne 2. Tpusuasvhoe pewenue xz(t) = 0 ypasuenus (1,01) na-
306eM NOKAALHO CUABHO YCMOUUUBHIM, eCau cywecmeyem wucao h, 0 < h < H

u fynryuu B(B) u f(e) U ecall CRPAsedAUco ymeepyucoenue:

Lo

Oyuryus B(B) onpedesena 0as 0 < f < h, nosoxcumesvra, ne yboleaem,

B(f) — 0 das  — 0.
Ecau ¢ynryus yt) ydosremsopaem ypasuenuro (1,01) odaa t, < & < Iy,

0 < t, < t, < o u yeaosuio [yl < B, mo cywecmeyem pewernue x(t) ypas-
nenusa (1,01), onpedesaernoe das t > ty u ydosaemeopaouee ycaosuam () =
— y(t) Ona by < 8 < g, |

3ameuanue. Kenn ¢pyurnua f(x,!) — mepumonudecKas OTHOCHTEJILIHO Iepe-
MEHHOI { um ecJu TpuBHajgbHOEe peineHue ypasHeHus (1,01) acummrormuecKn

yCTOHUYMBO, TO TpHUBHWAJbHOe pemeHue ypaBuenus (1,01) Oymer moKaabBHO
CUJILHO YCTOUYUBEIM.

s ——

x(t)|| < B(B) aat = t, lx(t)]] < edast >ty + T(e).

o e
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[lycers ¢pyurnus f(x, ) obaamaer HeMPEePHIBHEIMA 1 OTPAHNYCHHLIMYI 9aCTHLI-
MI TPOW3BOMHBLIMKU IIEPBOTO IOPAAKA II0 KOOPAMHATAM BEKTOpa & W NYCTh
x(l, by, xy) osHavaeT mHTEerpay ypasnenus (1,01), ynoBierBopAOmMUA yCIOBIIO
x(ty, to, o) = %o. llycTs QyurImmM (¢ + 44, ¢y, ,) cTpEMATCH K HYIIO I { — 0O
PAaBHOMEPHO OTHOCHUTEJILHO Xy U §y. llpm s1ux ycnoBusix TpmBmajibHOE peleHne
ypasuenus (1,01) aBiserca JOKaIbHO CHIIBHO YCTOMYHBBIM.

O6a »THm yTBepsKICHUs JOKas3biBaOTcA BechbMa Lpocto. Urciofa ciiefyer, YTo
pesyabrathl fH. JI. Maccepu [6] m M. I'. Manruna [6], kacamommecss oOpaineHns
BTOpOU Teopemul JlssmmynoBa, comepskatcst B Teopeme 14.

O6osnaunm K = K[z e £, x|l << H]. Teuneps cnpasemiusa

Teopema 13. [Iycms mpueuasvroe pewenue ypasuenus (1,01) ssasemcesa so-
KAAbHO0 CUALHO ycmolinucuim. 1o2da cywyecmeyem Ppyukyus g(x, t), onpedeaenmnas
u nenpepvignas oass r e K, t > 0, g(x, t) e £, mak, umo ydosremeopaomcs
yeaosus: g(x, t) = flx, t) Oaa |z|| < hy (hy > 0), mpueuasvnulii unmezpan

da y
ypasrenus —— = g(x, t) cuavno ycmoiivug ¢ K.

dt
Ilpumom g(r, t + wy) = g(z, t), ecau flx, t + w,) = f(z, t).

N3 teopem 7 um 13 merxo ciemyer.

Teopema 14. ITycmv gynryua f(x, t) onpedesena u Henpepwviena das ||x|| < H,
t >0, f(0,¢) =0 (t >0), Toeda mpusuasvrnoe pewernue ypasuenus (1,01)
6ydem A0KAAbHO CUALHO YCIMOUMUEHIM 6 MOM U MOALKO 6 MOM CAyuae, eCal
cywecmeyem gynryus V(x, t), onpedeseunas 0az |z|| < hy (0 < by < H),
t 2> 0 mak, umo cnpacedauso ymeepmcoerue:

Qyuryua V(x, t) obaadaem nenpepuleHblMU NPOUIEOOHVIMU 6CeX NOPATKOS,
dynryus V(x, t) asagemes noso acumesbHo onpedesenHol,

Ppynryus — Wz, 1)1?) aeaqemces roL0MHCUMEALHO ONPEDCACHHOIL.

Sdameuanue. Ecanm f(x, t + w,) = f(x, {), TO MO;KHO MOOMTECSA TOTO, YTOOI
¢yurmusa V(x, ) B Teopeme 14 mmesa nepmof, w,; OTHOCUTEJHHO IlePEMEHHOI .
B aBroHOMHOM ciydae Teopema 13 Jymmena mHTepeca. ITOT c¢jiyuai OB paso-

OpaH B I. 5, u IPU JOKA3aTeILCTBE TeOpeMel 12 MBI IPUIIVIN K BLIBOAY:

dx

Eenu TpuBmanbpHOE pemeHue ypaBHeHUA T = f(x) acMMIOTOTHYECKH YCTOM-

YUBO, TO OHO CHJILHO YCTOMYMBO B O0JIACTH acUMITOTHYECKOU yecTonumBocTu 4.
ITO 3HAYMT, YTO B aBTOHOMHOM CJyYae MOMKHO BCerja II0JIb30BATLCA TEOPeMoil
7 (Ha mHOKEcTBE 4).

HNoxasarenscrBo reopemsl 13. Bosomem uncaa hg, by 0 < by, < hy < H,
najiee noxbepem umeaa hg, hg, by Tak, uroOB OBLTO 0 < A, << hg << hy << Ay,

é(h5) < hy, é(he) < hg, é(ﬁ-;) < hg. Ilyers wmenpepwmBHas ¢yaroua M(v)

12) Cm. BBenenme, crp. 218.
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yrnosierBopsier HepaBeHcTBY M(v) > ||f(x, )| mma 0 <t < v, ||z]]| < kg Tlo-
aoykuMm 6, = 1'(h,), « = (H — (hgs -+ hg): 2): 1, m mopdepeM IONOKUTEIHLHBIE
Yncia 1, A; (= 0,1, 2,...) Tak, 4ToOBl yIOBIETBOPANNCH HepaBeHCTBA 7 <

S H — Tl < (hs —h): 2, Ay <ty Ay < 0, Ay < —

x
i < (hs— hg): [2nM(2) + 1) ¢, + 2n«] (6,01)

(n ecTh pa3sMepPHOCTh IPOCTPAHCTBA).

,’jq“vﬁ\ . W——— —
hf\ N\ >

$Gi.t) =-qg i

ixi
S

7
HANDABAEHUE UNMELPANBHBIX KDUBSIX \
R, - unmezpansHas /_\ X .>

N uKmMeLpansHaa Kpupas S

5
rpusas / fix,t)y=guxt)
P
A
h; —
0 rh b

Pnc. 1.

ITyers TOoura (%, t) mpmHAIE;KAT MHOKeCcTBY L2 (cM. PHCYHOK), €cJI MMEeT
MecTo Mal 29, <<t << (2§ -+ 1) ¢, |lo)| < he, mam (29 - 1) 8, <t < (27 -+ 2) £,
el < hyy)= 0,1, 2, ...

Ilycrs MuOKECTBO B copepsyut Touku (2, t), misd koropeix H —n < x| < H,
t > 0. |

ITyers MuosecTBO S;(7 = 0, 1, 2, ...) cogepskur Touyku (x, t), YAOBIETBOPIIO-
Iyic HepaBeHCTBAM
29, <t < (29 + b, — A, H —o(t— 25t;) —n < o] £ H — o(t — 24t
Onpenmenum ¢ysarIUoO §(X, 1):

gz, t) = fla, t) mna (x,t) e P, §x,t) = — o |jz|"x qna (x,{) e B - ZS

MuoskectBa P u B ZS 3aMKHYTHl W [U3BIOHKTHBI, QYHKIUA §(, t) Helpe-

priBHA. lIpumensas Teopemy O pacmupeHUN HeNPEepPBIBHOU QYHKIUM K KaKIOU
cocraBisgomen QyHrnmuu §(x, {), mpl 0e3 Tpypga noiaydum Qyarimmo ¢g(z,t),
onpeflefieHHYI0 M HempephiBEYIO A |lz|| < H, t > 0, g(z, t) € I, m ynosnerBo-
PAIBYIO YCIIOBAAM

Gz, t) = g(x,t) mna (x,t)eP 4+ R -v-g-‘iSj ,
lg(x, )| < n(M((2) + 1) &) + &) pma 0S¢ (25 + 1)ty o) < H .
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IloraskeM, uT0 TPUBHMAJIBHOE pellieHUe ypaBHEHUA

gm? = g(z, t) (6,03)

cunpHo yeroiunpo B K (em. omperned. 1, erp. 221).
1

H—-2 H

w(x) = yp(||z||) (cMm. onpenmesnenue pynrmun w(x) Ha crp. 221).

Iomoskum y(A) = max (/1, ) s 0 < A < H. QuesmaHo, Oyger

ITonbepem Bozpacraomyo ¢yuxnuio B(f), onpegenennyo musa 0 < f << o
TAK, 9YTOODI |

B(f) - 0 musa f— 0,
B(f) > w(Bp-1(p)) mwma 0<p<h,, (6,04)
B(f) > w(max(8, H —u)) ama h, <p < H. (6,05)

et

Haxounern nososxum T'(8, ¢) = T'(e) = 5t, + T'(p~1(e)). Ilycrs y(f) — pemenne
ypaBraerua (6,03), oupemenennoe mua i, < ¢ << ;. llogbepem uumcao B, f > 0,
p = w(y(t)) = p(lly(%)l). Beuxy roro, uro |

g(x,t) = —ollel|z pa H—n el <H, 120 (6,06)

cyiecTByeT pemenue x(t) ypasuenus (6,03), onpeaenenHoe A & > I, TaK, 4To
2(t) = y(t) ma ty < ¢t < t;. Ecnum |[x(t)]] < Ay, 1O (2(2),8) € P moia & > 1, yHK-
nusi a(f) ynosiierBopser ypasaernmio (1,01), Tak 4T0

(@) | < By=2(B)) maa t=t,. (6,07)
CorsacHo (6,06), BO BcAKOM caydae Oyper
le@)]] < max(le()ll, H —n) naa ¢ =14 . (6,08)
Tarum obpas3oMm MbI moiiydaeMm [cM. (6,04), (6,05), (6,07), (6,08)]
w(@(t)) < B(f) mua t>t,. ~ (6,09)

Haiinem Teneps Taxkoii muferc ¢ (4 = 0, 1, 2, ...), 4ro6u 2it, < o < (2¢ + 2) ¢,
Ouesuguo, Oymet |lx((2¢ + 4)¢,)]| < H —n n [em. (6,01)]

x((2e 4 5) by — ;{i-i—zl)” < (hs 4 hg): 2 —n + ki < (hs + hg) 1 2.
Corsacuo (6,02) m (6,01) nmeem

(20 4 5) 87 — Aiye) — 2((20 + 5) £)l| < Aigan(M((28 + 5) tr) + &) <
< (b5 — hg) : 2
Tak 4ro |[x((2¢ 4+ 5) ;)| < A,

Tar kak E(%) < h,, W3 TocIieMHEr0 HepaBeHCTBA clieayeT Ux(‘t)lkl < h, nnd

S

t > (2¢ - 5) t, # B cuay BeIGopa uucia ¢, oyger |[x(t)|| < h, paA > (24 -+ 6) ¢,
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TaK 94TO MBI monyuum (x(t), ¢t) e P nasat > (2¢ 4 5) ¢, u, okoHYATEILHO, |[2(f)]] < &
eci t > (20 + 5) ¢, + T(s),

o(@(t) = p(le@)) < e=yple), ecan =1, + 5t + T(p-1(e)) . (6,10)

Beuny (6,09) m (6,10) codmomaiorcst yeJIoBUsA onpejiesieHnst 1 m qoKazaTesb-
C¢TBO TeopeMmnl 13 3aBepieno.

JaMeTuM enle, 4To Teopema l4 I03BOJIAET ONYCTUTH WLPERUOJIOMKEHME, UYTO
$yuarnua f(x, f) ob6iagaer HempepPHIBEBIMA HPOM3BOMHLIMM, B TAKNUX TEOpeMax,:
[OKA3aTeNbCTBO KOTOPHIX OMEPAETCs HA CYIMecTBOBaHMe Pymkmum JlamyHoBa
V(z, t). Tax, nanpumep, cirpaBegJauBO yTBEPKICHUE:

Ecau ¢ynruus f(x, {) — nmepmopmdeckasa OTHOCUTEJIHbHO IepeMeHHOU ! (ecian
f(x, ) e 3aBucur ot t) W eciium TpUBHUAIIbHOE pemenne ypaBaeHusd (1,01) jroxans-
HO CWJIBHO YCTOHMYMBO, TO OHO YCTOMYMBO W IIPM IIOCTOSAHHO JEMCTBYIOINX
Bo3myleHusix. Cm. [2], cTp. 308.
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Summary

THE CONVERSE SECOND LYAPUNOV’'S THEOREM CONCERNING
THE STABILITY OF MOTION

JAROSLAV KURZWEIL, Praha.
(Received July 6, 1955.)

Introduction. Let us consider the system of differential equations

dx; | .
dt ““]‘i(xl,.,.,xn,t)} ?,:“"m-l,z,...,%,

which we shall write in the vector form

g% = f(x, t) . (1,01)

We suppose that the function f(x,?!) is defined and continuous for ¢ > 0,
2| = (2 + ... + 22)% < H, that f(0, ) = 0 for ¢ > 0 and that every solution
of (1,01) is uniquely determined by the initial condition. According to LyapU-
NOV the trivial solution x(f) = 0 of (1,01) is called stable if to every ¢ > 0 there
exists such a 6 > 0 that every solution z(f) of (1,01) which fulfils the condition
|2(0)]| < ¢ fulfils the inequality |jz(t)|| < ¢ for ¢ > 0. If in addition to that there
is such a 6, > 0 that ||x(0)]| < d, implies z(¢) — 0 with ¢ —> oo, then the trivial
solution is called asymptotically stable. In order to be able to formulate the
result of Lyapunov let us introduce the following definitions and nota-
tions:

A continuous function U(x) = U(x,, ..., x,), which is defined for ||x|| << &, is
called positive definite if U(0) = 0, U(z) > 0 for = + 0.

A continuous function V(z, t), which is defined for |jz|| < A, t > 0 is called
positive definite if V(0, ¢) = 0 for £ == 0 and if there exists such a positive defi-
nite function U,(x) that V(z, t) > Ul(a:) (x| < h, t = 0).

A continuous function V(z, t), which is defined for || x|l < h, t > 0, is said to
admit an infinitdly small upper bound if there exists such a positive definite
function U,(x) that [V(z,t)] < Us(x) (x| < A, t = 0). |

Let the function V(x, t) have continuous partial derivatives of the first order
and let us define the function

Wz, t) =

N &V
2.

—— o [ ]
i-1 &xz fz | ot

Apparently we have
d
Wz, ty) = dz V(x(?), £)|s- to »

where x(f) is the solution of (1,01) fulfilling the condition z(f,) = x,. The follo-
wing theorem is due to Lyapunov:
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Let us suppose that there exists a function V(x,t) which fulfils the following
conditions:

the function V(x,t) is defined for ||x| < h, t > 0 and has continuous partial
derivatives of the first order,

the function V(x,t) is positive definite and has an infinitely small upper bound,

the function — W (x, t) is positive definite.

Then the trivial solution of (1,01) is asymptotically stable.

Naturally the question arises whether the reciprocal theorem is true. The
first to solve this question was MassEra. Massera proved in the paper [5] that
there exists a function V(x,¢) fulfilling the assumptions of the Lyapunov’s
theorem, if the trivial solution of (1,01) is asymptotically stable, if the function
f(x, t)is periodicin the variable ¢ (if f(x, ) does not depend on £) and if the partial
of: 0f
ox;” ot
the papper [6]. Malkin noticed that it is possible to draw stronger consequences
than the asymptotic stability of the trivial solution, if the assumptions of the
Lyapunov’s theorem are fulfilled. Let us denote by x(¢, ¢,, x,) the solution of
(1,01) which fulfils the condition x(f, ¢,, x,) = x,. 1f there exists a function
V(x, t) satisfying the assumptions of the Lyapunov’s theorem, then the solu-
tions z(t -+ o, ty, %) tend to zero with ¢ — oo uniformly with respect to the va-
riables ¢, x,. Conversely, if (¢ -+ t,, ¢y, ;) — 0 with £ — oo uniformly and if the

derivatives are continuous. This result was improved by MALKIN In

derivatives gf , ?F ¢ are continuous and bounded, then there exists a function
x; ot

V(x, ) which fulfils the assumptions of the Lyapunov’s theorem. In an ana-
logous manner BARBASIN and KRrASOVSK1JS in the paper [7]investigated the case
of the asymptotic stability in the large (that means f(z,{) is defined for all
z,t > 0 and z(t, ¢, x,) — 0 for all z,, t, = 0).

ZUBOV in the communication [ 8] examines another modification of the notion
‘““asymptotically stable trivial solution” and in the paper [9] investigates the
autonomous case. Let us emphasize the fact that Zubov does not construct the
function V(x, t) for £ > 0 and |jz|| << h, where &, is small enough, but that he
defines the function V(z, t) on the greatest possible set.

Now it is natural to put the following problem: fo prove the converse of the
Lyapunov’s theorem wunder the “weakest” possible assumptions concerning the
function f(x, t). This paper is devoted to the solution of this problem.?)

The Lyapunov’s theorem mentioned above and even its proof is valid if we
suppose only that the function f(x, f) is continuous; it is not necessary to suppo-
se that every solution is uniquely defined by the initial condition. The aim of

1y While this paper was prepared for press, the author learned from a letter that
J. Massera formulated and solved independently an analogous problem. Massera’s solution
is not yet published and will appear in the Annals of Mathematics.
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this paper is to prove the converse of the Lyapunov’s theorem. The Lyapunov’s
theorem has a local character and enables us to state under certain conditions
that x(t, t,, x,) — 0 with ¢ — 0 if |jz,| is small enough. We prove therefore at
first a modification of the Lyapunov’s theorem (see theorem 1) which rends it
possible to conclude under certain assumptions that all solutions of (1,01) tend
to zero. The chief result of this paper consists in proving that the converse of
theorem 1 is true (see theorem 7). We use only the assumption that the function
f(x, t) is continuous.

Finally we examine the topologic properties of the set on which equation

(1,01) is defined. Specially we prove that the so called ‘‘set of asymptotic stabi-
der |

di
We construct a homeomorphism which has continuous derivatives of all orders
with respect to the coordinates of the vector x. The corresponding Jacobian is
different from zero at every point.

lity’’ of the equation — = f(x) 1s homeomorphic with the interior of a sphere.

A modification of the Lyapunov’s theorem. Let us accept the following
notations:

Let G be an open subset of £,, 0 ¢ G and let F be the complement of G. If
zekl, *x=(x,...,2,), HCE, we put |

|z|| = (@2 4 ... + a2)t, o(x, H) = ;ng e — z|| .

Let us define the function w(x) for x € G,

1 9
o(xz, ')  0(0, F)

) , (w(x) = |z|| if @=E1,).

w(x) = max (Hx]! ,

dz;,
Let ﬁ? fi(xy, ooz, t), ©=1,2,..., n, be a given system of differential

equations. We shall use the vector form

da
dé
We suppose that the function f(x, {) is defined and continuous for x e G, t > 0
and that f(0,¢) = 0, ¢t > 0. |

Definition: The trivial solution z(¢) = 0 of (1,01) is called strongly stable in @,
if for arbitrary positive numbers f and ¢ there exists such positive numbers

B = B(e), T = T(B, ¢) that the following conditions hold:
| B(B) - 0 monotonously with g — 0.

Let the funection y(¢) fulfil (1,01) for ¢, <t <¢, 0 <t, <t, < oc and let
o(y(ty)) < B. Then there exists such a solution z(¢) of (1,01) which is defined
for ¢t > t, and fulfils the conditions

x@)=y(@¢) for ¢, <t <t , w(x(t) < B forit>t,,
w(z(f)) <e, for t > t, + T .

= f(x, 1) . é. (1,01)
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Now we are in position to formulate the following theorem:
Theorem 1. Let us suppose that there exist functions V(x, t), U, (x), U,(x), Us(x)
which fulfil the follounng conditions:

L. The function V(x, t) 1s defined and continuous for x € G, t > 0 and has conti-
nuous partial dertvatives of the first order with respect to the variables x, ..., x,, ¢
for xe G, t > 0.

II. The functions U,(x), Uy(x), Us(x) are defined and continuous for x € G,
U,(0) = Uy(0) = Uy(0) = 0, Uy(x) > 0, Ug(x) > 0, Us(x) > 0 for z € G,
x + 0, Uy(x) - o0 with w(x) — o .
L Uyx) < V(x,t) S U (x), 2@, t>0.
IV. W(x,t) < — Us(x), zeG, t>0.
Then the trivial solution of equation (1,01) is strongly stable in Q.

This theorem is analogous to the Lyapunov’s theorem and contains the case
of the asymptotic stability in the large. Its proof is a simple modification of the
original Lyapunov’s proof.

The converse of the theorem 1. Preliminary formulation. We prove at first
the following theorem

Theorem 2. Let us suppose that the trivial solution of (1,01) is strongly stable
wn G. Then there exist functions V*(x,t), U,(x), Us(x), Ugs(x) satisfying the con-
ditions

I'. The function V*(x, t) is defined for x ¢ G, x £ 0, t > 0 and satisfies a local
Lipschitz conditvon.?)

I1'. The functions U,(x), Uj(x), Ug(x) are defined and continuous for x € G,

U,(0) = Us(0) = Ug(0) = 0,
Uyx) > 0, Ug(x) > 0, Ug(x) > 0 for x e G, x &= 0,
Uy x) - oo with w(x) - .

IIT. Uyx) < V¥, t) S Uyx), zeG, z£0,t>0.

V¥ (x(£), 1) — V*(a(fy), ty)
{ — &, =

0 <ty << o0,

where x(t) is an arbitrary solution of (1,01). The function V*(x, t) does not depend
on t if the function f(x, t) does not depend on t. The function V*(x, t) is periodic
in the variable t with the period w,, of f(x, t) = f(z, t + w,).

We indicate the proof of this theorem. As we mentioned in the introduction
J. Massera was the first to prove the converse of the Lyapunov’s theorem in the
paper [5]. I. G. Malkin in the paper [6] used the same method as Massera under
more general assumptions. Malkin defined the function V(x, t) in the following
way: first of all he fixed a function G({), G(0) = 0, G({) > 0 for { > 0. Let
y(7) be the solution of (1,01) which is defined for v > ¢ and satisfies the condi-

IV lim sup

t—>1, —
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tion y(t) = x. (This solution exists and is defined uniquely as Malkin supposed
ofs 0f;
ox;’ Ot
of equation (1,01) tend to zero uniformly.) Malkin defined the function

that the derivatives are continuous and bounded and that the solutions

_ fG(Hy('c)Hz)dr . (2,01)

- He proved that the function V(z, t) has an infinitely small upper bound if the
function G({) satisfies certain conditions. It follows from the assumption that
df; of;
d0x; 0f
imposed on the function G({) that the function V (x, £) has continuous and boun-
ded partial derivatives with respect to the variables z,, ..., x,, . From (2,01) we
casily get |

the derivatives are continuous and bounded and from some conditions

Wz, 1) = <= V(y(e), Dlo-e = — Gl

and consequently the function — Wiz, t) is positive definite.

In order to prove the function V(x,?) is positive definite Malkin requires
that the function ||f(x, ¢)|| is bounded if ||z|| is bounded. This fact is a simple
af;
ox;
bounded and that f(0, {) = 0. (If the function ||f(z, {)|| were not bounded, there
might exist a sequence of integrals y®) (1) of (1,01) and a sequence of numbers.
t, = 0,k =1, 2, ... fulfilling the conditions |[y®(t,)|| = 1, [[y®(z)|| < e *lr—w),

T >t it follows tl at V(y®)(¢,),t,) — 0 with £ — o0 and the function V(x, t) is
not posﬁ;lve definite.)

consequence of the assumptions that the derivatives are continuous and

If we wish to work with more general assumptions we have to overcome
following difficulties: |

1. Let us suppose that the function f(z, t) is continuous, that the solution of
(1,01) is uniquely defined by the initial condition and let us define the function
V(z,t) in the same manner as Malkin. The function V(z, f) is not necessarily
positive definite. It is not difficult to prove, that the function V(z, t) is conti-
nuous, that the function V(y(r), t) has a continuous derivative and that

d
Wi(x, t) = T

pa,rtial derivatives and need not admit an approximation by a smooth function
which has all the desired properties.

V(y(z), t) = — G(||x|?). The function V(z,t) need not have

2) That means: to every point (xy, fy); O 7# x4 € G, t; = 0 there exit such numbers
0 > 0 and K > 0 that

V() 8,) — VH(f(2), )] < K(||x®) — ()| + |, — &]),
|2 — @y|| << 8, ||2B) — x4|| < 0, |1 —to| < O, |tg — 2] < J, £, = 0. £, > 0.
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2. As we suppose only that the function f(x, ¢) is continous, there need not
exist only one solution y(7) of (1,01) satistying the condition y(f) = .

Hence it follows that in order to overcome these difficulties it is necessary to
define the function V*(z, {) suitably. Let us describe the way in which we define
the function V*(x, {):

First of all we choose a function w(x, ) continuous and positive for z € G,
x %+ 0, ¢t > 0. Let ¥ be the set of functions #(f) which satisfy the following
conditions:

The functions y(f) are defined and continuous for ¢ > ¢, (the number ¢, > 0
being different for different functions y(f) € Y') and the values of these functions
belong to @.

The derivative y(f) exists and i1s continuous for ¢ > ¢, with the possible
exception of a finite number of points.

fw(y(t)s ) — fy), ol dt < 1.

If the function y(x, t) satisfies certain estimations from below, it is possible to
prove, that the functions y(f) € ¥ fulfil the same conditions as the integrals of
(1,01), that means for arbitrary positive numbers § and ¢ there exist such posi-
tive numbers B*(f), T*(p, ¢) that the following conditions hold

b*(f) — 0 monotonously with g — 0,

ifyt) e Y, w(yt,)) < fthen w(y(t)) < B*fort > ¢, w(y(t)) < efort > t, + T*.

Hence: if the function y(f) e Y is defined for ¢ > ¢, and if there is a ¢, > ¢,
y(t,) = 0, then y(t) = 0 for t > ¢, (2,02).

Let us choose functions x(7) and L(x, ¢, ). The function x(%) is positive if ¢
is positive, y(0) = 0 and the function L(x, ¢, ) fulfils the conditions L(z, ¢, ) =
= 1 if 5 is “great’ (the word ‘‘great’’ has different meanings for different x
and t), L(x, t, n) = (1 + [[f(x, ?)||)} if 5 is “small”’ and both functions fulfil some
further conditions.

Let us now choose a function y = y(t) ¢ Y which is defined for ¢ > ¢,, y(¢,) +
#+ 0. From (2,02) it follows that there exists such a ¢, > ¢, that y(f) & 0 for
by t <tandy(t) =0ift > ¢,. (Weputt, = woify({) &= Ofort > ¢,.)

To the function y(t) let us find the function V,(¢) which is defined for £, <
< t < ¢, and fulfils the differential equation

iV
“‘Edtl" = — y(w(y(8)) Lly(t), ¢, V() (2,03)
and the condition
V,t) -0 with ¢t —-¢, —, V) > 0 for t, <t <t .

We prove that there exists just one function V,(¢) satisfying thesc conditions.
If it happens that the function y(f) and the corresponding function V,(f) fulfil
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the relation L(y(t), ¢t Vi(t)) = 1 for ¢, = ¢ < t,, then V(¢ f}’ )) dv and

we see that function X(?’]) plays similar part as the Malkin’s funcmon G(C ). Let us

solve the equation (2,03). If the function w(y(f)) increases rapidly with ¢

decreasing, the function L(y(t), ¢, V,(t)) will reach ‘‘great’” values and this is

the reason why the function V,(f) will not be too small in comparison with the

function w(y(f)) independently on ¢ and on the function ¢ Y. In other words:
To every ¢ > 0 there exists a 0 = d(e) > 0, that V,(f) > 6

it w(y(f)) > e. (2,04)
If the function y = y( ) e Y 1s defined for ¢ > £, let the number c(y) be defined
by the relation c(y) = V,({,), where the function V, (¢ () corresponds to the func-

tion y(f) in the manner described above.
Forz e G, x + 0,1 > 0 let B(x, t) be the set of functions y(z) ¢ ¥ which are

defined for = __\__?_ t a,ndmfulﬁl the condition y(f) = x. The set B(x, {) apparently
contains the solution u(t) of (1,01) which fulfils the condition %(f) = x and con-

sequently the set B(x, f) is not empty.
Let ¢(z, t) be the set of numbers y of the form

y = )l — f’w (7), 7) ll(z) — fy(7), 7)|l dv)

where vy e B(x, t). Let us put |
V¥(x,t) =sup y, xel, z+0,t=0.

‘}’EC(Z', t)

The inequality V*(x, t) < U,(x) for a suitable function U(x) is proved without
difficulties from the properties of the differential equation (2,03). The inequali-
ty V*(z, t) > Uy(x) follows from (2,04), and it is also not difficult to prove that
condition IV’ is satisfied. The most elaborate is the proof that the function
V*(x, t) satisfies a local Lipschitz condition.

The converse of the theorem 1. The main result of this paper is the following
Theorem 7. Let us suppose that the trivial solution of (1,01) s strongly stable
in G. Then there exist functions V,(x,t), U, (x), U (x), Us(x) which fulfil the

following conditions:

I. The function V,(x,t) is defined and continuous for xe @, t > 0 and has
continuous partial derivatives of all orders with respect to the variables x,, ..., x,, ¢
for xe G, t > 0.

II. The functions U,s(x), Uiy(x), U5(x) are defined and continuous for xe G
Ui3(0) = Uy(0) = U,s(0) = 0,
Up(x) > 0, Uy(x) > 0, Ujy(x) > 0 for 0 + 2z ¢ @,
Uyx) = 0 with w(x) — o .

I Upy(x) S Vi, t) S Ups(®) s e @, t > 0.

[Pe—
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V. W) =3 8‘;749. ; 8275__—-(]15(39), veG t= 0.

1 0 ' O
The functionV ,(x, t) does not depend on t if the function f(x,t) does not depend on t.

Le us indicate the considerations which lead us from theorem 2 to theorem 7.
The function V*(z, t) fulfils obviously the relation lim V*(z, {,) = O.

xr— 0,
t—> 1,

We approximate the function V*(x, t) by a function V,(x, ). The function
Vi(x, t) is defined and continuous for x ¢ G, ¢ > 0 and has continuous partial
derivatives of all orders with respect to the wvariables z,, ..., x,,t for 0 =+
+ xelG,t > 0, V(0,t) = 0 for £ > 0. The function V(x, {) satisfies conditions
which are analogous to conditions II, III, IV of theorem 7. We find a function
v(n) satistying the conditions: |

The function »(n) 1s defined for all real 5 and has continuous derivatives of all
orders.
v(n) = 0 for n < 0, w(y) increases with » for > 0.

v(n) — oo with n — oo, »(n) tends to zero “‘rapidly’”’ with » — 0 + .

Finally we put »(Vi(x, t)) = V.{(x, t) and prove that conditions I -1V of theorem
7 are satisfied.

The topologie structure of the set G. In this section we apply the resuits
concerning the reversibility of the Lyapunov’s theorem to the study of the
topologic structure of the set (. Let us denote by R the interior of the unite
sphere in £,. The main result of this section is contained in the following theo-
rem:

Theorem 8. Let us suppose that the trivial solution of (1,01) 1s strongly stable
wmn G

Then there exists a homeomorphic mapping h(x) of the set G on the set K. The
mapping h(x) has continuous partial derivatives of all orders with respect to the
coordinates of the vector x and the Jacobian of this mapping differs from zero at
every point. | .

We describe the proof of theorem 8. We suppose that the trivial solution of
(1,01)is strongly stable in (. According to theorem 7 there exist such functions
Vai(x, t), Ups(x), U(x), Uis(x) that conditions I, IT, 111, IV of this theorem are
fulfilled.

By means of a lemma due to H. WHITNEY we find a function f(x, t), which is
defined and continuous for x ¢ ¢, ¢ = 0, has partial derivatives of all orders with
respect to the variables x,, ...,z ,t for xe G, z += 0, ¢ > 0 and fulfils the ine-
quality

1 Uis()

2 (& (V3 |
(21 (‘é‘“) 1

1f(z, 1) — f(z, B)]| < xe@, t> 0.



Let us consider the equation

dr =

Apparently, we have f(0, t) = 0 and the total derivative W (x, t) of the function
V.(x,t) which is computed by means of the function f(z, f) fulfils the condition

. LV, WV, LV, | &, &V,
A ! i T e ? -~ ‘- 1 T ---~<
(0= 2 g it =2 b TR, S

<~ U@+ (3 (22 e, — o 0 <~ 40 (509
4 )= e
According to theorem 1 the trivial solution of (1,01) is strongly stable in G

(we use the conditions I, 11, III of theorem 7 and the inequality (5,05)).
Let us choose the numbers 0 < r;, <r, <r; < ... limr;, = r* let the num-

3 —> 00

ber r* be small enough and let us put B® = Elx e K, |lz|| < r;]-

The solutions of (5,01) depend smoothly on the initial values and tend to zero
uniformly with ¢ — co. By means of these properties of equation (5,01) we
construct a sequence of homeomorphic mappings g of the set G on itself. Let
us put H® = (g@0)-1(R®),

The mappings ¢g® fulfil the following conditions:

Each mapping g®(x) has continuous partial derivatives (5,02) of all orders
and the Jacobian is different from zero at every point.

Hi+n oy HO o 5=1,23, ..., (5,03)
G — ZH_(Z’) (5,04)
f--1

We put ) (x) = gW(x) and use the lemma 7. The mappings A1 and g® being
given we find by means of the lemma 7 a homeomorphic mapping A2 of the set
G on itself, which fulfils the condition (5,02) and the conditions

h®(x) = g®(x) for x e G — H® , h(x) = hD(x) for x e HD ,

To the mappings A® and ¢g® we find by means of the lemma 7 a homeomorphic
mapping A3 of the set G on itself, which fulfils the condition (5,02) and the
conditions

CAO(z) = g®(x) for x e @ — H® |, h®(x) = > (x) for x e H® ,

Analogously we find the mappings #@®, A®5), ... As (5,03) is satisfied and as we
have A9(x) = hli+D(z) = hli+2){x) = ... for xe HY; we define the mapping
() = D (x) forxe HW, ¢ = 1,2,3, ... and prove that the mapping A(x) =

1

?,e}I‘-'

h*(x) fulfils all the conditions of theorem 8.

The following two theorems are simple consequences of theorem 8: -
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Theorem 10. Let G be an open subset of K., 0 G and let the function V(x) fulfil
the following conditions:

The function V(x) 1s defined for x e G and has continuous partial derivatives of
the first order,

V0)=0, V(x)> 0 for x = 0, Z(iz)>0 it  + 0.

Then there exist such numbers xy > 0 and r > 0 that for each x, 0 < x << «,
the sei G(x) = E[x e O, ||lz|| <7, V(x) < «] ts homeomorphic with the interior R

of a sphere. There ex1sts a homeomorphic mapping h(x) of the set G(x) on R which
has continuous partial derivatives of all orders with the Jacobian different from
zero at every pownt.-

Theorem 11. Let us suppose that G is an open set and that g(x) is a homeo-
morphic mapping, which maps the set G on the interior R of a sphere and has
conltinuous partial derivatives of the first order, the Jacobian being different from
zero at every poind.

Then there exists a komeomor;pkzc mapping hizx) of G on R. The mapping h(x)
has continuous partial derivatives of all orders cmd the Jacobian is different from
zero at each point.

Finally we examine more fully the autonomous equation

dx
o 5.9¢

We suppose that the function f(x) is defined and continuous in an open set G,
0 e ¢ and that f(0) = 0. The function w(x) has its usual meaning.

The trivial solution of (5,28) is called stable, if for every ¢ > 0 there exists
such a 0 = d(¢) > 0 that the following condition holds:

If y(?) 1s a solution of (5,28) which is defined for 0 <t<T,0<T < ooand
if ly(0)]] < 6, then there exists such a solution x(¢) of (5,28), which is defined for
{ > 0, that

() = y(t) for 0 <t < T, |a(t)] <e for t > 0.

J———)

The trivial solution of (5,28) is called asymptotically stable, if it is stable and
if there such a d, > 0 that the following condition holds:

If x(¢) is & solution of (5,28) which is defined for { > 0 and if ||z(0)|| < J,, then
x(t) — 0 with { — oo,

These definitions are obvious generalisations of the usual ones for the
case that the solution of (5,28) is not defined uniquely by the initial condition.

Let us denote by A the set of the points x,e ¢ which have the following
property:
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If y(¢) is a solution of (5,28), which is defined for 0 < ¢t < 7,0 < T < oo and
if y(0) = x,, then there exists such a solution x(f) of (5,28) which is defined for
¢ > 0 that *

x(t) = y(t) for 0 < ¢t < T, x(t) >0 with { - oo .

The set 4 is called the set of asymptotical stability of equation (5,28).

Let us suppose that the trivial solution of (5,28) is asymptotically stable.
Then the set A contains all points x for which [|z|| << d,.

We prove that the set 4 is open and that the trivial solution of (5,28) is
strongly stable in A. According to theorem 8 we get that the set 4 is homeo-
morphic with the interior E of a sphere and that there exists such a homeo-
morphic mapping of 4 on R which has continuous partial derivatives of all
orders with the Jacobian different from zero at every point.

*

Appendix

The notion of the asymptotic stability is a local one, that means the trivial
solution of equation (1,01) is asymptotically stable, if there exists such a posi-
tive H that certain conditions are satisfiedon the set ||x|| << H, ¢ > 0. This local
notion was examined in the papers of J. L. MassgERrA [5] and 1. G. MALKIN [6]
(see the introduction). In the appendix it is shown, that the results concerning
the reversibility of the second Lyapunov’s theorem, which are proved in the
papers [5] and [6], follow from Theorem 7.
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