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YEXOCJTOBAIIKUII MATEMATUYECKUN KVYPHAJI
Mamemamuueckutc uncmumym Yexocaosayroii Arademuu nayk
T. 4 (79) IIPATA 20. XII. 1954 T, % No 4

XAPAKTEPBI HOMMYTATHUBHBIX TIOJVYI'PVIIII KAK OVHEKINU
HJIACCOB

IMTE®AH IIBAPI, (Stefan Schwarz), Bparucrasa
(Iocrymuio B pegaknuio 7/IV 1954 r.)

Hacrosaman crated ABIAETCA HPOTZOIIKEHIEM HCCIEIOBAHMI aBTOpA
B 00JIaCTH TEOPHHM XAPAKTEPOB KOHEYHHIX KOMMYTATUBHBEIX NOJyTPYM.
WsBecTHO, YTO HJIA KKABIX JIBYX Pa3jiMUHBIX DJIEMEHTOB KOHEYHOI
KOMMYTATUBHONX TIPYNNH CYL[ECTBYeT XapaKTep, KOTOPLIA NpUHUMAeT
AJIsA 9THX BJEMEHTOB [[BA PA3jIMYHBLIX 3HaueHMsA. HerpyaHo moxasars,
4TO DTO yTBEp:K[eHMEe He CIPABeNIUBO Jid MoJyrpynm. A xampoit
KOHEYHOII KOMMYTATHBHON IOJYTrPYNIEl aBTOP [aeT pasilOeHUe Ha
KJIaCChL TAKOE, UTO KK/ XapaKTep IPUHIMAET OJHO I TO e 3HAYEHIe
JJIA BCEX DIEMEHTOB JAHHOTO KJIACCA I YTO A JIOOHX ABYX BIEMEHTOB
JMaHHOI MOJYyrpymnmbl, NPUHANIEHKANMX pPABIMYHLIM KjaccaMm, Cyle-
CTBYeT XapaxTep, NPUHUMAMIMA JIA HIX Pa3IMYHbe 3HAYeHU .

dra 3aMeTKa HCXONUT M3 OIpefesIeHUs XapaKTepOB IOJYIPYII, KAHHOIO
B rocJefHeil pabore aBropa.l) B masbHeiinemM MBI IIpefiiosiaraeM, 94To YUTATE]h
BHAKOM C pe3yJbTaraMu 3710l paboTH.

Ilyers 8 = {a, b, ¢, ...} — KOHeuHAsA KOMMyTaTHMBHAA moJayrpymma. B pa-
6ore K MBI ompemesmim xapakrep HoJyrpymmsl S, Kak romoMopduoe oroGpa-
KeHUe MOJIYrpynnsl S B MyJbTUINIMKATHBHYIO HOJXYIPYIIY KOMIIEKCHEIX YH-
celr.

B reopun KOMMYTATIBHELX IPYIIII 91€MEHT I'PYIIIE OJHOBHAYHO OIIPEeIsaeTcs
BHAYEHUAMU BCeX XapaKrepoB. B Teopun KOHEYHEIX HEKOMMYTATHBHBIX I'DYIII
XapaKTep IIPeJICTABICHNA MOKHO CINTATh (YyHKIMeH He DIIEMEHTOB, & KJIACCOB,
oIIpeiesiieMbIX OOBIYHEIM CIIOCOOOM.

B paGore K Mu mokasanm Ha ImpuMepe MYJIbTUINIMKATUBHON IOJYTpYIIIH
medsx gmces (mod 12), 94To BOBMOMKeH ciydail, KoOrfa st [BYX Pa3AUUHbLL

1) Teopuss XapaKTepOoB KOMMYTATHBHBIX IOJYTPYIHII, UexoCa0BAKMA MaTEMATHYECKIH
KYpHAIL, & (79), 1954, 219—247. 31y paGoTy MH OymeM B [ajbHeiflreM HNUTHPOBATH 3HA-
KoM K.
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9JIEMEHTOB HOJIYrpymnsl S Bce XapaKTephl IPUHAMAIOT OJHO U TO 3Ke SHAYEHHUE.
WUrax, sireMeHTH He OIIpeAesIsAoTCs OJHOBHAYHO BHAYEHUAMI XapaKTepoB.

B nacrosmeit 3aMeTKe MBI XOTUM IIOKa3aTh, YTO B TEOPHU KOHEYHHIX KOMMY-
TATHBHBIX IIOJYTPYII MOMKHO BBECTH IIOHATHE KAACCO8 TAKUM 00pasoM, dTo
1. xapaxTephl ABIAIOTCA QYHKIAMN KJIACCOB, 2. KIACC OJHOSHAYHO OIIpefe-
JIAeTCA BHAYEHUAMHI XapaKTepoB.

IIycrs

S=P,+Py+ ...+ P,

€CTh PaBJI0JKEeHIe TIOJYTPYINEL HA JUSBIOHKTHYI0 CYMMY MAaKCHMAJIbHBIX TIOJY-
rpymn (B cMeicie, onpefenenHom B pa6ore K). Iomyrpymma P, comepsur
eJUHCTBEHHBIA WUJEMIIOTEHT e;; COOTBETCTBYION[YI0 MAaKCUMAJIbHYI0 IDYIILY
o6o3Haunm gepes G;.

So=06G+ G+ ... + G
ABIAETCA PeryJiApHOil YacTHYHO Ioxyrpymmoit moayrpynmsr S.

Onpenexenne. Ilycmv a; — npoussosvhwiii saemenm, a; € G;. Mmnoocecmso
écex x € P;, 0as komopwx umeem mecmo ze; = a;, o6osnauum uepes Tg,.
Hasosem e2o kaaccom aaemenmos, cOnPIHCEHHBIL ¢ INEMEHMOM & ;.

Muosmecrso 7', nerycro, u6o B Hero BXONUT dJeMeHT a;. B To e BpeMs
@; — eJMHCTBeHHEI dievenT e G, BXomgamuit B T,

Tar kar A kamIOro « € P, umeer Mecro xe; € G; (cM. 3aMeyaHye 3a JIeMMOIt
6K), To MoxHO mpencTaBuTh P, B Bujle CyMMbI HellepeceKaloIXCA KIACCOB:

Pi:Tui+Tb‘+Tci+~--

OueBnpiHO, YMCI0 KiIaccoB B P; paBHO 4HCIY pPeryJiApHEX DJIeMEHTOB IOJY-
rpynnst P;, T. e. 4uciy siIeMeHTOB rpymus ;.

Anamorudso um BcA moxyrpynma S ABIAETCA CyMMoil HelepeceKalom[uXcA
KJIACCOB

8= Z (Tag—i"Tbi"l"Tc‘-‘l_ .)
i=1

7 9UCJIO0 PABINYHEIX KJIACCOB B S PaBHO UMCIY PETYJIAPHEIX 3JIeMEHTOB IIOJY-
rpymmst S.

Teopema 1. ITycmv y — npoussoavnuiii raparmep noayepynns S. Tozda x
npunumaem 048 6cAK020 dseMeHMA HUKCUPOBAHH020 Kaacca 00HO W MO e
3Hauenue.

Horasareanctso. Ilo demme 3K m 9K rasspaniii xapakTep y oIpefeiseT Ha
S pasmomenne S =J + (8§ —J), JnS§—J =0, rne J — mpocToit mpean
TOYHO TeX dJeMeHTOB % € S, IJIA KOTOpHIX mMeer Mecro y(u) = 0. Kasxmoe us
caaraempx J u S — J ABIAETCA CyMMO# HEKOTOPOIO UHMCIA MAKCHMATBHBIX
moayrpymm us S.
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Tyers Ta‘ — (QUKCUPOBAHHHI KJIACC CONPSKEHHEX JIEMeHTOB u3 S.
Ecin Ta‘; J, x(Tai) = 0 u yTBepsJleHNe TOKA3aHO.

[lycrs mosromy T,£8—J. Torna T,, € P; m MakcuMaJIbHAA TOJNYTpyIa
P; ynosunersopser coorsomernnio P,C S —J.

ITo Teopeme 4K xaparrep x MosHO 06paszoBath TakuM o6pasom: VgemmorenTst
€8 —J 006pasyor HONYCTPYKTYpPY, €Ciu Ui JABYX HJEMIOTEHTOB &, 8 M5l
ompegenuM « < B, worma off = «. Ilyerb e — HAUMEHIIMI M{EMIIOTEHT
910l mONyCTPYKTYPH, G, — COOTBETCTBYIONAasl MaKCUMaIbHasA rpymma. Torpa
s soboro x e S —J Oyner xe e G,. Ecau g(x) — mamme:xaie BHOpaHHEIL
xXapaxrep rpymmsr G,, To IJIA XapakTepa y(x) UMeeT MecTo

0 as xed
@) = <g(xe) EJIH zeS—J.
o mpenmonomenuto nmeem 7'y C Py, T.e. T, . €; = a; e G;. [lanee (BBURY
e <Ze,), Gymer
To.6 =T, .(ce)) = (Toe;) e =ase.
Uraxk,
1Te) = g(Toe) = g(ae) .

9To 3HAYAT: [IA KaOTO XapaKrepa y Kanyiplil siaeMent e T, laer sHadeHue
Xapaxrepa, paBHOE OJHOMY W TOMY e 4ucay g(a.e), 4. T. 1.

Ciexyromas TeopeMa oIpesesiAeT NOHATHE KIAcca NCIePIILIBAIONIM 00pasoM.
Teopema 2. Ilycmdv a =+ b — 0sa saemenma nosyepynnws S, He nPUHAdLEHCA-

we 00HoMY U momy xce kaaccy. Toeda cywecmeyem maroii xapaxmep y noAY-
epynner S, 0as Komopozo umeem mecmo y(a) = x(b).

HorasareascrBo. A. Ilycrs sinements: a, b jemar B omuoit u To¥ e
MakcuManbHoit moayrpymme P, Torga moskHO Hamucars

Pi=T,+Ty,+ ..., aeTy,,beT,,
e, OHAKO, 10 ITPEJII0JI0KeHNI0 ae; =+ be,.
ITycrs B — MHOMKeCTBO BceX MAEMIIOTEHTOB f € S, MIA KOTOPHX fe; =+ e,.

ITo memme 15K Teopermko-MHOMCCTBEHHAS CYMMa MAaKCHMAJIBHEIX IOJIYTPYIII,
OpUHAUIeRAIUX K upeMunorentaMm us K, obpasyer mpocroit mpean J na S.
MuosecrBo S — J ecTh mOXyrpynma, HAMMEHBIINM HMIEMIIOTEHTOM KOTOPOif
ABINAETCA ¢;. B mampHeiimem MbI Gy eM roBOPHUTD (B COINIACHM ¢ TePMUHOJOIUEH
u3 K), 9r0 mocTpoenHsIit TakuM 06pasoM IpocToit uxeas J IpUHAIIERUT K UAeM-
morenry e;. (BEcoan B =0, ro J =0uS—J =8.)

U3 reopemsr 4K MBI BHAeM, YTO MHOMKECTBO XapaKTepOB, PABHEIX HYJIO
Touno Ha J, m3oMopQHO rpymie BceX (HEHYJEBEIX) XapakrepoB rpyumsl G,.
Ecan g(x) — nponsBosbHEIL Xapakrep Tpynmsl G, To (KaK U BHIIIE) KOMIUIEKC-
HaA QyHKRIUA
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_ /0 oA xed

T N\g(we) mua xeS—J, (1)

2()

FABIIAETCS XAapPAKTePOM MOJYrpymmsr S.

dieMenTH ae; u be; BXoaAT B G; 11 oTaiyHH APYT oT Apyra. BriGepem xapakrep
g(x) rar, uro6ur Oni10 g(ae;) == g(be,). I3 Teopunm xapaxTepoB abeseBEIX IpyIII
H3BECTHO, 4TO ATO BO3MOKHO. Torxa ausa xapakrepa (1), mocTpoeHHOro mpH mo-
Momu aToit pyHKIHUM g(x), MMeeT MecTo

2(a) = g(ae;) , x(b) = g(be,) ,
T. e. x(a) = x(b), 4. T. &.

B. Ilycrs siementsl @, b Jemar B ABYX PABINYHEIX MAKCHMAJIBHEIX II0JY-
rpynnax, a € P, be P, i & k. Ilyers cooTBeTCTBYIOMIE UIEMIIOTEHTH GyIyT
e; == ¢;. BO3MOKHEI TPH cirydas: o) WIH e; < €, f) UK e, << e;, y) UIM DIIeMEHTHI
€;, €, HeCPABHUMEL.

«) Ilyers e; < ¢, Haiigem mpocroit umean J, mpuHajiexamuit K HAeMIIO-
TeHTy e, Torpga Gymer oOssarensHO e;edJ (a smaunr J = @), n60 KazgsLit
upemmorent € § — J Gyner > e,. BreiGepeM mponsBoabHELL XapaKTep ¥, paBHHIl
Hymio touno Ha J. Torpma Gymer x(e;) = 0, a caemosareasno (cm. demmy 8K)
u x(a) = 0. Ounaxo, x(e;) == 0, srauur u x(b) == 0. [losromy y(a) =+ x(b), 4. T. 1.

p) Cayuait e, << e; peliaeTcsa aHAJIOIUIHO.

y) Ilycrs mpeMmoTeHTH e;, e, HecpaBHUMEL. BriGepeM m06oil n3 HUX, Hamp.
e;. Ilpocroit upeas, mpuHajIeKalMii K BTOMY UJEMIOTEHTY, 0003HAYNM Yepes
J. UpemmorenT e; ABIsAeTCA HAUMeHLIIUM U3 ugeMmoTenToB B S — J. Ugemmo-
TEHT e, He Moer Obrh B S — J, n6o B mporuBHOM ciaydae Gwuio OH e; < e,
U WAeMIoTeHTH ObLiM OB cpaBHUMEL. llrak, e, e J. BosbMeM IpoW3BOJIBHEIM
xXapakTep y, paBHbl Hymio Touno Ha J. Torma y(e,) = 0 m, caefoBaTenbHO,
%(b) = 0. Jlamee umeem, ommaxo, x(e;) # 0, smauur u y(a) & 0. Iloaromy
x(@) == x(b), uro 1 TpeboBaIOCH JOKABATH.

ITHM 3aBeplIaeTcsa KOKA3aTeJIbCTBO TEOPEMH 2.

Summary

CHARACTERS OF COMMUTATIVE SEMIGROUPS AS CLASS
FUNCTIONS

STEFAN SCHWARZ, Bratislava.
(Received, April 7, 1954.)

The notions of this note are the same as in the paper mentioned in the foot-
notet).

Let S be a finite commutative semigroup. A new notion of a class of conju-
gate elements is introduced.
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Let P, be a maximal semigroup of S belonging to the idempotent e;, G,
the corresponding maximal group. Let be a, ¢ G,. The totality 7', of all ele-
ments x e P; satisfying xe, = a, is called a class of conjugate elements of S.
The semigroup S is a sum of disjoint classes.

The following two theorems are proved:

Theorem 1. Let 5 be a character of 8. Then y assumes the same value for every
element of a fized class.

Theorem 2. Let a & b be two elements ¢ S belonging to two different classes.
Then there exists a character % for which y(a) + %(b) holds.
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