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YexocaoBankuii MaTeMaTHUeckHii kypHanx, 1. 4 (79) 1954

A NOTE ON THE CONDITIONAL EXPECTATIONS

VACLAV FABIAN, Praha.
(Received November 9, 1953)

It seems reasonable to expect that the conditional expectation of
a function A(&, ) (where & and 7 are random variables) under the
hypothesis that # = y (where y is a fixed number) is the same, as the
conditional expectation of the function A(, y) under the hypothesis
that 7 = y.

This assertion is trivial, when the probability of theeventn = yis not
zero, but in the contrary case, this assertion requires some modificat-
ion, in order to get the precise meaning, and the validity of the assert-
ion so modified is not so obvious.

We shall prove three theorems of this kind under some conditions
on the basic spaces, that are satisfied when X and Y are n, resp. n,
dimensional Kuklidean spaces and X and Y are o-algebras of the Borel
sets (for the meaning of the symbols X, X, Y, Y see later).

In our consideration we use some of the principal properties of the
conditional expectations (defined by Kolmogorov 1933), which the
reader can find in the books of Halmos (Measure theory, New York,
1950) and Doob (Stochastic processes, New York, 1953). ~

Troughout the discussion, let (X, X, u), (Y, Y,») be probability spaces,
T a measurable transformation of X into ¥ (i. e. Be Y= T-1(B) e X) and
v(B) = u(T-Y(B)) for every B ¢ Y. By c, we denote the characteristic function of
the set 4. When a function % is defined on a cartesian product 4 X B, then
h(z, y) is the value of  at the point [z, y] ¢ A X B, for y e B h(*, y)is the funct-
ion defined on A4, which acquires at the point x ¢ A the value k(z, y); similarly
for h(z, *). When a function g is defined on Y, then we denote ¢g7' the function
defined on X by the relation ¢7'(z) = g(T'()).

If f is an integrable function defined on X, then the set of all measurable
functions g on Y, which satisfies the condition

BeY= [ fdu=[gdv (1)
T-1(B) B

is not empty; we call it the conditional expectation of f relative to 7' and denote
er(f) .

When f = ¢, is the characteristic function of 4 ¢ X, we call ey(c,) the con-
ditional probability of 4 relative to 7' and we write e,(c,) = pp(4).

If g, € ex(f), then (9s € ex(f) <==> g1(y) = gy(y) for almost all y in ¥ and g,
s measurable (Y)).
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In this note we suppose, that there exists a function P, defined on X X ¥,
such that:

(2) for every 4 ¢ X, Pp(4, *) as a function defined on Y satisfies Py(4, *) €
e pr(4)

(3) for every y e Y P(*, y) as a set function is a probability on X.

(For the existence of such a function Py, it is sufficient but not necessary,
that X be the n-dimensional Euclidean space and X the class of all Borel
sets. [See Doos]).

It is known, that if f is an integrable function on X, g € e4(f), then g(y) =
= [fdP(+, y) for almost all y ¢ Y.

X

Lemma. Let BeY. Then there exists a set NyeY, »(Ng) =0 and for every
yeY — Ny
Py(T-X(B), y) = cp(y) » (4)
where cg is the characteristic function of B.
Proof: By the definition of P, [see (1) and (2)]

OeY= [ cpagdu = [Pr(T-(B), *) dv
7-1C) C

but
[ cpamde =p(T-H(C)NT-Y(B)) =»(CNB) = [cpdv
T-1(C) ¢
consequently

Ce¥Y= [cydv = [Pr(T-(B), #) dv.
c C

Hence follows, that Pp(7-1(B), y) = cp(y) for almost all y ¢ ¥, q. e. d.

Theorem I. Suppose there exists a denumerable basis N of the o-algebra Y.
Then there exists a set N eY, »(N) = 0 and
for every BeY and every ye Y — N.

Pp(T-Y(B),y) = cp(y) ()
Proof: Let N = U Ny, where Ny are sets from the preceding lemma.

BeN
Clearly »(N)=0.

Let ye Y — N. Then Pp(T-(x), y) and c«(y) are measures on Y and (5)
holds for every BeWR. But since N is the basis of Y, (5) holds for every
BeY, q.e. d.

Theorem II. Suppose there exists a denumerable basis of the o-algebra Y. Let
for every y e Y the set {y} containing one single element y be measurable (Y).

Let h be a function defined on the cartesian product X X Y. Let, for every
yeY, the function h(*,y) be integrable over X, and the function h(*,T(*)) be
integrable over X.
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Then, if g € ep(h(*, T(*)), so
9(y) =;h(*, y) dPy(*, ) (6)
for almost all y e Y.

Proof: Let N be the set from the preceding theorem, i.e. »(N) = 0, and
PL(T-Y(B),y) = cgly) for every BeY and for every y ¢ Y — N. Therefore,
for every y e Y — N, since {y} ¢ Y,

Py(T({y}), y) = 1
and (7)
Py(X — T-X({g}), y) = 0.

Now, since ¢ € eg(h(*, T'(*)), there exists a set M € Y, »(M) = 0 and

= [h(*, T'(*)) dPp(*, y) for every ye Y — M.
] \*% Y y

Thus, forer—M——N

fh (#, T(%)) AP p(*,y) = [ h(x, T(x)) dPp(*, y) =
T-1y})

= f (*r y) dPT(*’ il/) = fh(*: y) dPT(*: y) )
1w ) X

and the theorem is proved, since »(M u N) = 0.

Theorem III. Let (Y, Y, v) be the probability spaces with the same properties,
as in the preceding theorem. Let (Y, Y,, v;) be a probability space, Y; a o-algebra
with a denumemble basis M, T, a measurable transformation of X into Y, v,(C) =
= w(T7HC)) for every C e Y.

Let h be a function defined on ¥, X Y. Let for every y € Y the function h(*, y)
be integrable over Y, and the function h(T,(*), T'(*)) integrable over X.

Let T, and T be independent (i.e. BeY, CeY, = u(T-}(B)nT7YC)) =
= (B) »,(C)).
Then, if g € ep(A(T(x), T(*))), then
fh (T'y(*), y) du
for almost all y ¢ Y.

Proof: (i) We observe first, that if f is a function integrable over X a in-
dependent of 7', then [f du € ex(f). (See HaLmos, Doob).
X

(ii) Further, when g is a function integrable over Y, so is the function
gT, integrable over X and for every C¢ Y,

f gT,du = f gdv,. (See Halmos).
740
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Consequently, the function h(T'1(*), %) satisfies the conditions of the pre-
ceding theorem and we thus have

9(y) =th(T1(*),?/) dPy(x,y) for ye¥Y —M and »(M) =0. (8)

Let now D € M. We have

Py(T7(D), ) € po(TT(D)) = enleyy) (9)
and (since Cp-1py = p T))
1
P(TH(D), #) € eqlcpT) . (10)

Further, since ¢,T is a function independent of 7', we get from (i), that
vl(D) = ﬂ(T—l—l(D)) = chl—l(D) dlu = AJ:CDTI dlu € eT(CDTl) .
x

Hence and from (10) it follows, that P,(T7 (D), y) = v(D) for ye Y — N,

where NpeY, »(Np) =0. Put N = U N,. Theny(N) = 0and P(T7'(D),y) =
DM

= »,(D) for every D and every y e Y — N. M however is the basis of Y,

v, and PT(TTI(*), y) are measures on Y; and so
(D) = Pyp(TTY(D),y) forevery DeY,yeY —N. (11)
Consequently, applying (ii) and (8), we see that for every y ¢ ¥ — N — M
9(¥) =th(T1(*): y) dPy(x, y) :yflh(*’ Y) APy(T7H (%), y) =
= [h(s,y) dn, :th(Tl(*) y) du .

The theorem is proved, since »(N y M) = 0.

Peswome

3AMETKA K YCJIOBHBIM MATEMATUYECKUM OKUJAHUAM

B. ®PABUAH (Vaclav Fabian), IIpara.
(IMocrymuio B pepakimio 9. 11. 1953 r.)

VHTYyUTHBHO MOKHO OMUIATh, YTO YCJIOBHOE MaTeMaTHYecKOe OMRUITAHIe
¢yurmuu (£, ) (rme & M 9 — caydaiiHEe BeJIMYUHEI) IPU YCIOBHH 7) = Y
(rme y — uKCHpOBaHHOE YICI0), OYAET PABHEIM YCIOBHOMY MaTeMaTIYecKOMY
osupganuio GyHrun h(&, y) mpu yciaoBuu n = y.

OTO yTBepHK[eHUe CTAHOBUTCA TPUBUAJBHEIM, €CJIU BEPOATHOCTDL ABICHUA
7 = Y TIOJIOKUTENBHA, HO B IIPOTUBHOM clIyyae yTBep:ieHue Tpedyer HEKOTO-
PHIX JOTIOJNHUTENBHEX TOACHEeHU, 4T00E O0HO MMeJI0 BOQOINe TOYHELA CMBICII,
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a CIIPaBe[IMBOCTD MepPefieIaHHOr0 TAKUM 00pasoM yTBep:aeHNA yiiie He CTOJb
OYeBUHA.

B crarse foxasaHsl TpH TeOpEMEL TAKOTO XapaKTepa IIPH JOCTATOYHO 00IuX
YCI0BUAX, HATaraeMbIX HA OCHOBHEIE IIPOCTPAHCTBA; 3TU YCJIOBHA BHIIOJTHAIOT-
cs1, ecoit Xu Y ABNAIOTCA Ny- WIN Ry-MEPHBIME eBKJIMIOBEIMI IIPOCTPAHCTBAMMI
u X u Y — o-aare6psl 60peeBCKUX MHOMECTB.
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